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Abstract

We discuss the dynamics of new COVID-19 epidemic model by considering asymptomatic infections and
the policies such as quarantine, protection (adherence to health protocols), and vaccination. The proposed
model contains nine subpopulations: susceptible (S), exposed (F), symptomatic infected (I), asymptomatic
infected (A), recovered (R), death (D), protected (P), quarantined (@), and vaccinated (V'). We first show the
non-negativity and boundedness of solutions. The equilibrium points, basic reproduction number, and stability
of equilibrium points, both locally and globally, are also investigated analytically. The proposed model has
disease-free equilibrium point and endemic equilibrium point. The disease-free equilibrium point always exists
and is globally asymptotically stable if basic reproduction number is less than one. The endemic equilibrium
point exists uniquely and is globally asymptotically stable if the basic reproduction number is greater than
one. These properties have been confirmed by numerical simulations using the fourth order Runge-Kutta
method. Numerical simulations show that the disease transmission rate of asymptomatic infection, quarantine
rates, protection rate, and vaccination rates affect the basic reproduction number and hence also influence the
stability of equilibrium points.

Keywords: COVID-19 epidemic model, asymptomatic infection, quarantine, protection, vaccination, Lyapunov
function, stability analysis.
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1. INTRODUCTION

Coronavirus Disease 2019 (COVID-19) is a infectious disease for humans caused by SARS-CoV-2 [3], [24],
[35]. COVID-19 affects the human respiratory system which can cause acute pneumonia [37]. COVID-19
patients generally have initial symptoms such as fever, dry cough, and fatigue [4]. The spread of COVID-19
virus through the virus in patient droplets inhaled by humans either directly or indirectly [3]. Indirect spread
can be through mediums that are commonly touched by humans, such as table, office tools, and so on.
The patients with strong immune systems cause them to have no symptoms (they are called asymptomatic
infected) [16], [27], [36]. Therefore, COVID-19 is of global concern because patients are difficult to detect
and spread quickly.

The first case of COVID-19 was confirmed in Wuhan, China, in December 2019 [37]. At first, COVID-19
was considered a common and harmless disease such as influenza. Over time, COVID-19 spread rapidly so
that the World Health Organization (WHO) declared COVID-19 as world pandemic on March 11, 2020 [9].
The impact of COVID-19 pandemic is not only on human health, but indirectly it has also reduced the quality
and quantity of economic sectors, social, and educational in all countries. Therefore, it is necessary to have
policies from government to improve the sectors affected by this world pandemic.

The prevention and mitigation to reduce COVID-19 cases is carried out by implementing health protocols,
such as wearing masks, reducing contact, wash hands routinely, and social distancing as recommended
by WHO [26], [27]. In addition, other mitigation policies have also been implemented such as lockdown,
quarantine especially for COVID-19 patients, mobility restrictions, maximum member capacity for an event,
and so on [37]. Some of these policies are implemented by adjusting the real conditions of the disease
transmission. It is important to understand the mechanism of COVID-19 spread.
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Mathematical modeling is an approach to understanding the dynamics of COVID-19 spread. The model can
be a phenomenological model or a mechanistic compartment model. The paper [41] conducted an analysis
of growth curve of COVID-19 cases using phenomenological model including the classical logistic growth
model, generalized logistic model and generalized Richard model. The phenomenological model can provide
an approximation of the growth curve of COVID-19 cases to real data, both daily data and cumulative data
[13], [14], [32]. On the other hand, the phenomenological model cannot provide a mechanism of COVID-19
transmission. The mechanism of COVID-19 transmission including the measurement of intervention policies
can be described by compartment models [14]. Many compartment models of COVID-19 spread have been
developed, such as SIR (susceptible-infected-recovered), SEIR (susceptible-exposed-infected-recovered), and
other development [39], [12], [24], [40], [43], [36], [35]. In particular, Soewono [39] has appied the SEIR
model to fit the early period of COVID-19 cases in Wuhan, Diamond Princess, and Jakarta-cluster.

One of policies implemented for patients is self-quarantine. In [44], Zhang et al. constructing the susceptible-
exposed-infected-quarantined-recovered (SEIQR) model because the infected individuals are required by
government to either self-quarantine or hospital quarantine. The quarantined individuals cannot infect others
due to loss of contact with susceptible individuals [9]. The existence of a quarantined subpopulation is
expected to reduce the spread of COVID-19.

Other policies implemented for uninfected individuals (such as susceptible individuals) are by applying
health protocols and vaccination [18], [9]. The group of individuals who adhere to health protocols such
as wearing masks and social distancing will get protection due to loss of contact with other individuals.
In [27], Lépez & Rodo constructed the susceptible-exposed-infected-quarantined-recovered-death-protected
(SEIQRDP) model by considering the existence of protected individuals. The protected individuals who
neglect health protocols will become susceptible again and they can be infected by COVID-19 viruses. In
other words, there is no guarantee that a protected individual will be completely spared from COVID-19.
The one can reduce the risk of death due to COVID-19 is vaccination program that prioritizes uninfected
individuals (susceptible or protected individuals). In [19], Ghostine et al. constructing the susceptible-exposed-
infected-quarantined-recovered-death-vaccinated (SEIQRDV) model by considering the vaccine efficacy. In
vaccination program, vaccine efficacy becomes a benchmark for community as a determination to follow
vaccination or not [18]. Several types of COVID-19 vaccines such as BioNTech, Moderna, Sinovac, and
BNT162b2 mRNA have efficacy above 90% [23], [34]. The vaccine efficacy p < 100% causes vaccinated
individuals are still possible to be infected by viruses. Since the protected individuals do not guarantee to
avoid COVID-19 infection [27], the protected individuals who are vaccinated may also be infected by viruses.

COVID-19 patients who have high immunity may become an asymptomatic infected. This individual group
differs from exposed individuals who are developing the virus but are not infectious [16], [27]. Megasari et
al. [29] have reported asymptomatic infections in East Java, Indonesia have spread which is characterized
by a high prevalence of infection. Markets and crowded places have a high risk of COVID-19 transmission
by asymptomatic infection because their status is not detected. To control the presence of asymptomatic
infections, rapid testing for asymptomatic and symptomatic individuals can be a strategy to reduce the
basic reproduction number [6]. Hence, a mathematical model which includes the asymptomatic infected
is needed. In [37], Riyapan et al. constructed the susceptible-exposed-symptomatic infected-asymptomatic
infected-quarantined-recovered-death (SEIAQRD) model by considering asymptomatic infections. After virus
incubation period, exposed individuals become either symptomatic or asymptomatic infected. The transmission
rates of both are different. Furthermore, in [5], Adila stated that the transmission rate of asymptomatic infection
was lower than symptomatic infection due to the transmission through droplets was lower.

The various characteristics of COVID-19 disease and the policies implemented are important to consider
in the mathematical model. In this work, we propose the COVID-19 model by considering asymptomatic
infections and the policies such as quarantine, implementing health protocols, and vaccination. First, in Sec-
tion 2, we construct the susceptible-exposed-symptomatic infected-asymptomatic infected-recovered-death-
protected-quarantined-vaccination (SEIARDPQV) model. Several assumptions about vaccine efficacy in [18]
are considered in the model. The first assumption is that some of vaccinated subpopulation has successfully
acquired maximum immunity which is assumed to be recovered group [38]. The second assumption is that
the proportion of vaccine inefficacy (failure of efficacy) from vaccinated subpopulation can be infected by
COVID-19 virus. In Section 3-6, we study the dynamics of proposed model containing basic properties
(non-negativity and boundedness of solutions), equilibrium points, basic reproduction number, and stability
of equilibrium points, both locally and globally. In Section 7, we showed a numerical simulation using fourth
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order Runge-Kutta. Finally, we conclude in Section 8.

2. MODEL FORMULATION

The model of COVID-19 transmission in this work describes the interaction between nine subpopulations,
that is, S(¢), E(t), I(t), A(t), R(t), D(t), P(t), Q(t), and V(¢), which represent the subpopulations size
of susceptible, exposed, symptomatic infected, asymptomatic infected, recovered, death due to COVID-
19, protected, quarantined, and vaccinated individuals, respectively. The model assumes that susceptible
individual (S(¢)) may become exposed if there is a contact between susceptible individual with infected
individual. Protected subpopulation (P(t)) is susceptible individuals who carry out health protocols such
as wearing masks, maintaining cleanliness, social distancing, and restricting mobility. Hence, the protected
subpopulation avoids contact with infected individuals. However, the protected individuals may lose their
patience and become careless in implementing health protocols, and thus these individuals become susceptible
again [27]. We also assumed that there are susceptible individuals who undergo a vaccination program so
that they move into the vaccinated subpopulation (V'(t)), where the proportion of vaccine efficacy p was
successful in gaining immunity during period of a clinical experiment.

The interactions between nine subpopulations of the proposed model are shown by compartment diagram
in Figure 1. The proposed model is expressed in a first-order ordinary differential equations system (1),

%l(tt) = A+ nP(t) — St) (BI(t) + BaA(t)) — (0 + o + 1) S(1),

PO = 50 (310) + 5a A1) + V() (G10) + 5,A0) ~ (4 9 (),

%ﬂ = 0aB(t) = (v 4+ + wI(D),

%}Et) = (1—0)aE®l) — (a+7s5 + m)A(t),

MO~ 00+ aV(0) + 91(0) + 70 A() — uR(0), .
%t“) = Q)+ (1-byI(t),

%ﬁ” = 9S(t) = (2 + 01+ p)P(1),

%it) = l(t) + 5 A(t) — (v + 12 + w)Q(H),

d%ﬂ = 0S(t) + o1 P(t) = V(1) (6I(t) + 3. A(t)) — (g + m)V (1),

with non-negative initial values S(0) = Sp, E(0) = Ey,I(0) = Iy, A(0) = Ay, R(0) = Ro,D(0) =
Dy, P(0) = Py, Q(0) = Qo, V(0) = Vp. The definition of parameters in model (1) could be seen in Table 1.

To simplify the model (1), we introduce new symbols & =n+ o+ p, & =a+ 1,8 =7+ y4 + 1,84 =
Yo+ V5 + 1, &5 = n2 + 01 + p, & = v + v + p, and &7 = q + p. Since the first four equations and the last
three equations of Model (1) do not depend on R(t) and D(t), we reduce the nine-dimensional model to a
seven-dimensional model expressed in System (2).
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B = At mPO) - 50 (G10) + faAl) - 6S0),
PO~ 50 (510 + BAD) + V(1) (G1(0) + 8,A0) ~ &B(0),
%(tt) = GaBE(t) — &I(1),
%Et) = (1—0)aBE(t) — &A®), @)
dP
O~ o) - &P,
T~ u1) +254(0) - 60U,
%ﬁt) = gS(t) + o1 P(t) — V(1) (8I(t) + 8. A(t)) — &V (2).
_.A Susceptible (S) (ﬁ] @+ BaA(t))S(t)
Exposed (E)
" Iz
%2 (\ V 'm (1-0)a
Protected (P) 7; Vaccinated (V)
Im T Symptomatic & ) , Asymptomatic (A)
4 5
a-ny * m
q by
va Ya
Death (D) v |m
Recovered (R) |«——
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Figure 1: The compartment diagram of the proposed COVID-19 epidemic model.

3. NON-NEGATIVITY AND BOUNDEDNESS OF SOLUTIONS

Since Model (2) describes the interaction of human subpopulations, the solutions of the system must be non-
negative and ultimately bounded. The following theorem has guaranteed the non-negativity and boundedness
of solutions of Model (2).

Theorem 3.1. All solutions of the reduced COVID-19 Model (2) subject to non-negative initial values are
non-negative and ultimately bounded.

Proof: We first prove that S(t) and P(t) are non-negative. Assume the contrary; then let ¢; and t5 be
the first time such that they are equal to zero at ¢; and i, respectively. From first and fifth equations of
Model (2), we get
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Table 1: The definition of parameters in Model (2).

Parameter Definition
A Recruitment rate of S(¢)
n Natural death rate
n Protection rate
72 Rate of carelessness in protection

o Vaccination rate of S(¢)

o1 Vaccination rate of P(t)

D Vaccine efficacy

q p/(Average time that V' (¢) need to obtain immunity)

B8 Transmission rate in S(¢) from symptomatic infection

Ba Transmission rate in S(¢) from asymptomatic infection
0= (1—p)B  Transmission rate in V (¢) from symptomatic infection

1)
t)

0o = (1 —p)Ba  Transmission rate in V' (¢) from asymptomatic infection
«a 1/(Average incubation period)
0 Symptomatic proportion
5y Disease-free rate of I(t)
b Recovery proportion
~Ya Quarantine rate of 1(t)
Ya Recovery rate of A(¢)
V5 Quarantine rate of A(t)
v Recovery rate of Q(t)
Vo COVID-19 death rate of Q(t)
ds(t
ﬂ = A+ 772P (tl),
dt  li=t;
dP(t
PO = s, ®
t =ty

Since the right-hand side of equations (3) depends on ¢; and %o, we separate this proof into two cases.
If t; < ty, then P(t1) > 0. We have
ds(t)
dt
This means that S(¢) > 0 on (t1,¢;+¢1) for arbitrary small positive constant 1. This leads to a contradiction.

As aresult, S(t) > 0 for all ¢ > 0. Consequently, dzgt) lt=t, = nS(t2) > 0. Similarly, P(t) > 0 on (t2,ta+€2)
for arbitrary small positive constant e5. This leads to a contradiction. As a result, P(t) > 0 for all ¢ > 0.
If t; > to, then S(t3) > 0. We have

:A+7]2P(t1) > 0.

t=t1

dP(t)
—_— =nS(t2) > 0.
dt =, nS( 2)
This means that P(¢) > 0 on (to, t2+e2) for arbitrary small positive constant 2. This leads to a contradiction.

As a result, P(t) > for all ¢ > 0. Consequently, diit”t:tl = A+ P(t;) > 0. Similarly, S(t) > 0 on

(t1,t1 + e1) for arbitrary small positive constant 1. This leads to a contradiction. As a result, S(t) > 0 for
allt > 0.

The non-negativity of FE(t), I(t), A(t),Q(t),V(t) can also been shown in similar way. Therefore, all
solutions of Model (2) are non-negative.

We next let N(t) = S(t) + E(t) + I(t) + A(t) + P(t) + Q(t) + V (t). Based on Model (2), we have

AN (t)
dt

= A= N (1) = pV(£) = 4 1(t) — (v +12) Q(t) — 7aA(t) < A — uN (1),
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It is easy to show that N () satisfies
A A
N < 5+ (V0 - ) exnloa

and thus , ligrn N(t) < % The feasible region of Model (2) is
—+oo

- A
QZ{(57E7LA7P,Q,V)ERZFU{O}‘S+E+I+A+P+Q+V§M}.

Therefore, all solutions of Model (2) are ultimately bounded. [ |

4. EQULIBRIUM POINTS AND BASIC REPRODUCTION NUMBER

We first let w = ﬂg% + ﬁa(lfze)aylpl = (15_71))7\1]2 = % + Hy and X(t) = (S(t)’ E(t)’ I(t)7 A(t)’ P(t),
Q(t), V(t)). By setting the right-hand side of equations in Model (2) to be zero, we get the solutions as
equilibrium points. We see the second equation of Model (2):

BOa  Ba(l—0)a 00 5,(1 —0) B
S(t) (53 + 54) E(t)+V(t) (53 + £4> E(t) —&E(t) = 0.

It is clear that either E(t) = 0 or S(t) (% + ﬁ“(lgize)a) + V(t) (‘Sg—: + 5”(15719)00 = &, from which
DFE

we obtain two equilibrium points of Model (2), that is, disease-free equilibrium point x and endemic
equilibrium point x*. The disease-free equilibrium point is xPFE(SPFE 00,0, PPFE 0, VPFE) with

S G& —men’ L& —mn’ §7(&1&5 —m2m)’
which is always exists.
We next determine the basic reproduction number (Rp) of Model (2). First, we define Y (t) = (E(t),
I(t), A(t), Q(t)), which is the vector of infected compartment. The expression %Y(t) can be represented
by LY (t) = F — M where

GDFE _ Aés pDFE An VDFE _ A(0&s + o1n)

S(t) (BI(t) + BaA(t)) + V(t) (51(t) + 0aA(t))

_|_
0
F= 0
0

and
§2E(1)
—0aE(t) + &I(t)
—(1 = 0)aE(t) + £4A()
—Y4I(t) — 5 A(t) + &Q(t)

DFE

M:

The Jacobian matrices of F and M at y
0 BSDFE + 5vDFE 6 SDFE + ) VDFE 0

are respectively

10 0 0 0
F= 0 0 0 0]’
0 0 0 0
and
& 0 0 0

—Oa fg 0 0
“1-fa 0 & 0
0 -1 = e
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Then the next generation matrix is

Ry +Ron ﬂSDFEégévDFE ﬂaSDFEg:SaVDFE 0
Fut=| 0 0 X X
0 0 0 0’
0 0 0 0
AE: o BOc Ag g Ba(1-0)c
WhereRI m (‘y] +o+ 177> ( & ) andRA m (\Ill"’_a"’— 177) (T)

The basic reproduction number is the radius spectral p of the next generation matrix, which in our case is
given by

Ro = p(FM™)
= Rr+Ra

- A€5 ain ﬁ&l 5(1(1 — 9)&)
R G ) (\I/1+ * &s ) ( &3 * &4

We notice that the basic reproduction number has two terms which are from the symptomatic and asymp-
tomatic infections, respectively [37].
The second equilibrium point is endemic equilibrium point x*(S*, E*, I*, A*, P*, Q*, V*) with

A O (1-0)« nA
g D g B0 pr :
& — B+ wEr & & §1&s — n2n + W E*
o = (74901 L - 9)04> Boyro A
€3o €a&o ’ (1=pw  (1-p) (gl nen 4 wE*) ’

where E* satisfies the following quadratic equation:

AL (E*)? + AyE* + A3 =0, 4)
with
Al == gQwa
— U6, — ’72&?752 + &1y — wh,
U U A
Y.L LE VAU L U A SN A
w Esw &5

The existence and uniqueness of endemic equilibrium point is given by following theorem.
Theorem 4.1. The endemic equilibrium point x* exists and unique if Ro > 1, and does not exist if Rg < 1.

Proof: Suppose that D represents a discriminant of Equation (4). We first proof that the endemic equi-
librium point y* exists and unique if R > 1. If Ry > 1, then £ —2 (\Ill Uy + & — ”g—j) > M

5

We consider that

C4A Ay = —4g? (51‘1,1 B Azw B nggh nZZZA - Aw(\péz_ \1;2)>
= 2 Aw(‘lll - \112) Aflw _ 7]277wA> ( B 77277))
e (( & & &6 &g
> 0.

Therefore, £* = # > 0 if R > 1, which is unique.
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The positivity V* > 0 is equivalent to

A

__n2m
S—F

+wE*

show VD > & (\111 — &+ %’7 + %\) if Rg > 1. We consider that

D

>

121
3

&2 (%—m—“)
&

o ((WA(WL —Ty)  Awly 77277WA>
e (( &2 &2 §562
A
t(stvam (- 20 8) (6 22
o (AP —T2)  Awéy n277wA>
T4 (( & & &6
A
(oo ) (o2
A€ Aw (51 CUNS xyz)
&s
A 2
f% <\II1 - &+ 77;:7 + {22)

...113

< % In other words, by substituting £*, we have to

(a-2))
2))
(a-2))

-)’)

It is clear that VD > &, (\Ill — &+ "52—5’7 + “é—;\) Therefore, the endemic equilibrium exists and unique if

Ro > 1.

We next proof that the endemic equilibrium point does not exist if Ry < 1. If Ro < 1, then

‘P1(€1§5*77277) >

% (\111 Uy + &1 — @) and & — m > ‘1,152 ((\111 Vo) 4+ & — "2’7) > 984 We consider that
é _ &0 B & _ W1 menA —A(\Ill - ‘1’2)
Ay w?  Hw  Gwr o &hw §ow
_ W& —men) A& manA A(\I’1 —Uy)
Esw? Cbw  Ebw aw
> 0,
and
A A
=2 - (‘I’1+§1—77277—w>
Ay w & &
> 0.
This means that Equation (4) has no positive solution. Thus, Theorem 4.1 is proven. ]

5. LOCAL STABILITY

In this section, we investigate the local stability of equilibrium points of non-linear Model (2) with
linearization around equilibrium points. In this linearization, the Jacobian matrix at equilibrium point x*

is given by

J(x*)

Ji
wEF

0

0
n
0
o

0 —pSk
—&5 BSk 4 sVF
e —&3

(1-0)x 0

0 0

0 V4

0 —

_ﬂaSk
BaSE + 6,V
0
—&4
0

5
—0,VF

72
0

OO OO O

0
(1-pwE"

0
0 ;
0
0

Jo
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with J; = —wE* — & and J, = —(1 — p)wE* — &. By evaluating the real part of all eigenvalues of
the Jacobian matrix, we get the following stability conditions for the disease-free equilibrium point and the
endemic equilibrium point.

Theorem 5.1. The disease-free equilibrium point xPT'F

Ro < 1.
Proof: Assume that Ry < 1. By evaluating |J(xP¥¥®) — A\I| = 0, we have the characteristic equation

of Model (2) is locally asymptotically stable if

of Jacobian matrix J at xPF'F as follow.
(=& = M)(=& = A) (=& — A) (=& — A) = m2m) (br + b2) = 0, )
with
by = (=& —A) ((=& =N (=& — \) — 0a(BSPTE 4 sV PFEY)
by = (1=0)a(&s+ N (BaS""F +5,VP1F).
It is clear that the first two eigenvalues are \; = —& < 0 and Ay = —&; < 0. Two other eigenvalues

(A3, \4) are determined by ((—&5 — \)(—=&1 — A) — m2m) = 0 or equivalently by A% + (&1 + &) + (&1&5 —
n2m) = 0. Since —(&1+&5) < 0 and &1 &5 —n2m > 0, the real parts of eigenvalues A3 and A\, are negative. The
rest of eigenvalues are determined by by +by = 0. By recalling the equalities fa(BSPFE+VPFE) = 6,¢63R
and (1 — 0)a(BoSPFE 4+ §,VPIFE) = £,6,R 4, by + by = 0 can be written as

)\3+Cl)\2+02)\—|—03 = 0 (6)

where c; = (§1 + & +&3), c2 = (1 = Rp)&&s + (1 — Ra)éeés + £4&3), and c3 = £2€384(1 — Ro).

Based on the well-known Routh-Hurwitz Criterion, the solutions of Equation (6) have negative real parts
if and only if ¢; > 0,c3 > 0, and cico — c3 > 0. We see that c¢; is always positive and if Ry < 1, then
cs = £8&384(1 — Ry) > 0. Furthermore, if Rg < 1, then Ry < 1 and R4 < 1. Hence, cjco — ¢z =
(1 =Rp)&& + (1 — Ra)bala) (€14 &+ &) + E16aks + €384 + Roé2€3€4 > 0. Therefore, all solutions of
the characteristic Equation (5) have negative real parts if Ry < 1. In other words, the disease-free equilibrium
point is locally asymptotically stable if Ry < 1. [ |

Theorem 5.2. Let the endemic equilibrium point x* of Model (2) exists. The point x* is locally asymptotically
stable if As > 0, and As > 0 where Az and Ay are stated in the proof.

Proof: We first assume that the endemic equilibrium x* exists and use the following notations

Yi = —(§e+&+&) <0,

Y, — (526}9@ n 525(1(2* f)a Eobs — Eaby — §3£4> <0,
Yi = —(80+Bu(1-6))asS* <0,
Y5 = wé3€aS" >0,

Yo = —(60+68,(1—6))aV* <0,
Y7 = w&&(l-p)V* >0,

Y = —(wE*+&)+Y; <0,

Yo = —(wE"+&)Y1-Y2>0,
Yio = —(WE* + 61)}/2 — CUE*Y4 > 0,
Yi1 = wE'Y; >0,
Yo = 7 (01Y4 - 772Y6) )
Yiz = 7 (772Y7 - 01Y5) .

By evaluating |J(x*) — M| = 0, the characteristic equation of the Jacobian matrix .J at x* can be written
as

(=€6 = A) (A% + W% + WAt + Wak® + WuA? + Wk + W) = 0, @)
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where
Wy = &—Ys+(1-pwE"+ &7,
Wo = Yo—§&Ys—man+ (1 —p)wE” +&7) (6 — Ys),
Wi = &Yy + Yip+n2nY1 — (1 = p)wE"Ys + (1 — p)wE™ +&7) (Yo — Y5 — m2m)
Wi = &Yio+ Y +mnYe + (1 — p)wE™ +&7) (§5Y0 + Yio + m2nY1)
+(1 = p)wE™ (Y7 — (WE™ +&1)Ys — oYy — &5Y56),
W5 = &Y+ ((1—pwE™ +&7) (§Y10 + Yi1 + nenY2)
+(1 = p)wE™ (&5Y7 — &5 (WE™ 4+ 61)Y6 — &50Yy + oY + (WE™ 4 &1)Y7 — Y12) ,
We = ((1-pwE™ +&7) (&Y11) + (1 = p)wE” (&50Ys + (WE™ + £1)6Y7 — Vi)

From Equation (7), we get the first eigenvalue A\; = —&g < 0. We next show that W; > 0 forall: = 1,2, ..., 6.

1) It is clear that W; > 0.
2) Since —&5Yg > &5&1 > mam, €5Y9 > —nanYy, and &5Y19 > —monYa, we have Wy > 0, W3 > 0, and
Wy > 0.

3) Since {5Y10 > —nenYs and —&5(WE™ + £1)Ys > nanYs > Yia, we have Wy > 0.

4) Since (WE™* + &1)&Y7 > nanY7 > Y3, we have Wy > 0.

Based on Lienard-Chipart Criterion in [15], all characteristics roots of Equation (7) have negative real parts
if and only if the third and the fifth Routh-Hurwitz Criterion are satisfied, that are As > 0, and Az > 0,
where

Wy 1 0
Ag = |W3 Wy Wil = W3(W1W2 — Wg) — Wl(W1W4 — W5) > 0,
Ws Wy Ws
and
Wy 1 0 0 0
Ws Wy, Wp; 1 0
As=\Ws Wy Wi Wy Wi| = Ws5[WiAs — Wy (Wi (WoaWs — WiWs) — WsWs)
0 We Wy Wy Wi
0 0 0 W W;s
WL (WaWs — WaW) — W] — Ws[WsAy
—Wi (W (WoWs — W1 We) — W3W5))
> 0
Therefore, the endemic equilibrium point x* is locally asymptotically stable if Az > 0, and A5 > 0. [ ]

6. GLOBAL STABILITY

In this section, we investigate the global stability of equilibrium points by introducing suitable Lyapunov
functions. The conditions for global stability of the equilibrium point of Model (2) are given by the following
theorems.

Theorem 6.1. The disease-free equilibrium point xP¥¥ (SPFE (0,0, PPTE VDPEE) of Model (2) is glob-
ally asymptotically stable if R < 1.

Proof: Assume that Ry < 1 and let Z(x) = (z — 1 — In(z)). Since the fifth equations and the last
equation of Model (2) do not depend on variable Q(t), we consider the following positive definite Lyapunov
function £1(X(t)) where X (t) = (S(¢), E(t), I(t), A(t), P(t), V(¢)):

LUX (@) = SDFEZ( S5(t) )+ (M) PDFEZ< P(t) >+VDFEZ( V() >+E(t)

SDFE 55 PDFE VDFE
552 ﬂaéQ
T I+ A,
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Since the geometric mean is less than or equal to the arithmetic mean [28], A = & SPFE — p, PPFE,
DFE DFE
fr=28 Fal VJE%P L =0+ u+ Lgr" + L;l + —?f, and Ry < 1, we get

dLy (X (t)) SPFEN qS(t) N + o1 PPFEN 4P(t) VPFEN qv(t)
dt (1_ S(t)) dt +( &s )(1_ P(t)) dt +(1_ V(t)) dt
dE(t) | B& dI(t) | Ba&2 dA(t)
+ dt +§3w dt + L dt

SDFE
- (1 - m) (A + mP(t) — S(t) (BI(t) + BaA)) — € 5(1))

N (772;01) <1 _ P;(?) (nS(t) — &P(t)

VDFE
4 (1 _ V(t)> (0S(t) + o1 P(t) — V(t) (5I(t) + 6. A(t)) — &V ()

S(t
+(S(@) (BI(8) + BaA(t)) + V(8) (O1(2) + 3a A(t)) — &2E(1))

+§ﬁ (BaB(t) — & I(8)) + ii (1 - 0)aB(t) — &A1)
= ngD (2_ S(t) - SDFE)

SDFE S(t SDFEP t PDFES t
+772PDFE< S(t) + SD(F)E - S(t)pD}(?h2 - p(t)SDI(?bz>
S(t)  PPFES@) V() VPFEP(
+o PRI (2 + SD(F)E - p(t)SDlg‘E)‘ o VD(F)E o V(t)legbz)
S(t) V(t) VDFES(t))

DFE
toS (1 T SPFE T yDFE V(t)SDFE
s

; (SDFE . p)VDFE) _ 1)

_ Nt oDFE SDFE S(t) DFE SPFEp(t)  pDFEG(4)
= <ﬂ+ &s > S (2 S(t) o SDFE) + 2P (2 S(t)PDFE - P(t)SDFE>

2 (51(1) + B,A(D) (‘”

N PDFE‘ A SDFE PDFES(t) V(t) VDFEP(t)
o _ _ _ _
1 S(t) P(t)SPFE — yDFE ~ Y ({)PDFE
SPEE V(%) VPEES(¢) &
SPEE (13— — - 2= (BI(t) + BaA(t)) (Ro — 1).
+o S(t) VDFE V(t)SDFE + (ﬁ ( )+ﬁ ( ))( 0 )
< 0 ®)
Moreover, LX) 0 is achieved if and only if X (t) = xPFE. The LaSalle’s Invariance Principle in
[28] guarantees that the disease-free equilibrium point is globally asymptotically stable. ]

Theorem 6.2. Let the endemic equilibrium point x* of Model (2) exists. The point x* is globally asymptot-
ically stable.

Proof: We consider a positive definite Lyapunov function

s = (). (252 (0 () e (3)

e (1) e ()
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Since X* exists and the geometric mean is less than or equal to the arithmetic mean [28], we get

i 1) (a5) (- ) o
(0 £ty e
- (1- 55 ) s - 3)) + (1 o) mPO - mP)
+ (1 _ P(* ) ((m to )P*i(t) — +01)P(t)) + (1 - VV() (0S(t) — 05)

t) t)
+ (1 - VV(t)) (01 P(t) — o1 P*) + < v ) EVE =&V (L)) + 25"
CBELIPE(t)  BHARE(R) t) (BI(t) — BaA(t)  E*V(t) (61(t) — daA(1))
JIOE | wAW)E" E(t E(t)
S* * * * * * *
+(1S()>5(51 + B A" < V* (5T* + 6,A)

= (1 E)s (g 5) p*<25(>f§2 ris)

o o S MV (- 2V e
857 (3t~ e~ 57)
v (- - v )
s (3= G - g~ 50)
o (3= S - Favea - v)
< 0.

Furthermore, %ﬁz(t)) = 0 is obtained only if X (t) = x*. By applying the LaSalle’s Invariance Principle
in [28], the endemic equilibrium x* is globally asymptotically stable. ]

7. NUMERICAL SIMULATIONS

In this section, we provide several numerical simulations to illustrate the spread of COVID-19 under
several different scenarios. For this aim, we solve the model (2) numerically using the fourth-order Runge-
Kutta scheme in [10] with the step size h = 0.01. We first set the parameters value of Model (2) as given by
Table 2. In Table 2, we assume the transmission rate 3, = 0.54 due to asymptomatic infections spread fewer
droplets than symptomatic infections [5]. Since vaccination can be reserved for both susceptible individuals
and protection individuals without discrimination, we assume the vaccination rate o; = o. In our simulation,
we use Moderna as vaccine type with vaccine efficacy 94.1% throughout 4 weeks in clinical trials [25].

7.1. The Impact of Asymptomatic Infection

Aguiar and Stollenwerk in [2] have noticed that asymptomatic infection has significant role in a disease
transmission. Motivated by their work, we first study the impact of asymptomatic infection using the value
of parameters in Table 2 to Model (2). We obtain two equilibrium points x?%#1(3433117, 0, 0, 0, 1527075,
0, 51597) and x*(2185185, 3650, 891, 1404, 971986, 3990, 32823) which are the disease-free equilibrium
point and the endemic equilibrium point, respectively. The basic reproduction number is Ry = 1.57 which
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Table 2: The definition and value of parameters of Model (2).

Parameter  Definition Value Source
A Recruitment rate 4816712 [5]
m Natural death rate m [6]
n Protection rate 0.015 [27]
12 Rate of carelessness in protection % [27]
o Vaccination rate of S(¢) %’(‘)—i [19]
o1 Vaccination rate of P(t) % assumed
p Vaccine efficacy 0.941 [25]
q p/(Average time that V' (¢) need to obtain immunity) .41 [25]
o) Transmission rate in S(¢) from symptomatic infection %{5 [6]
Ba Transmission rate in S(¢) from asymptomatic infection 1'8077 5 assumed
) Transmission rate in V' (¢) from symptomatic infection ﬁg&” (1-p)p
0a Transmission rate in V' (¢) from asymptomatic infection 5'%%525 (1-p)Ba
o 1/(Average incubation period) % [33]
0 Symptomatic proportion 0.4 [6]
v Disease-free rate of I(t) 0.115 [37]
Va4 Quarantine rate of I(t) 0.2 [37]
Ya Recovery rate of A(t) 0.1 [37]
Y5 Quarantine rate of A(t) 0.2 [37]
v+ Disease-free rate of Q(¢) 0.115 [37]
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Figure 2: Numerical solution of Model (2) with parameter values in Table 2 at : (a) time interval [0, 300] and (b) time
interval [5.5 x 10*,7 x 10%]. In (b), the left-hand side of y-axis represents a scale of solutions S(t), P(t), Q(t), and
V (t), while the right-hand side of y-axis represents a scale of solutions E(t), I(¢), and A(t). The solution of Model (2)
subject to initial value X (0) and parameters value in Table 2 is convergent to x* even though it is oscillating.
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means that the average number of new exposed individual by one infected individual in susceptible and
vaccinated subpopulations is 1.57. This indicates that the infection of virus SARS-CoV-2 will continue
to exist. In addition, we also get the third and the fifth Routh-Hurwitz Criteria, A = 0.282 > 0 and
As = 1.139 x 1078 > 0, respectively. This means that the endemic equilibrium point x* is locally and
globally asymptotically stable. The visualization for this stability is shown in Figure 2. Here, the initial value
is set to be X (0) = (43000000, 1031, 30100, 20077, 1100000, 25089, 100225), which corresponds to the
population size and relevant data reported by government in East Java Province, Indonesia. Figure 2(a) and
2(b) show the numerical solutions in the interval ¢ € [0,300] and t € [5.5 x 10%,7 x 10%], respectively. It
is seen that the solution oscillates but it converges to x*. According to Kassa et al. [21], such oscillation
is caused by the asymptomatic infection, i.e., the asymptomatic infection could re-emerge the disease in the
future. To verify this statement in proposed Model (2), we take 8, = 0 and then we get Ryo = 0.88 < 1.
Hence, the disease will disappear in the future. This phenomenon is depicted in Figure 3, which shows
that the disease-free equilibrium point xy?¥#! of Model (2) is locally and globally asymptotically stable.
Therefore, the asymptomatic infection in the epidemic model of COVID-19 has significant role, especially
both R( and global stability of equilibrium points. This is in accordance with the results presented in [22].
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Figure 3: Numerical solution of Model (2) with parameter values in Table 2 except 3, = 0 at : (a) time interval [0, 300]
and (b) time interval [5.5 x 10*,7 x 10%]. In (b), the left-hand side of y-axis represents a scale of solutions S(t), P(t),
Q(t), and V(t), while the right-hand side of y-axis represents a scale of solutions F(t), I(t), and A(t). The solution of
Model (2) subject to initial value X (0) and this modified parameter value (that is, 5, = 0) is convergent to xPFEL



120 Musafir, R.R., Suryanto, A. and Darti, 1.

7.2. The Impact of Quarantine

The quarantine is one of COVID-19 mitigations that can reduce the size of infected subpopulations [£],
[1]1, [31], [33], [45]. To see this effect, we take v4 = 0.4 and ~5 = 0.4, which are twice the values of the
quarantine rates in Table 2. In this case, we have Ry = 0.95 < 1 and the disease-free equilibrium point
XDFE2(3433117, 0, 0, 0, 1527075, 0, 51597) is the only equilibrium point. The equilibrium point XDFE2 is
locally and globally asymptotically stable. The visualization of this properties is shown in Figure 4. Notice
that it is case, the COVID-19 disease will disappear in the future. This fact is caused by the increasing
number of infected individuals who are quarantined such that they cannot spread COVID-19 to others. This
shows that the greater quarantine rate leads to the lower basic reproduction number, which is a desirable
condition for eradicating disease in future.
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Figure 4: Numerical solution of Model (2) with parameter values in Table 2 except 74 = 0.4 and v5 = 0.4 at : (a)
time interval [0, 300] and (b) time interval [5.5 x 10%,7 x 10*]. In (b), the left-hand side of y-axis represents a scale of
solutions S(t), P(t), Q(t), and V (t), while the right-hand side of y-axis represents a scale of solutions E(t), I(t), and
A(t). The solution of Model (2) subject to initial value X (0) and this modified parameters value (that is, 74 = 0.4 and
vs = 0.4) is convergent to xPFEZ,

7.3. The Impact of Protection

In the proposed model (2), protected individuals are assumed to be individuals who adhere to health
protocols such as wearing mask, reducing contact, wash hands routinely, and social distancing. The authors
in [45], [17], [11] stated that one of the best ways to eliminate COVID-19 is to reduce contact between
individuals. Based on that statement, we triple the value of protection rate in Table 2, which is n = 0.045.
With this protection rate, the basic reproduction number Ry = 0.97 < 1 and thus we only have the disease-free
equilibrium point xP¥#3(2124805, 0, 0, 0, 2835386, 0, 51597), which is locally and globally asymptotically
stable; see Figure 5.



DYNAMICS OF COVID-19 EPIDEMIC MODEL WITH ASYMPTOMATIC INFECTION, QUARANTINE, ...121

x107

- =8
E(t)
4+ N It |7
At

)
\ Py
ab - —an |
\ — /(1)

Subpopulation Size (in Human)

0 50 100 150 200 250 300
Time (in Day)
6 ()
310 10000

N
5
T

-1 8000

N
T

- 6000

-1 4000

-1 2000

Subpopulation Size for Dashed Curve
& &
T T

Subpopulation Size for Solid Curve

o
i
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

o

55 6 6.5 7
Time (in Day) «10*
(b)
Figure 5: Numerical solution of Model (2) with parameter values in Table 2 except n = 0.045 at : (a) time
interval [0, 300] and (b) time interval [5.5 x 104, 7 x 10%]. In (b), the left-hand side of y-axis represents a scale
of solutions S(t), P(t), Q(t), and V(¢), while the right-hand side of y-axis represents a scale of solutions
E(t), I(t), and A(t). The solution of Model (2) subject to initial value X (0) and this modified parameter
value (that is, = 0.045) is convergent to y?F'E3,

Since the protected subpopulation has no direct contact with the infected individuals, the size rate of both
exposed and infected subpopulations is inversely proportional to size rate of protected subpopulation. We can
see that the size of protected subpopulation is larger and the size of exposed and infected subpopulations
is smaller than the case presented in Figure 2. This shows that an increase in rate of protection causes
a decrease in transmission of COVID-19. Therefore, we also claim that increasing the rate of protection
is strategy that can reduce the spread of COVID-19. In addition, implementing health protocols are the
cost-effective strategies to control highly infected subpopulations [7].

7.4. The Impact of Vaccination

In March 2021, the vaccination program began to be implemented in East Java Province, Indonesia. Various
efforts have been carried out to increase a vaccination rate by government, such as mandatory requirements for
regional leaders, civil servants, health workers, and anyone involved in government administration [20]. This
show that the vaccination program is a reliable COVID-19 mitigation because it can make active infections
disappear in a limited time [42]. To see the impact of vaccination, we take vaccination rates o1 = 0 = %,
which are much larger than the vaccination rates in Table 2. The basic reproduction number in this case
Ro = 0.83 < 1 and we do not have an endemic equilibrium point. The disease-free equilibrium point
XD F E4(1813187, 0, 0, 0, 798234, 0, 54329) is locally and globally asymptotically stable. Therefore, the
increasing vaccination rates may avoid the endemic conditions. This situation is depicted in Figure 6.

In East Java Province, the most widely used vaccine types were AstraZenecca (with vaccine efficacy 70.4%
during 12-week experimental period) and Sinovac (with vaccine efficacy 50.7% during 2-week experimental
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Figure 6: Numerical solution of Model (2) with parameter values in Table 2 except 01 = 0 = # at : (a) time interval
[0,300] and (b) time interval [5 x 10*,7 x 10%]. In (b), the left-hand side of y-axis represents a scale of solutions
S(t), P(t), Q(t), and V(t), while the right-hand side of y-axis represents a scale of solutions E(t), I(t), and A(t).
The solution of Model (2) subject to initial value X (0) and this modified parameters value (that is, o1 = o = %) is
convergent to 74,

. : _ _ 0.704 :
period) [25]. If we apply parameter values as in Table 2, except p = 0.704, ¢ = 355 for first scenario and

p = 0.507,q = 02"2077 for second scenario, then we get the basic reproduction number from both scenarios
Ro = 1.59 and Ry = 1.58, respectively, which are almost the same as when we take p as in Table 2. This

show that high vaccine efficacy has no significant effect on basic reproduction number.

8. CONCLUSION

In this paper, we introduce the new COVID-19 model by considering the asymptomatic infection and
the policies such as protection (wearing mask, social distancing, and other health protocols), quarantine for
infected individuals, and vaccination. The non-negativity and boundedness of solutions of the proposed model
have been proven. The proposed model has two equilibrium points, that are, the disease-free equilibrium point
and the endemic equilibrium point. From there, we have determined the formulation of basic reproduction
number, R, using the spectral radius of next generation matrix. The local stability of equilibrium points
is approximated by linearization and Jacobian Matrix. The global stability of equilibrium points is studied
by defining the Lyapunov function and applying LaSalle’s Invariance Principle in [28]. The disease-free
equilibrium point always exists and is asymptotically stable, both locally and globally, if Rg < 1. The
endemic equilibrium exists uniquely and is global asymptotically stable if Ry > 1. The sufficient conditions
of local stability of endemic equilibrium point are more complex to be stated explicitly, that is, the third
and fifth Routh-Hurwitz Criterion (see [30]). Such properties have been confirmed by numerical simulations.
The simulations show that asymptomatic infections have an important role in the proposed model and the
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increasing of quarantine rates, protection rate, vaccination rates may cause the disappearing the COVID-19
case.

To model the spread of COVID-19, we consider the asymptomatic infections and some current government
policies. For vaccination program, the increase in vaccinated community is very likely to lower the self-
protection such as wearing mask and social distancing. Therefore, it is necessary to catry out contact tracking
and rapid tests into the model. We notice that hospitalization and reinfection in recovered subpopulation were
not considered. This will be more interesting if these conditions are considered into the model and readjusted
to the government’s new policies in the future.
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