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Abstract

Cholera is an acute diarrhoeal illness that affects humanity globally, especially in areas where there
is limited access to clean water and adequate sanitation. A Nigerian cholera outbreak from January 2021
to January 2022 resulted in many cases and deaths. A mathematical model that takes into consideration
the challenges that affected effective implementation of control measures for this 2021 cholera outbreak is
developed. Important epidemiological features of the model such as the basic reproduction number (Ro),
the disease-free equilibrium, and the endemic equilibrium are determined and analysed. The disease-free
equilibrium is shown to be asymptotically stable provided Ro < 1. The model is shown to undergo forward
bifurcation at Ro = 1 using the Centre Manifold Theorem. Sensitivity analysis is used to determine the
parameters that have the highest influence on transmission. Fitting the model to data from the 2021 Nigerian
cholera outbreak, important parameters of the model are estimated. The impact of control measures as well
as challenges that affected the effective implementation of these control measures are considered.
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1. INTRODUCTION

Cholera is an acute diarrhoeal illness caused by eating or drinking food or water that is contaminated
with cholera bacterium (Vibrio cholerae) [1]. Water and/or foods that have been contaminated by feces from
a cholera infected person are the main reservoirs of cholera bacterium. Cholera is most likely to occur in
communities with unclean water, poor sanitation, and inadequate hygiene [2]. The symptoms of cholera
could be severe, mild or no symptom at all. About 10% of individuals infected with cholera develop severe
symptoms like watery diarrhoea and vomiting [2]. For these individuals, instant loss of body fluids leading
to dehydration can result in death within hours without treatment [2].

Cholera remains a threat to public health worldwide. Statistics reveal that approximately 1.3 to 4 million
people globally get cholera annually and 21,000 to 143,000 people die worldwide due to the infection [2],
[1]. Children are the most vulnerable to the disease. Cholera is curable and preventable as it can be simply
and successfully treated with oral rehydration solution (ORS) for immediate replacement of the fluid lost
through diarrhoea [2]. With immediate rehydration, less than 1% of cholera infected persons die. The disease
can be completely eliminated where access to clean water, sanitation and good hygiene practices are ensured
and sustained for the whole population [2].

A cholera outbreak was confirmed in January 2021 in Nigeria and by January 2022, a total of 111,062 cases
including 3,604 deaths (i.e., Case Fatality Ratio (CFR) 3.2%) as reported by the Nigeria Centre for Disease
Control (NCDC) [3]. Children of age 5 - 14 years are affected most by the disease [3]. Of the 36 states
in Nigeria, 33 states have the disease with four states accounting for 53% of all cumulative cholera cases:
Bauchi (19,558 cases), Jigawa (15,141 cases) Kano (12,116 cases), and Zamfara (11,931 cases). From the
onset of the outbreak, various control intervention strategies were implemented by the Nigerian Government
[3]. These control intervention strategies include [3]:

1) Case Management & Treatment - Workshop and training of Health Care Workers on cholera case

management and treatment. Laboratory Scientists trained on sample collection and analysis. Technical
support and response commodities provided to affected communities.
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2) Sanitation - Provision of clean water, hygiene promotion, water purification, and household disinfectants.
sensitization on dangers of open defecation on high-risk communities. Hygiene kits distributed to
affected communities.

3) Vaccination - Oral Cholera vaccination (OCV) campaigns conducted in high-risk communities.

4) Awareness campaigns - Awareness campaigns, especially in affected communities.

With the above-mentioned control intervention strategies by the Nigerian Government, immediate elimination
of the cholera outbreak was expected. Unfortunately, this did not happen as the outbreak lasted for about
one year. A major reason for the prolonged outbreak despite the control interventions was because of the
challenges that affected the effective implementations of these controls. Some of the challenges that affected
effective implementation included [3]:

1) Difficulty in accessing some communities due to security concerns.

2) The extent of the use of open defecation in affected communities.

3) complete lack of clean drinking water in some rural communities.

4) Inadequate vaccines to cover all the affected communities.

5) Inadequate health facility infrastructure and cholera commodities for cholera case management.
6) Inadequately trained personnel for cholera case management.

Based on these points, the dynamics of this 2021 cholera outbreak is analysed here with a mathematical
model that includes both the control intervention strategies as well as the implementation challenges. Results
of these analyses can be used for an improved understanding of the dynamics of the 2021 Nigeria cholera
outbreak and hopefully methods to reduce further outbreaks.

Mathematical models have been used successfully in analysing the dynamics and control of infectious
diseases such as Cholera [4], [5], [6], [7]. In particular, [8] used a mathematical model to determine the
optimal vaccination times during cholera outbreaks. The effects of seasonality on the 2010-2011 cholera
outbreak in Haiti were analysed also using a mathematical model [9]. In another example the dynamics of
cholera transmission was analysed in situation with limited resources [10]. Epidemiological data together
with a mathematical model was used to study how river networks affect the spread of cholera epidemics by
[11]. Optimal intervention strategies for cholera epidemics have been extensively studied using mathematical
models [12], [13], [14]. The basic reproductive number, a measure for estimating the potential of the disease
to spread, and vaccination coverage for the 2010-2011 cholera outbreak in Haiti were calculated using a
mathematical model [15]. Also, the role of fluctuations of a water reservoir in long-term cholera dynamics
was investigated with a model [16]. Other studies that considered a mathematical model in the analyses
of cholera disease dynamics can be found in [17], [18], [19]. The immense contributions to understanding
the dynamics and control of cholera epidemics by these studies are significant. However, to the best of our
knowledge, none of these studies have considered the control intervention strategies as well as the challenges
that affect their effective implementation. The present study is aimed to fill this gap in the literature. The
results should improve our understanding of the dynamics of the 2021 cholera outbreak in Nigeria, and
consequently aid researchers and policy makers in better managing cholera outbreaks in endemic areas where
it is found.

2. MODEL FORMULATION

A mathematical model for based on the 2021 Nigerian cholera outbreak that takes into consideration all
the major factors that influence its transmission dynamics and control is formulated. To make the model
as realistic as possible, the following assumptions are made. Control measures (i.e., vaccination, treatment,
sanitation, awareness campaign, and preventive measures) that are considered by the Nigerian government
in fighting the cholera outbreak are incorporated in the model. Challenges such as insecurity that affected
the effective implementations of these control measures were also captured in the model. One of the major
effects of this insecurity is limited access to basic amenities by the victims. So, we assume in the model that
a proportion of individuals have limited access to basic amenities due to insecurity. This includes individuals
that have been displaced due to Nigerian conflict and violence. For example, there were about 1.9 million
people displaced from their homes in North-Eastern Nigeria by conflict and violence in 2019 [20]. About
60% of these people were children, with 25% under the age of five [20]. Furthermore, one of the states in
North-Eastern Nigeria (i.e., Bauchi (19,558 cases)) recorded the highest number of reported cholera cases
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during the 2021 outbreak [3]. This suggests that insecurity had an influence on the 2021 cholera outbreak in
Nigeria.

Since cholera is transmitted between humans and pathogens in contaminated water sources, two populations
are considered in the model formulation. The total human population at time ¢, denoted by N(t), is partitioned
into sub-populations of persons that are: susceptible (S(t)), vaccinated (V' (¢)), infected (I(t)), treated (T'(t)),
recovered (R(t)) and those with limited access to basic amenities due to insecurity (Q(t)) (i.e., N(t) =
St)+Q{)+V(t)+ I(t)+T(t)+ R(t)). To be clear, both the (S) and (Q) sub-populations are susceptible
but the former have access to basic amenities and are more secure. The asymptomatic infections class is not
included in this model formulation since cholera has a very small incubation period (i.e, between 2 hours
and 5 days). The cholera pathogen in the water source at time ¢ is denoted by B(t).

The dynamics of cholera across each of the sub-populations are captured in the model development
as follows. The transmission of cholera can occur directly through eating food or drinking water that is
contaminated with cholera [2], [1]. Susceptible individuals, vaccinated individuals, and individuals that have
limited access to basic amenities due to insecurity may proceed to the infected class upon contracting the
disease. Infected individuals are moved to the treatment class at a treatment rate for case management and
proper treatment. Treated individuals proceed at a recovery rate to the recovered/temporally immune class
upon recovery. Infected individuals can contaminate the water source or food by shedding cholera pathogens
into it. Sanitation decreases the concentration of pathogens in food and water sources. Preventive measures
such as awareness campaigns, and sanitation can lead to a reduction in transmission rate and are represented in
the model as reduction parameter. Apart from insecurity which has been considered in the model formulation,
other challenges that affect the effective implementation of the control measures such as open defecation,
inadequate vaccine, lack of portable drinking water, inadequate health facilities, and trained personnel are
captured in the model as follows. For instance, inadequate vaccine is considered by reducing the vaccination
rate. Similarly, open defecation and lack of potable drinking water are considered by reducing the sanitation
rate. Inadequate health facilities and trained personnel considered by reducing the treatment rate. Based on
these assumptions, the following model for the dynamics and control of cholera is given by:
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The meaning of variables and parameters of Model (1) can be found in Tables | and 2 respectively.
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Table 1: Variables for Model (1).

Meaning

Total human population at time ¢
Population of susceptible humans at time ¢

S(t) with limited access to basic amenities (BA) due to insecurity

Population of vaccinated humans at time ¢
Population of infected human at time ¢

Populations of treated individuals at time ¢
Recovered/immune human at time ¢

Concentration of pathogens in water source at time ¢

Table 2: Parameters for Model (1).

Meaning

Unit

Variables
N(t)
S(t)
Q(1)
V(t)
I(t)
T(t)
R(t)
B(t)

Variables
A
B
K
p
m
ag

01

02

03

Y1

Y2

-
n
€
c

o1

o2

v
3
w

Recruitment rate of humans through birth or immigration
Transmission rate

Concentration of Vibrio cholerae in water or food that
yield 50% chance of acquiring cholera disease

Fraction of A with limited access to BA due to insecurity
Natural mortality rate of humans

Rate of treatment of infected individuals

Limited access to BA induced death rate of Q(t)
Disease induced death rate of I(t)

Disease induced death rate of T'(t)

Natural recovery rate of I(t)

Expected recovery rate of T'(t)

Measure of decrease in vaccination rate due to insecurity
Measure of increase in transmission rate due to insecurity
Efficacy of vaccine

Measure of reduction in 8 using control measures
Vaccination rate of S(t)

Vaccination rate of Q(t)

Shedding rate of pathogen into water source

Decay rate of pathogen in water source

Decrease in pathogen in water source due to treatment

Persons day*

Day ™!

Cells L7!
Dimensionless
Day ™!

Day~!

Dimensionless
Dimensionless
Dimensionless
Dimensionless
Day !

3. MODEL ANALYSIS

The dynamics of Model (1) are investigated analytically using dynamical system analyses supported by
numerical simulations using data from the 2021 cholera outbreak in Nigeria and other data from the literature.
Some important mathematical epidemiological features of model (1) are presented in this section to help
with understanding the dynamics of the system. The following notations are sued to simplify the analyses:

di =¢1+p, do=¢2+p+01, dg=0+y1 +p+02, di =" +p+d3 and d5 = § + w.

3.1. Stability analysis

The disease-free equilibrium (DFE) of Model (1) is calculated as

(S0, Q°, VO, 10, 79, RO, BY) — (

0 0
where V0 = €15 46290 ;@Q .

AL —
4 do

P Ap o g 0, 0>,

@
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The basic reproduction number (R), an important epidemiological quantity used in estimating the ability
of a new pathogen to spread, of Model (1) is calculated using the next-generation matrix method [21] and is
given by

Ro=R5 +RE +RY, 3)
where

RS (1—c)vpS°

O 7 (tmtpte)+twk’
RO _ (1—¢)(1+n)vBQ°

0 (0+7+u+6)E+wK’
RV (1—¢)(1—e)rpV?°

0

(C4+y1+p+8)(E+wK’

The quantities Rj, ROQ , and R} represent contributions to the basic reproduction number from the S, Q
and V respectively. Epidemiologically, if Ry < 1 suggests that the disease may die out and if Ry > 1 that
the disease will persist [5], [21]. Thus, implementing control measures that keep R below unity is the target
for epidemiologist to improve the chances of achieving disease eradication [5], [21], [22], [4].

Theorem 3.1. The DFE of Model (1) is locally stable if Ry < 1.

The proof of Theorem 3.1 can be found in the Appendix section. Mathematically, Theorem 3.1 suggests
that the cholera disease could be eliminated using current control measures despite the challenges that affected
the effective implementation of the control measures, if the initial population sizes of infected humans are
within some neighbourhood of the DFE (2) and provided that the basic reproduction number is kept below
unity.

3.2. Existence of cholera disease endemic equilibrium
Theorem 3.2. The cholera disease model (1) has at least one endemic equilibrium (EE) whenever Rg > 1.

The proof of Theorem 3.2 is established in the Appendix section. The EE for Model (1) denoted by
E*:(S*’ Q*7 V*5 I*7 T*’ R*7 B*)7 (4)

is the steady-state solution of Model (1) in the presence of the disease. The existence of an endemic
equilibrium for Model (1) shows that the assumptions used, which are reasonable, cholera can be endemic
when Ry > 1.

Existence and direction of bifurcation about Ry = 1 for Model (1) can give some insight on the conditions
under which cholera can be endemic or not in a system.

3.3. Bifurcation analysis

The quantity Ry can be regarded as a point of bifurcation because at that point the equilibrium changes
from a stable DFE to a stable EE. Thus, the bifurcation at Ry = 1 is forward and is summarized in the
Theorem below.

Theorem 3.3. Cholera disease model (1) undergoes a forward bifurcation at Ro = 1.

The proof of Theorem 3.3 is presented is the Appendix section. Epidemiologically, as (1) undergoes a
forward bifurcation at Ry = 1, this implies that reducing the basic reproduction number below unity is
sufficient for eradication of a cholera outbreak. This result agrees with our earlier theoretical findings on
eradication of the cholera outbreak. However, to determine the impact of control measures on the 2021
cholera outbreak in Nigeria numerical simulations are required. Parameters for these simulation are based
on the data of that outbreak. Simulations are also used to investigate the impact of challenges that affect the
effective implementation of the control measures.
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4. NUMERICAL SIMULATION

In this section, data on reported cholera cases in Nigeria together with Model (1) are used to explore the
effects of the control intervention strategies as well the challenges that affected their effective implementation.

4.1. Model fitting and parameter estimation

Model (1) is fit to data for Nigerian cholera cases reported from January 2021 to January 2022, extracted
from the NCDC Situation Report [3] (Figure 1). Parameters values for the control measures are fit to these
data and the model (1) with the other parameters obtained from existing literature (Table 3). Model fitting
was carried out using the built-in MATLAB least-squares fitting routine fmincon in the optimization tool
box. The fmincon routine is a nonlinear optimization method that finds a constrained minimum for a scalar
function of several variables using an initial estimate.

In fitting model (1) to the data, the following assumptions and modifications are made. The reported cases of
cholera comprise the following: infected individuals I(t), and treated individuals T'(¢). The transmission rates
B, is multiplied by a seasonality factor (gpo + 1 sin(’l% + @2)), to account for the seasonal pattern observed
in this and other cholera data, where 1, 0 < ¢; <1 is the amplitude of the seasonal variation, s, is the
season phase with constant value and g, 0 < o < 1 is the vertical shift [3], [23], [9], [24]. The value of
these parameters (g, ¢1, @2) for the seasonality factor are determined such that non-negativity is preserved in
the model dynamics. The model is fit using the parameter values presented in Table 3. Most of the parameter
units in Table 3 are per day, but these are converted to units per month for the numerical simulations. Since
our interest is on the impact of control measures and implementation challenges, parameters representing the
various control measures and implementation challenges are estimated using the model fitting and are given
in Table 4.

Table 3: Parameters for Model (1).

Parameter  Unit Value Source
A Persons day ' 10000 [25]
8 Day ! 0.075 [19]
U Day ! 548 x 1075 [26]
K Cells L™! 10° [27]
v Cells Lildayflpersonf1 10 [27], [28]
13 Day ! = (81, [29]
e Dimensionless 0.75 [30]
T Day * 0.2 [8], [29]
P Day ! 0.015 (311, [19]
03 Day~* 0.0001 [32]

Table 4: Fitted parameters for Model (1).

Parameter  Unit value

p Dimensionless 0.0000005188

c Dimensionless 0.2424
b1 Month~* 0.0776

n Dimensionless 0.999998
b2 Month ™! 0.000000089899
51 Month ™! 0.07716

o Month™* 0.19461
Y2 Month~* 0.38104

w Month~* 8.99999
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The resulting fit in Figure | is reasonable for the 2021 cholera outbreak in Nigeria. Hence, the model
is used to study the dynamics of the 2021 outbreak further. Specifically, the model is used to estimate the
impact of the control measures and the challenges that affected the effective implementation of these control
measures.

x10* Reported Cases of Cholera in Nigeria

35 T T
L]

Model estimate

@®  Real data

25

IN)
T

3
T

I(t) + T(t)

L .
0 1 1 1 1
Jan 2021 Mar 2021 May 2021 July 2021 Sept 2021 Nov 2021 Jan 2022

Figure 1: Model fit of the reported cases of cholera in Nigeria from January 2021 to January 2022, where bold lines
represent the model fit and stars mark the reported cases.

Using these parameter values, the basic reproduction number R for this Cholera outbreak is calculated
to be Rg = 0.2281. Thus, despite the challenges that affected the effective implementation of the control
measures, Nigerian cholera can be controlled provided the basic reproduction number remains below unity.

4.2. Sensitivity analyses

To analysing optimal methods in minimizing possible re-occurrence of a cholera epidemic as in Nigeria,
it is crucial to understand the significance of the various factors responsible for the cholera transmission.
Disease transmissions have been shown to be directly associated with the basic reproduction number Ry
[33]. Thus, sensitivity analysis is used to determine which parameters have a significant effect on the basic
reproduction number (Rg).

The Latin Hypercube Sampling Method (LHSM) is used for the sensitivity analysis. From LHSM, the
partial rank correlation coefficients (PRCCs) of R are calculated (Table 5). The magnitude and sign of the
PRCC determine the effect of each parameter on the R. For example, a parameter with a positive PRCC
value decreases Ry when decreased whereas a parameter with a negative PRCC value decreases Ry when
increased. Parameters with PRCC values greater than 0.5 or less than -0.5 are considered to be the most
sensitive to Rq [34].

From Figure 2, the most sensitive parameters with the highest influence on the basic reproduction number
Ry is the vaccine efficacy €. This shows that vaccination is one of the most important control measures for
possible eradication of that cholera outbreak in Nigeria. Unfortunately, effective implementation of vaccination
was affected by inadequate vaccines to cover all communities affected by the 2021 cholera outbreak [3].
Therefore, provision of adequate vaccines with high efficacy that cover all communities affected by cholera
is strongly recommended.

Other parameters with a sensitive influence on the basic reproduction number Ry, in descending order of
the PRCC value, are the shedding rate v, the transmission rate (3, the concentration of Vibrio cholerae in
the water or food K, the recruitment rate A, the natural death rate p and the natural recovery rate ;. Thus,
these parameters must be considered for better management of cholera outbreaks in Nigeria. The remaining
parameters do not significantly influence Ry (w, ¢, &, o2, p, 01, @1, 03, Y2, 0, P2, and n).
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Table 5: The PRCC values for the sensitivity indices of Rg.

Parameter Sensitivity indices of Ro
A 0.5945
B8 0.6209
m -0.5883
K -0.6186
v 0.6315
13 -0.0772
5 -0.9253
Y1 -0.5674
d2 -0.0931
03 -0.0058
P 0.0379
c -0.0559
b1 -0.0378
n -0.0262
b2 -0.0312
01 -0.0316
o -0.0114
Y2 -0.0647
w -0.2220
Sensitivity indices for Ro Sensitivity indices for R0
0
62 w
74 T2
€ ag
1 0
v ¢2
K n
H ¢1
B
A
-1 -0.5 0 0.5 1 -0.5 0 0.5

Figure 2: Tornado plot showing the sensitivity indices for Ro.

4.3. Effects of control measures on the cholera outbreak

Several control intervention strategies were implemented by the Nigeria government in fighting the 2021
cholera outbreak [3]. Despite the challenges such as insecurity in some affected communities, the number of
reported new cases of cholera were minimized after a period of one year using the various control measures.

By definition, an epidemic is a disease outbreak that spreads quickly and affects many individuals. The
global pandemic of coronavirus disease first reported in December 2019 created a global awareness of the
concept of ’flattening the curve’ in which the aim is to spread out the rate of infection so as to not overwhelm
health care systems. Here simulations are used to consider to what extent control parameters could flatten
the Nigerian cholera curve.

Cholera vaccination is one of the approved method of fighting cholera epidemics [35]. When applied to
the susceptible population simulations show that this control, ¢; and ¢- in the model, can be very effective
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in reducing cholera with curve completely flattened (Figure 3).
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Figure 3: Plot showing the dynamics of the cholera outbreak when increasing vaccination (¢1 and ¢2) for the population
with access to basic amenities.

Hydration is the primary treatment for cholera and antibiotics are used for severely ill patients [36]. These
medical treatments of individuals infected with cholera are also approved methods of controlling cholera [35].
The Government of Nigeria, through the NCDC and Ministry of Health, established a Case Management &
Treatment programme for the 2021 cholera outbreak. Control measures such as these are captured in our
model as treatment rate (o). Effective treatment reduces the cholera cases significantly but the curve is not
completely flattened (Figure 4).
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Figure 4: Plot showing the effects of clinical treatment (o) on the dynamics of the cholera outbreak.

Interventions for improved water purity are also recommended as a long-term solutions to cholera [35].
According to WHO, total eradication of cholera globally depends on universal access to safe drinking water
and adequate sanitation [35]. The government of Nigeria introduced a water treatment programme, especially
in the communities affected by cholera. This control is represented by w in our model. The simulations show
that the effective treatment of water can also reduce cholera but again not completely (Figure 5).



198 Collins, O.C. and Duffy, K.J.

5 <10 Reported Cases of Cholera
— — —, = 8.8
Z N 220 |mmmmee w=9.0
5 \ — = 10.0 |
4 \
L4 \
4 Y 4 \ a
T Y 4 \
=
= 3 4 IS ek 2 \ a
+ - .
= 7 s -\
- 7 - \
2 5 % .
/7
7 5 N\
1L o N .
P e, Y~
““‘ ~....... —
. e AR LT
o M n :
Jan 2021 Mar 2021 May 2021 July 2021 Sept 2021 Nov 2021 Jan 2022

Figure 5: Plot showing the effects of water treatment (w) on the dynamics of the cholera outbreak.

Reduction in cholera transmission using approved epidemiological methods [

] such as Cholera Awareness

Campaigns and Sanitation Programmes were implemented by the Nigerian government through their Ministry
of Health [3]. Control measures such as these are captured in Model (1) as a reduction in contact rates by a
factor c. Effective implementation of these control measures can also reduce cholera but again not completely

(Figure 6).
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Figure 6: Plot showing the effects of campaigns such as improving sanitation (c) on the dynamics of the cholera outbreak.

4.4. Challenges that affected the 2021 cholera outbreak in Nigeria

Implementation of control intervention strategies by the Nigeria government to stop the 2021 cholera
outbreak was affected by several challenges [3]. For example, many individuals displaced due to security issues

created a challenge to the effective implementation of control measures [

]. Increasing cholera transmission

due to insecurity is captured in our model as 7). Increased insecurity clearly adds to the problem resulting in

a more accentuated curve (Figure 7) .
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Figure 7: Plot showing the effects of increasing insecurity () on the dynamics of cholera outbreak in Nigeria.

5. CONCLUSION AND DISCUSSION

Cholera is an acute diarrhoeal illness currently affecting humanity globally especially in areas where there
is limited access to clean water and adequate sanitation. An outbreak of cholera was reported in Nigeria in
January 2021 and by January 2022 many cases and deaths had been recorded from 33 states out of 36 states
in Nigeria [3]. Bauchi, a state in North-East Nigeria, recorded the highest number of cases. In this state
many individuals, especially children, are displaced due to violence and conflicts [20], [3]. The immediate
intervention of the Nigerian government by implementing several control strategies to stop cholera outbreaks
did not yield the expected results. A possible explanation for this could be the challenges that affect the
effective implementation of control measures, such as insecurity.

This study considered a mathematical model to analyse the dynamics of the 2021 Nigerian cholera outbreak.
Using parameters from published literature and control parameters that are fitted to the data, the model is
shown to fit the Nigerian data well. Since the model gives a reasonable fitting, the basic epidemiological
features of the model were determined and analysed. For instance, the model is shown to have a unique
disease-free equilibrium and at least one endemic equilibrium. The basic reproduction number R of the
model was determined using the next-generation matrix method. It is shown that the disease-free equilibrium
is asymptotically stable when Ry < 1. This suggests that the cholera disease could be eliminated using
current control measures despite the challenges that affected the effective implementation of these controls
if the initial population of infected humans are within some neighbourhood of the disease free equilibrium
(2) and provided that the basic reproduction number is kept below unity. The Centre Manifold Theorem
was used to determine the conditions for bifurcation about Ry = 1. Specifically, the model was shown to
undergo forward bifurcation, about Ry = 1. Based on this, keeping the basic reproduction number below
unity is sufficient for the eradication of cholera using the specified control measures, notwithstanding the
current challenges that affect the effective implementation of these control measures.

Sensitivity analysis is used to determine the parameters that have the highest influence on the cholera
transmission. The most sensitive parameter with the highest influence on disease transmission is vaccine
efficacy €. Numerical simulations show that effective implementation of vaccination can result in faster
eradication and cholera curve can be flattened with this control. Thus, vaccination is one of the most important
control measures for possible eradication of cholera outbreaks in Nigeria. However, a major hindrance to this
control measure is inadequate vaccines to cover all the communities affected with cholera in Nigeria [3].

Other important parameters with high influence on the cholera disease transmission in descending order of
magnitude of PRCC value are shedding rate v, followed by recruitment rate A, the concentration of Vibrio
cholerae in water or food that yield 50% chance of acquiring cholera disease K, transmission rate 3, the
natural recovery rate of infected individuals ; and natural death rate .

Apart from vaccination, numerical simulations are used to consider the possible influence of other controls.
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For example, effective treatment can reduce the number of cases in a cholera outbreak. Thus, prompt and
effective treatment of infected individuals is recommended. WHO recommends clean water for the long-term
solution to cholera [!]. The simulation show that cleaner water reduces infections. Therefore, improving
water purity is also recommended. Awareness and sanitation campaigns are also shown to be able to prevent
cholera cases. However, the simulations point to vaccination as the only control that could flatten the curve
completely.

Challenges that affected the effective implementations of the control strategies of the 2021 cholera outbreak
in Nigeria are also considered numerically. It is shown that more individuals are exposed to cholera infections
if there is inadequate security of life and property. Therefore, to reduce the effects of cholera, security issues
are also important and should be addressed.

Overall, simulations using a model fitted to data from a Nigerian cholera outbreak show that the most
effective control is vaccination. Clinical treatment, water purification, sanitation and awareness, and improving
personal security can each reduce numbers of cases. A combination of all these controls should help
considerably. All these controls are difficult to implement in Nigeria because of the size of the country,
civil disturbances and economic constraints. Regardless, it is shown that improving these controls can limit
the disease.

ACKNOWLEDGEMENT

0.C.C. & K.J.D acknowledge the financial support from the National Research Foundation of South Africa
(Grant Number 131604).

REFERENCES

[1] World Health Organization, https://www.who.int/health-topics/cholera#tab=tab_1, (July 23, 2022).

[2] Centres for Disease Control and Prevention, https://www.cdc.gov/cholera/general/index.html#one, (July 23, 2022).

[3] Nigeria Centre for Disease Control (NCDC). Cholera Situation Report, https://ncdc.gov.ng/diseases/sitreps, (17 July 2022).

[4] Collins, O.C. and Duffy, K.J., Mathematical Analyses on the Effects of Control Measures for a Waterborne Disease Model with
Socioeconomic Conditions, Journal of Computational Biology, 28(1), pp.19-32, 2021.

[5] Tien, J.H. and Earn, D.J.D., Multiple transmission pathways and disease dynamics in a waterborne pathogen model, Bulletin of
Mathematical Biology, 72, pp. 1506-1533, 2010.

[6] Collins, O.C. and Govinder, K.S., Incorporating heterogeneity into the transmission dynamics of a waterborne disease model,
Journal of Theoretical Biology, 356, pp. 133-143, 2014.

[71 Robertson, S.L., Eisenberg, M.C. and Tien, J.H., Heterogeneity in multiple transmission pathways: modelling the spread of
cholera and other waterborne disease in networks with a common water source, Journal of Biological Dynamics, 7(1), pp.
254-275, 2013.

[8] Modnak, C., Wang, J. and Mukandavire, Z., Simulating optimal vaccination times during cholera outbreaks, International Journal
of Biomathematics, 7(2), p. 1450014, 2014.

[9]1 Rinaldo, A., Bertuzzo, E., Mari, L., Righetto, L., Blokesch, M., Gatto, M., et al. Reassessment of the 2010—2011 Haiti cholera
outbreak and rainfall-driven multiseason projections, Proceedings of the National Academy of Sciences, 109(17), pp. 6602-6607,
2012.

[10] Nyabadza, F., Aduamah, J.M. and Mushanyu, J., Modelling cholera transmission dynamics in the presence of limited resources,
BMC Research Notes, 12, pp. 1-8, 2019.

[11] Bertuzzo, E., Azaele, S., Maritan, A., Gatto, M., Rodriguez-Iturbe, I. and Rinaldo, A., On the space-time evolution of a cholera
epidemic, Water Resources Research, 44(1), 2008.

[12] Collins, O.C. and Govinder, K.S., Stability analysis and optimal vaccination of a waterborne disease model with multiple water
sources, Natural Resource Modeling, 29(3), pp. 426-447, 2016.

[13] Miller Neilan, R.L., Schaefer, E., Gaff, H., Fister, K.R. and Lenhart, S., Modeling optimal intervention strategies for cholera,
Bulletin of Mathematical Biology, 72, pp. 2004-2018, 2010.

[14] Collins, O.C. and Duffy, K.J., Optimal Control Intervention Strategies using an n-patch Waterborne Disease Model, Natural
Resource Modeling, 29(4), pp. 499-519, 2016.

[15] Mukandavire, Z., Smith, D.L. and Morris, Jr J.G., Cholera in Haiti: reproductive numbers and vaccination coverage estimates,
Scientific Reports, 3(1), p. 997, 2013.

[16] Righetto, L, Casagrandi, R., Bertuzzo, E., Mari, L., Gatto, M., Rodriguez-Iturbe, I. and Rinaldo, A., The role of aquatic reservoir
fluctuations in long-term cholera patterns, Epidemics, 4(1), pp. 33-42, 2012.

[17] Wang, J. and Liao, S., A generalized cholera model and epidemic-endemic analysis, Journal of Biological Dynamics, 6(2), pp.
568-589, 2012.


 https://www.who.int/health-topics/cholera#tab=tab_1
 https://www.cdc.gov/cholera/general/index.html#one

(18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]
[32]

[33]

[34]

(35]

[36]

[37]

MATHEMATICAL MODEL FOR CHOLERA OUTBREAK IN NIGERIA 201

Onuorah, M.O., Atiku, F.A. and Juuko, H., Mathematical model for prevention and control of cholera transmission in a variable
population, Research in Mathematics, 9(1), p. 2018779, 2022.

Mukandavire, Z., Liao, S., Wang, J., Gaff, H., Smith, D.L. and Morris Jr JG., Estimating the reproductive numbers for the
2008—2009 cholera outbreaks in Zimbabwe, Proceedings of the National Academy of Sciences, 108(21), pp. 8767-8772, 2011.
United Nations International Children’s Emergency Fund (UNICEF), https://www.unicef.org/nigeria/press-releases/
19-million-children-internally-displaced- conflict-and- violence\ -2019- highest-number, (July 23, 2022).

van den Driessche, P. and Watmough, J., Reproduction numbers and sub-threshold endemic equilibria for compartmental models
of disease transmission, Mathematical Biosciences, 180(1-2), pp. 29-48, 2002.

Collins, O.C. and Duffy, K.J., Estimating the impact of lock-down, quarantine and sensitization in a COVID-19 outbreak: lessons
from the COVID-19 outbreak in China, PeerJ, 8, p. €9933, 2020.

Sanches, R.P, Ferreira, C.P., Kraenkel, R.A., The role of immunity and seasonality in cholera epidemics, Bulletin of Mathematical
Biology, 73, pp. 2916-2931, 2011.

Herdicho, E.F., Chukwu, W. and Tasman, H., An optimal control of malaria transmission model with mosquito seasonal factor.
Results in Physics, 25, p. 104238, 2021.

Ibrahim, M.A. and Dénes, A., A mathematical model for Lassa fever transmission dynamics in a seasonal environment with a
view to the 2017—20 epidemic in Nigeria, Nonlinear Analysis: Real World Applications, 60, p. 103310, 2021.

Mukandavire, Z. and Garira, W., HIV/AIDS model for assessing the effects of prophylactic sterilizing vaccines, condoms and
treatment with amelioration, Journal of Biological Systems, 14(3), pp. 323-355, 2006.

Codeco, C.T., Endemic and epidemic dynamics of cholera: the role of the aquatic reservoir, BMC Infectious Diseases, 1(1), pp.
1-14, 2001.

Mukandavire, Z., Tripathi, A., Chiyaka, C., Musuka, G., Nyabadza, F. and Mwambi, H.G., Modelling and analysis of the intrinsic
dynamics of cholera, Differential Equations and Dynamical Systems, 19, pp. 253-265, 2011.

Hartley, D.M., Morris, Jr J.G. and Smith, D.L., Hyperinfectivity: a critical element in the ability of V. cholerae to cause
epidemics?, PLoS Medicine, 3(1), p. €7, 2006.

Date, K.A., Vicari, A., Hyde, T.B., Mintz, E., Danovaro-Holliday, M.C., Henry, A., et al. Considerations for oral cholera vaccine
use during outbreak after earthquake in Haiti, 2010-2011, Emerg. Emerging Infectious Diseases, 17(11), p. 2105, 2011.

Sepulveda, J., Gomez-Dantes, H. and Bronfman, M., Cholera in the Americas: an overview, Infection, 20, pp. 243-248, 1992.
Mwasa, A. and Tchuenche, J.M., Mathematical analysis of a cholera model with public health interventions, Biosystems, 105(3),
pp. 190-200, 2011.

Chitnis, N., Hyman, J.M., and Cushing, J.M., Determining important parameters in the spread of malaria through the sensitivity
analysis of a mathematical model, Bulletin of Mathematical Biology, 70, pp. 1272-1296, 2008.

Taylor, R., Interpretation of the correlation coefficient: a basic review, Journal of Diagnostic Medical Sonography, 6(1), pp.
35-39, 1990.

World Health Organization, https://www.who.int/news-room/fact-sheets/detail/cholera#:~:text=Currently %20there %20are %
20three%20WHO, 150%20ml1%200f%20clean%20water, (July 17, 2022).

Mabhalanabis, D., Molla, A.M. and Sack, D.A., Clinical management of cholera, In Cholera: pp. 253-283 Springer, Boston, MA,
1992.

Castillo-Chavez, C. and Song, B., Dynamical models of tuberculosis and their applications, Mathematical Biosciences and
Engineering, 1(2), pp. 361-404, 2004.


 https://www.unicef.org/nigeria/press-releases/19-million-children-internally-displaced-conflict-and-violence\ -2019-highest-number
 https://www.unicef.org/nigeria/press-releases/19-million-children-internally-displaced-conflict-and-violence\ -2019-highest-number
 https://www.who.int/news-room/fact-sheets/detail/cholera#:~:text=Currently%20there%20are%20three%20WHO,150%20ml%20of%20clean%20water
 https://www.who.int/news-room/fact-sheets/detail/cholera#:~:text=Currently%20there%20are%20three%20WHO,150%20ml%20of%20clean%20water

202 Collins, O.C. and Duffy, K.J.

APPENDIX 1
Proof of Theorem 3.1: (Stability of DFE)
Proof: The eigenvalues of the Jacobian of model (1) about the DFE are:

A= —H,
Ay = —H,
A3 = —di,
Ay = —da,
As = —dy,
N L ) - V(s + ds)? + 4dads (Ro — 1)
2 )
— (ds + ds) + \/ (ds + ds)® + 4dads(Ro — 1)
Ay = 5 )
Clearly, A1, Ao, ..., A7 are negative if Ry < 1. Hence, the DFE (2) is locally stable if Ry < 1. [ |

Proof of Theorem 3.2: (Existence of EE)
Proof: The proof of Theorem 3.2 is established as follows. The EE for model (1) denoted by

E* = (S*v Q*v V*a I*v T*v R*v B*) (5)

is the steady-state solution of model (1) in the presence of the disease. Setting the right-hand sides of model
(1) to zero and solving simultaneously gives:

. ay (K + B")
- 6
S ot el ©)
. a3(K + B*)
- 7
Q g ™
v oo 98T+ 607 (K + BY) ®)
C5+66B*
VB*
= s ) )
14
ol*
T = 1
4y (10)
I* T*
R* _ et —;72 7 (11)

where c; = di K, co = as+di, c3=dsK, cs =as+ds, c5=pK, g =0ao+p, op =A1-p), as=
(1—¢)B, az=Ap, au=(1—-c)(1+n)p,and a5 = (1—c)(1—e)B. Substituting the above equations
into model (1) and solving for B* from the equation d—{ = 0, gives the polynomial

a3(B*)3—|—a2(B*)2—I—al(B*)—i—ao :0, (12)
where the coefficients
az = C2C4Cg,
as = 19— (ma+ns+hy),
a1 = 11— (mi+n+h),

ag = 19— (mo+ng+ ho),
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and
T2 = C1C4Ce + C2C4C5 + C2C3Cp, T1 = C1C4C5 + C1C3C6 + C2C3C5, T = C1C3Cs,
m KR aiesce m KR ay(cscs + cco) m KR ajeses
2 — 7’ 1 - b O - 77
S0 S0 S0
. KR(?Q30206 . KR(C)?Oég(Cch + 0205) . KROQa30105
ng = 0 ny = Qo , No = g0
KR (prarcs + dpaazcs) KR (¢ra1(cs + caK) + poaa(cr + c2K))
h2 = 3 hl - )
10 70
K2RY (p1a1c3 + daaacy)
ho = 7o )

Simplifying the above equation to determine the signs of the coefficients gives the following. Clearly,
a3 = cacace = (g +dy)(ay +d2)(ag + p) > 0.
Further simplifications gives
ay = 70— (mo+4no+ho) = pdida K3(1 — Ryg).
From the above the coefficients

ag < 0<= Ry>1,
ag > 0.

Thus, for Ry > 1, if any one of the coefficients ag, a1, as, as of polynomial (12) is positive or negative then
at least one of the others is the opposite sign. Hence, by Descartes rule of signs, there exists at least one
positive real root for equation (12) whenever Ry > 1 and the Theorem 3.2 is established. [ |

Proof of Theorem 3.3: (Bifurcation analysis)

Proof: The proof of Theorem 3.3 is established using Centre Manifold Theory as described in [37] and
is as follows. For simplicity let z; = S, 20 = Q, 23 =V, x4 = I, ©5 =T, z¢ = R, x7 = B, and
N =21+ 22 + 23+ x4 + 5 + 6. Then model (1) becomes

dxq (1 - C)ﬁ.’lﬁl.T?
— = ANl-p)— ———— —dyxy :=
dt ( p) K + 27 121 f1,
dxsy (1 —¢)(1+n)Bxaxy
— = Ap-— — dazo =
7 P K+ 2T2 1= fa,
drs (1 —¢)(1 —g)Basay
7l $171 + Paz2 — Ko — pxs = fs,
dx 1—c¢)Bxi1x 1—c)(1+ Tol 1—c¢)(1 —¢)Brsx
axa ( )517+( )( ﬁ)527+( )( )537—d3x4::f47
dt K+ Ty K+ i K+ Ty
dl‘{,
el dyzs = fs, (13)
dz
LTtG = MT4+ Y2r5 — pxe == fo,
d
% = VT4 — d5.’137 = f7.
The DFE (2) becomes (3,23, 2%, o, v, xf, %) = (A(il:p), 2—5, M, 0, 0, 0, 0). Consider 3 as
: . _ % __ dzds K * :
the bifurcation parameter. Then at Rg = 1, § = f* = (1—0)1/(3:1‘+(13+?])x§+(1—6)w§)' Now at 3%, using the
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DFE solution the Jacobian of model (13) is computed as

—d1 0 0 0 w 0 —b17
0 —d2 O 0 0 0 —bar
o1 2 —p O 0 0 —bsr
J =10 0 0 —dg 0 0 bar |, (14)
0 0 o —dy O 0

0
0 o 0 m v —w 0
0 0

where b7 = bQﬁTxl > 0, bor = MT% > 0, byr = WT% > 0, and by7 = a17 + az7 + az7r > 0. A I‘ight
eigenvector w = (w1, wo, w3, wy, ws, wg, wr)' of J* associated with the simple zero eigenvalue is

/
—bizwr  —borwr  Prwi + Gows — bzrwr  barwr owy Y1wW4 + Y2ws
w = ) ) ) ) ’ , Wy ’

dq do 7 ds dy 4
where w; = wy > 0, and the superscript ' represent the transpose. Similarly, a left eigenvector v =
(v1, v2, v3, V4, V5, V6, v7) of J* associated with the simple zero eigenvalue is

= 070707 $a0707L )
vwy + dswy vwy + dswsy

where v4 and vy are determined taking into account the condition (v.w = 1) of the eigenvectors. According
to Centre Manifold Theory [37] the direction of bifurcation of model (1) about Ry = 1 is determined by the
sign of a and b, where

a = i v w-w-%(o 0) (15)
£ kWiWy 8$i8$]’ 9 )
k},l,j—l
b = kawla % 0,0), (16)
k,i=1
and fj is the kth component of f. Algebraic computation of a and b gives
a = 2vwr(l—¢)f* [wr+ (1+n)ws+ (1 —¢e)ws] <0, a7n
1—
b W 2% + (1+ )k + (1 — e)zi] > 0, (18)

since wy < 0, we <0, wg <0, wy >0, vg >0, and vy > 0. Using the Centre Manifold Theorem [37],
if a < 0 and b > 0 then model (1) undergoes a forward bifurcation at Ry = 1. [ |
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