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Abstract

The Allee effect describes a decline in population fitness at low densities, potentially leading to extinction.
In predator-prey systems, an emergent Allee effect can arise due to interactions such as density-dependent
maturation rates and predation constraints. This work studies a stochastic predator-prey model where the prey
population is structured into juvenile and adult stages, with maturation following a nonlinear function. We
introduce Itô-type stochastic perturbations in mortality rates to account for environmental variability. We first
establish the positivity of solutions and derive sufficient conditions for the stability of the trivial equilibrium,
prey extinction, and conditional predator extinction. We then analyze prey persistence under specific maturation
rate functions. Finally, numerical simulations illustrate the theoretical results and their ecological implications.
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1. INTRODUCTION

The Allee effect is a fundamental concept in population dynamics, describing a phenomenon where
individuals of a species experience reduced biological fitness at low population densities, leading to a critical
threshold below which the population faces an increased risk of extinction [1], [2]. This effect can arise from
various ecological mechanisms, including difficulties in finding mates, reduced cooperation in foraging or
defense, and inbreeding depression [3].

In his seminal work of 1931, W.C. Allee provided a conceptual and empirical foundation for this phenomenon,
observing that animal populations become more vulnerable to extinction at low densities. However, it was not
until later that the Allee effect was formalized mathematically using ordinary differential equations. One of
the most widely recognized models capturing this effect takes the form:

dN

dt
= rN

(
1− N

K

)
− aN2

N + b
,

where N represents the population density, r is the intrinsic growth rate, K is the carrying capacity, a governs
the intensity of the Allee effect, and b modulates its influence. The term aN2

N+b introduces the Allee effect by
reducing the population growth rate at low densities, reflecting challenges such as mate finding or resource
acquisition that can drive populations toward decline or extinction.

An emergent Allee effect occurs when interactions between species produce population dynamics that
exhibit Allee-like characteristics under specific conditions. For instance, in predator-prey systems, such an
effect can arise when:
• The prey’s reproduction rate depends positively on population density, as higher densities may enhance

defense mechanisms, foraging efficiency, or communal behavior.
• Predators exhibit higher hunting efficiency when prey are clustered or exhibit communal behaviors that

facilitate capture.
These dynamics can lead to pronounced cycles of abundance and scarcity in both predator and prey

populations, potentially resulting in the extinction of one or both species.

∗Corresponding Author
Received June 28th, 2025, Revised October 10th, 2025, Accepted for publication April 16th, 2026. Copyright ©2026 Published by

Indonesian Biomathematical Society, e-ISSN: 2549-2896, DOI:10.5614/cbms.2026.9.1.3



30 Granados, C. and Valencia, L.A.

Of particular interest is the emergent Allee effect in predator-prey models, which has been extensively
studied using ordinary and stochastic differential equations [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14], [15]. This work is inspired by the deterministic model proposed in [14], which divides the prey’s life
history into juvenile and adult stages. The prey population is regulated through maturation, with predators
feeding exclusively on adult prey. This framework captures the essential elements for the emergence of an
Allee effect, as detailed in [16]. The model is described by the following system of equations:

dx

dt
= βy − x

1 + x2
− µxx,

dy

dt
=

x

1 + x2
− µyy − yz,

dz

dt
= z(αy − µz),

where z represents the predator population, y denotes adult prey, and x corresponds to juvenile prey. The
maturation rate of juveniles is given by 1

1+x2 , which decreases as the density of the juvenile population
increases. The parameter β represents the fertility rate, while α quantifies the efficiency with which the
consumed prey biomass is converted to predator biomass (α ∈ (0, 1)). The mortality rates for juveniles, adult
prey and predators are denoted by µx, µy , and µz , respectively.

In this study, we generalize the maturation rate to a function φ : R≥0 → R≥0 that satisfies the following
conditions:

1) φ is differentiable on (0,∞),
2) limx→∞ φ(x) = 0, and
3) supx∈R≥0

φ(x) ≤ 1.
To better reflect the stochastic nature of ecological systems, we introduce stochastic perturbations of Itô-type

into mortality rates µx, µy, and µz . These perturbations account for environmental variability, demographic
noise, and other stochastic factors, modeled as follows:

µx 7→ µx + σxdBx(t),

µy 7→ µy + σydBy(t),

µz 7→ µz + σzdBz(t),

where Bx, By , and Bz are independent Brownian motions, and σx, σy , and σz represent the noise intensity
coefficients. The resulting stochastic model is given by:

dx = (βy − φ(x)x− µxx) dt− σxxdBx(t),

dy = (φ(x)x− µyy − yz) dt− σyydBy(t), (1)
dz = z(αy − µz)dt− σzzdBz(t).

We begin by establishing the positivity of the solutions, demonstrating that the system (1) remains within
the domain of positive population densities for all time with probability 1. Subsequently, we derive sufficient
conditions for the stability of the origin, the asymptotic stability of the origin, the extinction of the prey, and
the conditional extinction of the predator.

A central focus of this work is on the analysis of prey persistence. To this end, we consider the specific case
φ(x) = κ

1+x , where κ represents the maturation rate at low densities. This choice is motivated by observations
in [13], where the population density of cod in the North Atlantic remained low despite fishing restrictions.
We model predation constraints by imposing the condition {supt≥0 z(t) ≤ M}, aiming to identify conditions
under which prey persistence is ensured with limited predation.

The remainder of this article is organized as follows.
• In Section 2, we present the necessary definitions and theoretical foundations for the study.
• In Section 3, we establish sufficient conditions for the stability of the origin, the extinction of the prey,

and the conditional extinction of the predator.
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• In Section 3.4, we analyze prey persistence and derive conditions under which extinction is avoided.
• In Section 4, we provide numerical simulations to illustrate the theoretical results, make comments on

the theorems, and discuss their biological implications.

2. PRELIMINARIES

Throughout this paper, let Rn
≥0 := {x ∈ Rn : xi ≥ 0, ∀i = 1, . . . , n} and Rn

>0 := {x ∈ Rn : xi > 0,∀i =
1, . . . , n}. Consider the following Itô-type stochastic differential equation:

dX(t) = f(X(t), t) dt+ g(X(t), t) dB(t), (2)

where f : Rn × R≥0 → Rn and g : Rn × R≥0 → Mn×m are Borel-measurable functions, with Mn×m being
the space of n×m matrices with real entries, and {B(t)} an m-dimensional Brownian motion.

The infinitesimal generator operator L associated with (2), whose domain consists of smooth functions,
takes the form:

Definition 2.1. A point x = 0 ∈ Rn is said to be an equilibrium point of the system (2) if f(0, t) = 0 and
g(0, t) = 0 for all t ∈ R≥0.

Definition 2.2. Let x = 0 be an equilibrium point of the system (2). This point is said to be stable in
probability if for every ϵ > 0 and r > 0, there exists δ = δ(ϵ, r) > 0 such that if ∥x(0)∥ < δ, then

P(∥x(t)∥ < r,∀t ∈ R≥0) ≥ 1− ϵ.

Since the stochastic differential equation of our interest models a population growth phenomenon, the point
x = 0 represents the absence of species (extinction). Thus, Definition 2.2 intuitively tells us that the system
will remain within thresholds close to extinction with high probability, provided it starts with low population
densities.

Definition 2.3. Let x = 0 be an equilibrium point of the system (2). We say that this point is asymptotically
stable in probability if it is stable in probability and if for every ϵ > 0, there exists δ = δ(ϵ) > 0 such that if
∥x(0)∥ < δ, then

P
(
lim
t→∞

x(t) = 0
)
≥ 1− ϵ.

The definition 2.3 intuitively tells us that being asymptotically stable in probability implies that, with high
probability, there exists a neighborhood of the origin (x = 0 is an equilibrium point of the system) such that,
starting from this neighborhood, the system converges toward extinction.

Next, we will state a series of well-known theorems in the literature on stochastic differential equations
that will be used in the proofs in the main results section. However, we first need some additional definitions.

Definition 2.4. Let K be the family of all continuous, non-decreasing functions ϕ : R≥0 → R≥0 such that
ϕ(0) = 0 and ϕ(r) > 0 if r > 0. For h > 0, let Sh = {x ∈ Rn : ∥x∥ < h}. A continuous function V (x, t)
defined on Sh × R≥0 is said to be positive definite (in the sense of Lyapunov) if V (0, t) ≡ 0 and, for some
ϕ ∈ K,

V (x, t) ≥ ϕ(∥x∥) for all (x, t) ∈ Sh × R≥0.

A continuous function V (x, t) is said to be negative definite if −V is positive definite. A nonnegative continuous
function V (x, t) is said to be decrescent if for some ϕ ∈ K,

V (x, t) ≤ ϕ(∥x∥) for all (x, t) ∈ Sh × R≥0.

Definition 2.5. Let h ∈ R>0. We denote by C2,1(Sh × R≥0;R≥0) the space of all nonnegative functions
V (x, t) defined on Sh×R≥0 that are twice continuously differentiable in x and once continuously differentiable
in t.

Theorem 2.1. Let x = 0 be an equilibrium point of (2). If there exists a positive definite function V (x, t) ∈
C2,1(Sh × R≥0;R≥0) such that

LV (x, t) ≤ 0,
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for all (x, t) ∈ Sh × R≥0, then x = 0 is stable in probability.

Proof: See [17], page 111.
Consider the linear system

dX(t) = BX dt+

k∑
r=1

crX dBr(t). (3)

with constant coefficients, that is, B, c1, . . . , ck are constant matrices.

Theorem 2.2. If x = 0 is an equilibrium point of the system (3) that is asymptotically stable in probability,
and the coefficients of the system

dX(t) = f(X(t), t) dt+

k∑
r=1

gr(X(t), t) dBr(t), (4)

satisfy the inequality

∥f(x, t)−Bx∥+
k∑

r=1

∥gr(x, t)− crx∥ < γ∥x∥, (5)

in a sufficiently small neighborhood of the point x = 0 and for a sufficiently small constant γ, then the
equilibrium point x = 0 is asymptotically stable in probability for the system (4).

Proof: See [18], Theorem 7.1, p. 228.

Theorem 2.3. If there exists a positive definite and decrescent function V (x, t) ∈ C2,1(Rn ×R≥0,R≥0) such
that LV (x, t) is negative definite, then the equilibrium point x = 0 is asymptotically stable in probability.

Proof: See [17], Theorem 2.3, p. 112.

3. MAIN RESULTS

3.1. Existence, Uniqueness, Non-negativity, and Boundedness of the Solutions
The techniques to be used in the majority of the proofs rely on applying the generator of the stochastic

process associated with (1) (the Lyapunov operator), which has the following structure:

L = ∂
∂t + (βy − φ(x)x− µxx)

∂
∂x + (φ(x)x− µyy − yz) ∂

∂y + (αyz − µzz)
∂
∂z (6)

+
σ2
x

2 x2 ∂2

∂x2 +
σ2
y

2 y2 ∂2

∂y2 +
σ2
z

2 z2 ∂2

∂z2 ,

whose domain is defined over the space C2,1(x, y, z, t), that is, the space of functions that are twice continuously
differentiable in (x, y, z) ∈ R3 and once continuously differentiable in t ∈ R.

The following theorem guarantees that the solution of the stochastic differential equation does not explode
in finite time and remains in the positive cone R3

>0.

Theorem 3.1 (Positivity of the solution). For initial values (x0, y0, z0) ∈ R3
>0, the system (1) has a unique

solution (x(t), y(t), z(t)) for all t ∈ R≥0, and the solution remains in R3
>0 with probability 1, that is,

P
(
(x(t), y(t), z(t)) ∈ R3

>0, ∀t ∈ R>0

)
= 1.

Proof: The proof is classical in the theory of Itô-type stochastic differential equations. Consider the
function
V : R3

>0 → R≥0 defined by:

V (x, y, z) = x− 1− ln(x) + y − 1− ln(y) + z − 1− ln(z).

Then,
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LV (x, y, z) = βy − φ(x)x− µxx− βy

x
+ φ(x) + µx + φ(x)x− µyy − yz

− φ(x)x

y
+ µy + z + αzy − µzz − y + µz +

σ2
x

2
+

σ2
y

2
+

σ2
z

2
.

Therefore, for (x, y, z) ∈ R3
>0, using that α ∈ (0, 1) and that φ(x) ≤ 1, we obtain:

LV (x, y, z) ≤ βy + z +
1

2
(σ2

x + σ2
y + σ2

z) + µx + µy + µz + 1

≤ max{1, β}(y + z) +
1

2
(σ2

x + σ2
y + σ2

z) + µx + µy + µz + 1

≤ max{1, β}(x+ y + z) +
1

2
(σ2

x + σ2
y + σ2

z) + µx + µy + µz + 1

≤ 2max{1, β}(V (x, y, z) + 3) +
1

2
(σ2

x + σ2
y + σ2

z) + µx + µy + µz + 1

= c1V (x, y, z) + c2.

Where c1 = 2max{1, β} and c2 = 6max{1, β}+ 1
2 (σ

2
x + σ2

y + σ2
z) + µx + µy + µz + 1.

Now, let (x0, y0, z0) ∈ R3
+ and n0 ∈ N be sufficiently large such that min{x0, y0, z0} > 1/n for all n ≥ n0.

Since the coefficients of (1) are locally Lipschitz functions, the solution of (1) starting from (x0, y0, z0) exists
and is unique, up to a stochastic time τe, called the explosion time. Additionally, we will prove that with
probability 1, the solution remains in R3

>0 with initial condition (x0, y0, z0) ∈ R3
>0. We define the following

stopping time for all n ≥ n0:

τn := inf{t ∈ R≥0 : (x(t), y(t), z(t)) /∈ [1/n, n]3}.

Note that τn is increasing in n, and therefore let τ∞ := limn→∞ τn. It is clear that

τ∞ ≤ τe := inf{t ∈ R≥0 : ∥(x(t), y(t), z(t))∥ = +∞}.

It is then sufficient to show that P(τ∞ = ∞) = 1.
To proceed, assume by contradiction that P(τ∞ = ∞) < 1. Then, there exist T > 0 and η > 0 such that

P(τ∞ < T ) > η. Consequently, there exists an n1 ≥ n0 such that

P(τn < T ) > η, for all n ≥ n1.

By applying Itô’s formula, one obtains:

dV (x(t), y(t), z(t)) = LV (x(t), y(t), z(t)) dt+
∂V

∂x
dBx(t) +

∂V

∂y
dBy(t) +

∂V

∂z
dBz(t).

It follows that V (x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T )) is equal to

V (x(0), y(0), z(0)) +

∫ τn∧T

0

LV (x(τn ∧ t), y(τn ∧ t), z(τn ∧ t)) dt

+

∫ τn∧T

0

∂V

∂x
dBx(t) +

∫ τn∧T

0

∂V

∂y
dBy(t) +

∫ τn∧T

0

∂V

∂z
dBz(t).

By taking the expected value, and using the fact that LV (x, y, z) ≤ c1V (x, y, z) + c2, V is a non-negative
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function, c1, c2 are positive, and the Itô integral has zero mean, one obtains:

EV (x(τn ∧ T ), y(τn ∧ T ), (z(τn ∧ T ))

≤ V (x(0), y(0), z(0)) + E

[∫ τn∧T

0

(c1V (x(t), y(t), z(t)) + c2)dt

]

≤ V (x(0), y(0), z(0)) + E

[∫ T

0

(c1V (x(t ∧ τn), y(t ∧ τn), z(t ∧ τn)) + c2)dt

]

≤ V (x(0), y(0), z(0)) + c2T + c1E

[∫ T

0

V (x(t ∧ τn), y(t ∧ τn), z(t ∧ τn))dt

]

≤ V (x(0), y(0), z(0)) + c2T + c1

∫ T

0

EV (x(t ∧ τn), y(t ∧ τn), z(t ∧ τn))dt.

The last line follows from Fubini’s theorem. Then, using Gronwall’s inequality, one obtains:

EV (x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T )) ≤ [V (x(0), y(0), z(0)) + c2T ] e
c1T . (7)

Let h(n) = min{1/n − 1 − ln(1/n), n − 1 − ln(n)}. Using the equality above and the fact that V is a
non-negative function, it follows that:

E
[
V (x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T ))1{τn≤T}

]
≥ h(n)P(τn < T ) ≥ h(n)η. (8)

Inequality (8) implies that the sequence
{
E
[
V (x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T ))1{τn≤T}

]}
n≥n1

is unbounded
above. However, (7) contradicts this. Therefore, P(τ∞ = ∞) = 1, or equivalently,

P
(
(x(t), y(t), z(t)) ∈ R3

>0, ∀t ∈ R≥0

)
= 1.

Remark 3.1. Due to the previous theorem, that is, for every initial condition (x0, y0, z0) ∈ R3
>0, the unique

solution of the system (1) remains in R3
>0 for all time t ≥ 0, the domain of definition of the function V in

Theorems (2.1), (2.2), and (2.3) can be changed from R3 to R3
≥0. To understand why, one must read the

proofs of the theorems. However, informally speaking, the proofs use the composition of the function V with
the solution (x(t), y(t), z(t)), and in this composition the values of V outside R3

≥0 are irrelevant. Therefore,
Sh can be replaced by Sh ∩ R3

≥0.

3.2. Stability Analysis
Theorem 3.2. [Stability in probability of x = (0, 0, 0).] Suppose that in (2) condition µy ≥ β holds. Then,
the equilibrium point x = 0 is stable in probability.

Proof: Let V (x, y, z, t) = x+ y + z ∈ C2(R3
≥0 × R≥0,R≥0). Note that V (0, 0, 0, t) ≡ 0. Consider the

function ϕ(r) = 1√
3
r1/2 for r ≥ 0. Then, ϕ ∈ K and V (x, y, z, t) ≥ ϕ(∥(x, y, z)∥) for (x, y, z, t) ∈ R3

>0×R>0.
Due to Remark (3.1), Theorem (2.1) can be applied.

The generator of the process (1) is given by (6). Thus,

LV (x, y, z, t) = βy − µxx− µyy − yz − αyz − µz.

Therefore, if β ≤ µy and recalling that α ∈ (0, 1), it follows that LV ≤ 0 on R3
≥0 ×R≥0. The result follows

from Theorem (2.1).

Remark 3.2. The condition µy ≥ β in Theorem 3.2 is quite reasonable. If the constant β, which represents the
fertility rate, does not exceed the mortality rate of adult prey, then it is expected that if the population density
of both juvenile and adult prey starts at low thresholds, it will remain at low thresholds with high probability.
Furthermore, in the absence of a sufficient number of adult prey, the population density of predators is also
expected to remain at levels close to extinction.
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Theorem 3.3. [Asymptotic stability in probability of x = (0, 0, 0).] Consider the system (1) such that:

1) µx >
σ2
x

2 and µz >
σ2
z

2 , and

2)
(
µx − σ2

x

2

)(
µy −

σ2
y

2

)
> β2

4 .

Then, the equilibrium point of the system (1), x = (0, 0, 0), is asymptotically stable in probability.

Proof: Consider the following stochastic differential equation:

dx = (βy − µxx) dt− σxx dBx(t),

dy = −µyy dt− σyy dBy(t), (9)
dz = µzz dt− σzz dBz(t).

It will be shown that x = 0 is asymptotically stable in probability for (9). Let

L̂ =
∂

∂t
+ (βy − µxx)

∂

∂x
− µyy

∂

∂y
− µzz

∂

∂z
+

σ2
x

2

∂2

∂x2
+

σ2
y

2

∂2

∂y2
+

σ2
z

2

∂2

∂z2
.

Let h > 0 be arbitrary, and consider the positive-definite function V (x, y, z, t) = 1
2 (x

2 + y2 + z2) for
(x, y, z, t) ∈ Sh ∩ R3

≥0 × R≥0. Now,

L̂V (x, y, z, t) = −
(
µx − σ2

x

2

)
x2 −

(
µy −

σ2
y

2

)
y2 −

(
µz −

σ2
z

2

)
z2 + βxy.

Thus, L̂V (x, y, z, t) can be represented in the form

L̂V (x, y, z, t) = Ax2 +Bxy + Cy2 +Dz2,

where
• A = −µx + 1

2σ
2
x,

• B = β,
• C = −µy +

1
2σ

2
y , and

• D = −µz +
1
2σ

2
z .

Consider the matrix Q given by:

Q =

(
2A B 0
B 2C 0
0 0 2D

)
.

Then, L̂V (x, y, z) can be represented as the quadratic form 1
2 (x, y, z)Q(x, y, z)tr. Due to the inequality for

symmetric matrices M , λmin∥x∥2 ≤ xMxtr ≤ λmax∥x∥2, where λmin and λmax are the smallest and largest
eigenvalues of M , respectively, it follows that the function L̂V (x, y, z) is negative definite in the Lyapunov
sense if the matrix Q is negative definite (all its eigenvalues are negative).

The principal minors of the matrix Q are

Q1 = 2A, Q2 =

(
2A B
B 2C

)
, Q3 = Q.

Now,
• det(Q1) = 2A < 0 since µx >

σ2
x

2 ,

• det(Q2) = 4AC −B2 > 0 since
(

σ2
x

2 − µx

)(
σ2
y

2 − µy

)
> β2

4 , and

• det(Q3) = 2D det(Q2) < 0 since det(Q2) > 0 and 2D < 0 (because µz >
σ2
z

2 ).
Since the determinants of the principal minors alternate in sign and det(Q1) < 0, the matrix Q is negative
definite.
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To use Theorem 2.2, it remains to prove that the inequality (5) holds for (1) and (9), which is equivalent to

|φ(x)x|+ |φ(x)x− yz|+ |αyz| ≤ c(x2 + y2 + z2)1/2, ∀(x, y, z) ∈ Sh ∩ R3
≥0,

for some positive constants h, c. Now, for all (x, y, z) ∈ S1 ∩ R3
≥0, it holds that:

|φ(x)x|+ |φ(x)x− yz|+ |αyz| ≤ 2φ(x)x+ (α+ 1)yz

≤ 2x+ 2y + 2z

≤ 6(x2 + y2 + z2)1/2.

It is concluded, by Theorem 2.2, that x = (0, 0, 0) is an asymptotically stable equilibrium point in probability.

Remark 3.3. In Theorem 3.3, the interpretation of the sufficient conditions does not seem very natural.
However, if σx, σy is sufficiently small, it can be interpreted that if the product of mortality rates satisfies
µxµy > β2/2, then, starting from low population density thresholds, the system converges to extinction with
high probability.

3.3. Extinction
Theorem 3.4. [Extinction of the prey] Let (x(t), y(t), z(t)) be the solution of (1) with initial condition
(x0, y0, z0) ∈ R3

>0. If β < min{µx, µy}, then the prey population will go extinct with probability 1, that is,

lim
t→∞

[x(t) + y(t)] = 0 a.s.

Proof: Let V (x, y, z, t) = ln(x+ y). Note that, due to Theorem (3.1), the composition of the function V
with the solution of (1) is well defined with probability 1. Using Itô’s formula, one obtains:

dV (x, y, z, t) ≤

[
βy − µxx− µyy − yz

x+ y
− 1

2

σ2
xx

2 + σ2
yy

2

(x+ y)2

]
dt

+
σxx

x+ y
dBx(t) +

σyy

x+ y
dBy(t).

Thus,

dV (x, y, z, t) ≤
[
βy − µxx− µyy

x+ y

]
dt+

σxx

x+ y
dBx(t) +

σyy

x+ y
dBy(t)

≤
[
β

y

x+ y
−min{µx, µy}

]
dt+

σxx

x+ y
dBx(t) +

σyy

x+ y
dBy(t)

≤ (β −min{µx, µy})dt+
σxx

x+ y
dBx(t) +

σyy

x+ y
dBy(t).

Therefore,

ln[x(t) + y(t)] ≤ ln[x0 + y0] + (β −min{µx, µy})t

+

∫ t

0

σxx(s)

x(s) + y(s)
dBx(s) +

∫ t

0

σyy(s)

x(s) + y(s)
dBy(s). (10)

It is known that
{∫ t

0
σxx(s)

x(s)+y(s)dBx(s)
}
t≥0

and
{∫ t

0
σyy(s)

x(s)+y(s)dBy(s)
}
t≥0

are martingales. Using Itô’s

isometry, one obtains

E

[(∫ t

0

σxx(s)

x(s) + y(s)
dBx(s)

)2
]
= E

(∫ t

0

σ2
xx

2(s)

(x(s) + y(s))2
ds

)
≤ σ2

xt.
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Similarly, E
[(∫ t

0
σyy(s)

x(s)+y(s)dBy(s)
)2]

≤ σ2
yt. Then, by the strong law of large numbers for martingales,

lim
t→∞

1

t

∫ t

0

σxx(s)

x(s) + y(s)
dBx(s) = 0 a.s.,

and

lim
t→∞

1

t

∫ t

0

σyy(s)

x(s) + y(s)
dBy(s) = 0 a.s.

From (10), dividing by t and taking the limit as t → ∞, one obtains:

lim
t→∞

1

t
ln[x(t) + y(t)] ≤ β −min{µx, µy}.

Thus, if β < min{µx, µy}, then limt→∞
1
t ln[x(t)+y(t)] < 0 a.s., and it follows that limt→∞(x(t)+y(t)) = 0

a.s. In particular, limt→∞ x(t) = limt→∞ y(t) = 0 a.s.

Remark 3.4. The theorem establishes rather natural conditions. If the fertility rate is below the mortality
rate of both juvenile and adult prey, then, regardless of the initial population density, extinction will occur
with probability 1.

Theorem 3.5 (Extinction of the predator). Let Ey = {limt→∞ y(t) = 0}. Suppose that P(Ey) > 0. Then,
P (limt→0 z(t) = 0 | Ey) = 1. That is, given Ey , the predator goes extinct with probability 1.

Proof: Let ϵ ∈
(
0,

1
2σ

2
z+µz

α

)
be arbitrary and for each n ∈ N, define Eϵ,n :=

{
supt≥n y(t) ≤ ϵ

}
. Since

P(Ey) > 0 and Eϵ,n ↑ {lim supt→∞ y(t) ≤ ϵ} ⊇ Ey , there exists a N ∈ N such that:

P(Eϵ,n) > 0, ∀n ≥ N.

Conditioning on the event Eϵ,n for n ≥ N , it follows that in the stochastic differential equation (1), the
following holds:

dz ≤ (αϵ− µz)z dt− σzz dBz(t), for all t ≥ n. (11)

It is known that if αϵ− µz < 1
2σ

2
z , the stochastic differential equation

dw = (αϵw − µzw) dt− σzw dB(t),

satisfies that for every initial condition w0 ∈ R>0, limt→∞ w(t) = 0 whenever αϵ− µz < 1
2σ

2
z . From (11), it

follows that limt→∞ z(t) = 0 for every z0 ∈ R>0. Thus,

P
(
lim
t→∞

z(t) = 0 | Eϵ,n
)
= 1. (12)

Taking the limit as n → ∞ in (12), one obtains

P
(
lim
t→∞

z(t) = 0 | lim sup
t→∞

y(t) ≤ ϵ

)
= 1. (13)

Finally, taking the limit as ϵ → 0+, it is concluded that

P
(
lim
t→∞

z(t) = 0 | Ey
)
= 1.

Corollary 3.5.1. If β < min{µx, µy}, then limt→∞ y(t) = 0 almost surely, and consequently, limt→∞ z(t) =
0 almost surely.
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3.4. Persistence of the Prey
In this section, the function φ(x) = κ

1+x for x ≥ 0 is considered, where κ > 0. The constant κ can be
interpreted as the maturation rate at very low densities. In this section, sufficient conditions are provided to
ensure that lim inf y(t) > 0 almost surely in a probability space of the form ZM := {supt≥0 z(t) ≤ M} for
some constant M > 0.

First, some auxiliary results are required. Consider the following system of stochastic differential equations:

dx̄ =

(
βȳ − κx̄

1 + x̄
− µxx̄

)
dt− σxx̄ dBx(t), (14)

dȳ =

(
κx̄

1 + x̄
− (µy +M)ȳ

)
dt− σy ȳ dBy(t),

dz̄ = −µz z̄ dt− σz z̄ dBz(t).

This system has a generator given by:

L̄ :=

(
βȳ − κx̄

1 + x̄
− µxx̄

)
∂

∂x̄
+

(
κx̄

1 + x̄
− (µy +M)ȳ

)
∂

∂ȳ
− µz z̄

∂

∂z̄
(15)

+
1

2
σ2
xx̄

2 ∂2

∂x̄2
+

1

2
σ2
y ȳ

2 ∂2

∂ȳ2
+

1

2
σ2
z z̄

2 ∂2

∂z̄2
.

It will be shown that the subsystem of (14) given by:

dx̄ =
(
βȳ − κx̄

1+x̄ − µxx̄
)
dt− σxx̄ dBx(t), (16)

dȳ =
(

κx̄
1+x̄ − (µy +M)ȳ

)
dt− σy ȳ dBy(t),

has a unique stationary distribution with support in R2
>0 under certain conditions. To achieve this, it is

necessary to show that, under certain conditions, there exists a bounded open set U ⊂ Ū ⊂ R2
>0 with a

smooth boundary such that the following hold:
(i) There exists a nonnegative function V : R2

>0 → R>0 such that LsubV (x, y) < 0 for all (x, y) ∈ R2
>0\U ,

where Lsub is the generator of (16).
(ii) There exists κ > 0 such that if D is the diffusion matrix of (16), that is,

D =

(
σxx̄ 0
0 σy ȳ

)
,

then (ξ1, ξ2)DDtr(ξ1, ξ2)
tr ≥ κ(ξ21 + ξ22) for all (x, y) ∈ U .

The proof of this result can be found in [18], p. 99.

Remark 3.5. The stochastic differential equation (16) satisfies condition (ii), since

(ξ1, ξ2)

(
σxx̄ 0
0 σy ȳ

)(
σxx̄ 0
0 σy ȳ

)(
ξ1
ξ2

)
= σ2

xx
2ξ21 + σ2

yy
2ξ22 ≥ κ(ξ21 + ξ22), for all (x, y) ∈ U .

In particular, the existence of a unique stationary distribution implies that for every initial condition
(x0, y0) ∈ R2

>0, limt→∞(x̄(t), ȳ(t))
d
= (X,Y ), where the random vector (X,Y ) has its support in R2

>0. The
following conditions are sufficient for the existence of a unique stationary distribution on R2

>0 in (16):

1
2σ

2
y < µy +M,

κ
b + µx

b + µy +M +
σ2
x

2 +
σ2
y

2b < 1.
(17)

See Theorem 5.2.
In event ZM := {supt≥0 z(t) ≤ M}, the stochastic differential equation given by (4) with φ(x) = κ

1+x
can be rewritten as:
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dx =

(
βy − κx

1 + x
− µxx

)
dt− σxx dBx(t),

dy =

(
κx

1 + x
− µyy − yz1{z<M}

)
dt− σyy dBy(t), (18)

dz = (αyz − µzz) dt− σzz dBy(t).

Using Theorem 5.1 between (18) and (14) (see the appendix), it follows that if both systems start from the
same point (x0, y0, z0) ∈ R3

>0, then

x̄(t) ≤ x(t), ȳ(t) ≤ y(t), and z̄(t) ≤ z(t), ∀t ≥ 0 a.s. (19)

Therefore, lim inf x(t) ≥ limt→∞ x̄(t)
d
= X and lim inf y(t) ≥ limt→∞ ȳ(t)

d
= Y , where the random vector

(X,Y ) has the support contained in R2
>0. Thus, in space ZM , conditions (17) imply persistence of the prey.

This result is stated in the following:

Theorem 3.6. If the conditions (17) are satisfied, then

P(lim inf x(t) > r | ZM ) ≥ P(X > r), ∀r > 0,

P(lim inf y(t) > r | ZM ) ≥ P(Y > r), ∀r > 0,

where (X,Y ) is a random vector with support in R2
>0. In particular,

P(lim inf x(t) > 0 | ZM ) = P(lim inf y(t) > 0 | ZM ) = 1.

Remark 3.6. In the previous theorem, due to the strong Markov property, it is possible to replace ZM with
ZM (T ) := supt≥T z(t) > M for T > 0, and the conclusion of the theorem remains the same.

Remark 3.7. Of course, it would be ideal to present sufficient conditions for the existence of a unique
stationary distribution of the model 1 over R3

>0. However, this idea could not be fully developed (even in the
particular case φ(x) = κ

1+x )) and remains a subject of future work.

Remark 3.8. The ideas in the proof of Theorem 3.6 cannot be applied in the case φ(x) = κ
1+x2 , since

Theorem 5.1 cannot be used.

4. SIMULATIONS

To illustrate positivity (see Figure 1), the functions κ/(1+x2) and κ/(1+x) were chosen as examples. The
parameter values were set as follows: β = 0.5, κ = 1, µx = µy = µz = 0.1, α = 0.2, σx = σy = σz = 0.1.
It is observed that, despite the relatively large values of β and κ compared to the mortality rates and the
noise intensity terms, the prey population density tends to remain low. The maturation rate at high densities
is lower in graph (a), which explains the difference between the graphs given the same parameter sets.

To illustrate the stability in probability of the origin (see Figure 2), the following parameter values were
used: β = 0.05, κ = 1, µx = µy = µz = 0.1, α = 0.2, σx = σy = σz = 0.1. It is observed that in this case
µy > β (see Theorem 3.2), which is intuitively clear: if the prey’s reproduction rate is lower than its mortality
rate, the prey population density will remain low and consequently, the predator will not have enough food
available.

To illustrate the asymptotic stability in probability of the origin (see Figure 3), the following parameter values
satisfying the hypotheses of Theorem 3.3 are used: β = 0.1, κ = 1, µx = µy = µz = σx = σy = σz = 0.1,
α = 0.2. Note that the conditions of the theorem do not involve the parameters α and κ; however, the
conditions in Theorem 3.3 are not easily interpretable.

To illustrate the extinction of the prey in the scenario of Theorem 3.4 (see Figure 4), simulations were
performed using the following parameters: β = 0.05, κ = 1, µx = µy = µz = σx = σy = σz = 0.1, α = 0.2.
In this context, the condition β < min{µx, µy} is easily interpretable.
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(a) φ(x) = κ
1+x2 (b) φ(x) = κ

1+x

Figure 1: Positivity of the solutions.

(a) φ(x) = κ
1+x2 (b) φ(x) = κ

1+x

Figure 2: Stability in probability of x = (0, 0, 0).

In the following scenario, it is found that despite the predator remaining at low population density thresholds,
the prey also remains at very low thresholds. This could indicate the non-persistence of the prey over time.
The parameters used were as follows:

(x0, y0, z0) = (100, 30, 5), β = 0.1, κ = 1, µx = µy = σx = σy = σz = 0.1, µz = 0.6, α = 0.7.

Note that for the case φ(x) = κ
1+x , the conditions of Theorem 3.6 are not satisfied.

Now, in the case φ(x) = κ
1+x with the following parameters, the conditions of Theorem 3.6 are guaranteed,

with M = 0.5 and (x0, y0, z0) = (4, 1.5, 0.4), β = 2, κ = 0.3, µx = µy = σx = σy = σz = 0.1, µz = 0.6,
and α = 0.7. See Figure 5, where the black dashed line corresponds to the value M = 0.5. This figure
suggests the existence of a stationary distribution for model 1 under these parameters.
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(a) φ(x) = κ
1+x2 (b) φ(x) = κ

1+x

Figure 3: Asymptotic stability in probability of x = (0, 0, 0).

(a) φ(x) = κ
1+x2 (b) φ(x) = κ

1+x

Figure 4: Extinction of prey.

Figure 5: φ(x) = κ
1+x

.
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With this in mind, the histogram of the values of (x(t), y(t)) for t = 1000 is constructed. Indeed, the
numerical results suggest the presence of a stationary distribution (see Figure 6).

Figure 6: φ(x) = κ
1+x

.

Our stochastic analysis provides ecologically meaningful thresholds that clarify how environmental variability
influences long-term population outcomes. The extinction condition β < min{µx, µy} indicates that when
the intrinsic growth rate cannot compensate for the combined mortality and environmental losses in either
species, stochastic fluctuations almost surely drive the system to collapse, even in parameter regions where
the deterministic model predicts persistence. Conversely, the persistence conditions show that when growth
sufficiently exceeds mortality after accounting for stochastic forcing, populations can maintain positive densities
over time. Importantly, the noise intensities σ elevate extinction risk by effectively reducing the net growth
rates larger σ increase variance in population trajectories, producing more frequent or deeper excursions into
low-density states where extinction becomes likely. Thus, in ecological management and conservation, systems
close to the deterministic persistence threshold may still require intervention if environmental noise is high,
whereas reducing variability—through habitat stabilization, resource buffering, or mitigating anthropogenic
disturbances can shift populations back into the stochastic persistence regime. This interpretation emphasizes
that conservation strategies must consider not only mean demographic rates but also the magnitude of
environmental stochasticity that populations experience.

5. CONCLUSION

In this work, we investigated a stochastic stage-structured predator–prey model with maturation delay and
environmental perturbations represented by multiplicative white noise. Two biologically relevant maturation
functions,

φ(x) =
κ

1 + x2
and φ(x) =

κ

1 + x
,

were considered in order to compare the effects of different density-dependent maturation mechanisms on the
long-term dynamics of the system.

First, we established the existence, uniqueness, and positivity of global solutions, guaranteeing that the
model is mathematically well posed and biologically meaningful. Numerical simulations confirmed that all
population densities remain nonnegative for all time, regardless of the initial conditions and parameter values
considered.

Next, sufficient conditions were derived for the stability in probability and asymptotic stability in probability
of the extinction equilibrium (0, 0, 0). These results show that when the prey intrinsic growth rate is not
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large enough to overcome natural mortality and stochastic perturbations, both prey and predator populations
converge to extinction. In particular, the condition β < µy provides a simple ecological interpretation: if prey
reproduction is lower than its mortality rate, the prey cannot persist, and the predator subsequently disappears
due to lack of food resources.

We also obtained explicit criteria ensuring prey extinction with probability one. The threshold

β < min{µx, µy}

indicates that if the prey growth rate is smaller than the mortality rates of both immature and mature classes,
stochastic effects inevitably drive the prey to extinction. This result highlights the role of environmental
fluctuations in accelerating population decline, even when deterministic models may predict persistence.

On the other hand, sufficient conditions for stochastic persistence in the mean were established. Under these
conditions, the prey and predator densities remain bounded away from zero on average, and the system admits
a stationary distribution. Numerical simulations and histograms of long-time trajectories strongly support this
theoretical conclusion, illustrating convergence toward an invariant probability measure and confirming the
coexistence of the species under suitable parameter regimes.

The numerical experiments further reveal that the form of the maturation function has an important influence
on system behavior. The function φ(x) = κ/(1+x2) decreases more rapidly for large prey densities, resulting
in slower maturation and lower effective recruitment than φ(x) = κ/(1 + x). Consequently, the former
generally produces lower prey densities and increases the likelihood of extinction, whereas the latter favors
persistence under a broader range of parameter values.

From an ecological perspective, the results demonstrate that environmental noise acts as a destabilizing
factor by reducing effective growth rates and increasing the probability of excursions toward low-density
states. Thus, populations that appear viable in deterministic settings may nevertheless face extinction when
stochastic variability is significant. These findings underscore the importance of incorporating environmental
uncertainty into ecological modeling and conservation planning.

Future research may extend the present analysis by considering more general noise structures, Lévy jumps,
regime switching, time-varying delays, or fractional-order dynamics. It would also be of interest to investigate
optimal control strategies aimed at reducing extinction risk and enhancing persistence under stochastic
environmental conditions.
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APPENDIX

The comparison theorem is widely used in the theory of stochastic differential equations (see [19]). Below,
the preliminaries necessary to state the Comparison Theorem are presented. Let (Ω,F ,P) be a complete
probability space, and let {Ft}t≥0 be a right-continuous filtration in F that contains all P-null sets of F .
Consider the following systems of stochastic differential equations defined in the same space:

dXj(t) = aj(X(t), t)dt+

r∑
k=1

σjk(X(t), t)dBk(t), (20)

and

dYj(t) = bj(Y (t), t)dt+

r∑
k=1

σjk(Y (t), t)dBk(t), (21)

for j = 1, . . . , d, t ≥ 0, and Xj(0) ≤ Yj(0) for j = 1, . . . , d almost surely, where B = {(B1(t), . . . , Br(t))}t≥0

is an r-dimensional Brownian motion with respect to {Ft}t≥0. Let X(0) and Y (0) be F0-measurable random
variables. The coefficients a = (a1, . . . , ad) and σ = (σjk)1≤j≤d,1≤k≤r are assumed to be continuous functions
defined in Rd × R≥0. Let X and Y be the sample paths of local solutions to (20) and (21), respectively, on
(Ω,F ,P) with respect to {Ft}t≥0 and (B, {Ft}t≥0). Let τX and τY , respectively, be the explosion times.

Theorem 5.1. Assume that the following conditions are satisfied:

1) For any t ≥ 0 and j = 1, . . . , d, it holds that aj(x, t) ≤ bj(y, t) for any xj = yj and xl ≤ yl for all
l ̸= j.

2) There exists a strictly increasing function ρ : R≥0 → R≥0 with ρ(0) = 0 and
∫
R≥0

ρ−2(u) du = ∞
such that for each j = 1, . . . , d,

r∑
k=1

|σjk(x, t)− σjk(y, t)| ≤ ρ(|xj − yj |) for all t ≥ 0, x,y ∈ Rd.

Then, X(0) ≤ Y (0) almost surely implies P(X(t) ≤ Y (t), t ∈ [0, τX ∧ τY ]) = 1.

Proof: See Theorem 1.1 and Theorem 1.2 in [19].

Theorem 5.2. The stochastic differential equation (16) has a unique stationary distribution on R2
>0 if the

following conditions are satisfied:

1) 1
2σ

2
y < µy +M ,

2) κ
b + µx

b + (µy +M) +
σ2
x

2 +
σ2
y

2β < 1.

Proof:
The theorem in [18], p. 99, is used. That is, if Lsub is the generator of (16), then:

Lsub :=

(
βy − κx

1 + x
− µxx

)
∂

∂x
+

(
κx

1 + x
− γy

)
∂

∂y

+σxx
2 ∂2

∂x2
+ σyy

2 ∂2

∂y2
,

where γ = µy + M . Then, by Remark 3.5, it is sufficient to show that there exists a bounded open set
U ⊂ Ū ⊂ R2

>0 and a function V : R2
>0 → R>0 of class C2 such that:

LsubV (x, y) ≤ −c, ∀(x, y) ∈ R2
>0 \ U ,
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for some positive constant c. Now, let V (x, y) = 1
β (x− lnx) + y − ln y + 1

2y
2. In this way, it follows that:

LsubV (x, y) =
1

β

(
βy − κx

1 + x
− µxx

)(
1− 1

x

)
+

(
κx

1 + x
− γy

)(
1− 1

y
+ y

)
+
σ2
x

2β
+

σ2
y

2

≤ (1− γ)y − κx

β(1 + x)
− µxx

β
− y

x
+

κ

β
+

µx

β
+ κ− κx

y(1 + x)
+ γ

+
κxy

1 + x
+

(
σ2
y

2
− γ

)
y2 +

σ2
x

β
+

σ2
y

2
, ∀(x, y) ∈ R2

>0.

Let Q = (ϵ1, 1/ϵ2)× (ϵ3, 1/ϵ4), where ϵi > 0 for i = 1, 2, 3, 4 are constants to be determined. It will be
shown that LsubV (x, y) ≤ −c for all (x, y) ∈ R2

>0 \Q, for some positive constant c. This is sufficient, since
any open set contained in Q with a smooth boundary satisfies the required conditions.

The set R2
>0 \Q is divided as follows:

R2
>0 \Q =

4⋃
i=1

Λi,

where
• Λ1 = {(x, y) ∈ R2

>0 : 0 < x ≤ ϵ1},
• Λ2 = {(x, y) ∈ R2

>0 : x > 1/ϵ2},
• Λ3 = {(x, y) ∈ R2

>0 : 0 < y ≤ ϵ3},
• Λ4 = {(x, y) ∈ R2

>0 : y ≥ 1/ϵ4}.
Case 1: If (x, y) ∈ Λ1, consider the following function:

g(x, y) = (1− γ)y − y

x
− κx

y(1 + x)
+

κxy

1 + x
+

(
σ2
y

2
− γ

)
y2.

Then,

LsubV (x, y) ≤ g(x, y) +
κ

β
+

µx

β
+ κ+ γ +

σ2
y

2
+

σ2
x

2β
, on Λ1.

After a series of straightforward calculations, we obtain:

sup
(x,y)∈Λ1

g(x, y) = −1− κ,

By the conditions in the theorem, γ <
σ2
y

2 and κ
b + µx

b + µy +
σ2
x

2 +
σ2
y

2β < 1. Therefore, there exists a positive
constant c1 such that for any ϵ1 > 0 (taking ϵ1 = 1 for simplicity), it holds that:

LsubV (x, y) ≤ −c1, on Λ1. (22)

Case 2: If (x, y) ∈ Λ2, by condition 1 in the hypotheses of the theorem, we have:

LsubV (x, y) ≤ − κx

β(1 + x)
− µxx

β
− y

x
− κx

y(1 + x)
+

κ

β
+

µx

β
+ κ+ γ +

σ2
y

2
+

σ2
x

2β

+y

(
1− γ +

κx

1 + x

)
+

(
σ2
y

2
− γ

)
y2.

Due to condition 1, it follows that limx→+∞ LsubV (x, y) = −∞. Therefore, there exist positive constants
ϵ2 ∈ (0, 1) and c2 such that:
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LsubV (x, y) ≤ −c2, on Λ2. (23)

Case 3: If (x, y) ∈ Λ3. From Cases 1 and 2, it follows that we only need to consider the case where
x ∈ (1, 1/ϵ2). Define h : R>0 → R by:

h(y) = (1− γ)y − y

1/ϵ2
− κ

y(1 + (1/ϵ2))
+

κy

(1 + (1/ϵ2))
+

(
σ2
y

2
− γ

)
y2.

Then,

h(y) ≤ g(x, y), ∀(x, y) ∈ Λ3 ∩ (1, 1/ϵ2)× R>0.

Since limy→0+ h(y) = −∞, there exist ϵ3 > 0 and a positive constant c3 such that:

LsubV (x, y) ≤ −c3, on Λ3. (24)

Case 4: If (x, y) ∈ Λ4. Considering only the case where x ∈ (1, 1/ϵ2) and by condition 1 in the hypotheses,
we have:

LsubV (x, y) ≤ − κx

β(1 + x)
− µxx

β
− y

x
− κx

y(1 + x)
+

κ

β
+

µx

β
+ κ+ γ +

σ2
y

2
+

σ2
x

2β

+y

(
1− γ +

κx

1 + x

)
+

(
σ2
y

2
− γ

)
y2.

Since the function κx
1+x is bounded, it follows that limy→+∞ LsubV (x, y) = −∞. Therefore, there exist

ϵ4 ∈ (0, 1) and c4 > 0 such that:

LsubV (x, y) ≤ −c4, on Λ4. (25)

From (22), (23), (24), and (25), it follows that if c = min1≤i≤4 ci, then:

LsubV (x, y) ≤ −c, ∀(x, y) ∈ R2
>0 \Q.
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