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Abstract

This study aims to analyze the dynamical model of CO2 concentration, human population, and forest
biomass. Human activities and land-use changes in forested areas play an important role as the primary
contributors to the increase in CO2 emissions, which drive global warming. The inclusion of fractional-
order derivatives is considered to examine the long-term memory effects on the interactions within the
CO2 concentration model. Theoretical results such as the existence, uniqueness, positivity, and boundedness
of solutions, the local and global stability behavior of equilibrium points, and the existence of a Hopf
bifurcation are explored. Furthermore, key parameters, including the deforestation rate and memory order, are
investigated to determine their influence on the solution behavior of the CO2 concentration model. A fractional-
order numerical scheme is employed to illustrate various scenarios, validating the theoretical findings. The
results show that fractional-order changes affect the dynamic behavior of the model. In addition, increased
deforestation rates can increase CO2 concentrations and reduce human population in the long term.
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1. INTRODUCTION

Carbon dioxide (CO2) is one of the principal greenhouse gases driving global warming [1]. Increasing
atmospheric CO2 concentrations trap heat that would otherwise escape into space, thereby intensifying the
greenhouse effect [2]. Since the onset of the Industrial Revolution, CO2 levels have risen from approximately
280 parts per million (ppm) in the 18th century to over 420 ppm in 2023 [3]. This accumulation enhances
heat retention within the Earth’s atmosphere, leading to rising global mean temperatures, accelerated polar
ice melt, and shifts in extreme weather patterns, including more severe floods, droughts, and storms. Such
impacts pose substantial risks to both natural ecosystems and human well-being, contributing to agricultural
instability, malnutrition, and the spread of infectious diseases, including those transmitted by vectors [4, 5].

The escalation of atmospheric CO2 concentrations is predominantly attributable to anthropogenic activities,
notably the combustion of fossil fuels—coal, oil, and natural gas for energy production, transportation, and
industrial processes [6]. These activities collectively release billions of tonnes of CO2 into the atmosphere each
year. Furthermore, deforestation and unsustainable land-use changes diminish the planet’s natural capacity to
absorb CO2, as forests act as critical carbon sinks. Intensive agricultural practices, industrial waste emissions,
and inadequate waste management further amplify greenhouse gas emissions, thereby accelerating the dis-
ruption of the natural carbon cycle. Effective mitigation strategies such as transitioning to renewable energy
sources and implementing large-scale reforestation are therefore essential in addressing these challenges [7].

The dynamics of atmospheric CO2 concentrations have been extensively investigated through applied
mathematical modeling. Traditionally, such studies employ classical integer order nonlinear models. For
example, Misra and Verma [8] developed a model describing changes in atmospheric CO2 concentration,
which was later extended by Misra and Jha [9, 10] to incorporate factors such as renewable energy adoption
and economic growth. Tandon [11] examined the influence of industrial activities particularly mining on
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ecosystems, emphasizing how resource exploitation can disrupt the natural interactions between vegetation and
CO2. Similarly, Jha et al. [12] analyzed the effects of anthropogenic CO2 emissions on wildlife populations,
with subsequent work by Jha and Misra [13] exploring carbon taxation as a policy instrument for emission
control.

A common limitation in these classical models is the neglect of non-local effects and memory properties,
which are critical for accurately representing biological and environmental processes. Fractional-order deriva-
tives offer a more realistic framework by capturing these long-term memory effects and non-local interactions.
The intrinsic non-locality of fractional operators enables a more faithful representation of model dynamics
compared to classical derivatives [14].

In recent years, the classical CO2 dynamics model of Misra and Verma [8] has been reformulated using
various fractional derivatives. For instance, Ilhan et al. [15] analyzed the model with the Caputo–Fabrizio
(CF) fractional operator and developed a numerical scheme combining the Laplace transform with homotopy
analysis methods. Dubey et al. [16] employed the Caputo operator within a hybrid homotopy analysis–Sumudu
transform framework. Singh et al. [17] applied the Katugampola fractional operator and solved the system
using a combination of q-homotopy analysis and generalized Laplace transforms. These studies primarily
focused on advancing numerical schemes for solving the system proposed in [8], yet none have addressed
the Caputo fractional operator in the context of a dynamic analysis of CO2 concentration.

From the reviewed literature, no existing fractional-order mathematical model employing the Caputo
operator has been reported to investigate the dynamic behavior of atmospheric CO2 concentration. In this
study, we extend the model of Misra and Verma (2013) [8] by formulating a Caputo-type fractional-order
version, in which atmospheric CO2 concentration, human population, and forest biomass are represented as
interconnected compartments. The introduction of fractional-order derivatives allows for the incorporation of
memory effects into the model, thereby enabling a more realistic analysis of long-term interactions, particularly
in assessing the impact of deforestation on forest biomass.

2. THE MODEL FORMULATION

A model of atmospheric CO2 concentration dynamics influenced by forest biomass and human population
activity in a classical integer-order derivative framework was proposed by Misra and Verma [8]. In the
classical setting, the rate of change of each state variable depends only on its current value and the present
interactions with other variables, without accounting for any historical influence. This framework is expressed
as

dX

dt
= Q0 + λN − αX − λ1XF,

dN

dt
= sN

(
1− N

L

)
− θXN + πφNF, (1)

dF

dt
= uF

(
1− F

M

)
− φNF + π1λ1XF.

where X(t) denotes atmospheric CO2 concentration, N(t) the human population, and F (t) the forest biomass.
The classical model (1) captures direct interactions effectively, but it does not incorporate memory ef-

fects—that is, the influence of past states on the current dynamics. In reality, many biological and environ-
mental processes, including CO2 dynamics, possess long-term memory and non-local effects. For example,
the current CO2 concentration depends on historical emissions and the cumulative impact of deforestation
over extended periods.

We address this limitation by reformulating the classical model (1) into a fractional-order model that
uses Caputo-type derivatives of order q ∈ (0, 1). The fractional derivative includes an integral term over the
model’s history, which embeds memory effects and non-local interactions into the model. The fractional-order
model is given by
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dqX

dtq
= Q0 + λN − αX − λ1XF,

dqN

dtq
= sN

(
1− N

L

)
− θXN + πφNF, (2)

dqF

dtq
= uF

(
1− F

M

)
− φNF + π1λ1XF.

where dq

dtq denotes the Caputo-type fractional derivative defined as

dqf(t)

dtq
=

1

Γ(n− q)

∫ t

0

f
′
(ν)

(t− ν)n−q−1
dν, (3)

where Γ(·) is the Gamma function and q ∈ (0, 1) [18]. In both systems, the parameters are identical and non-
negative for t ≥ 0, with their descriptions provided in Table 1. The classical model (1) assumes instantaneous
response, whereas the fractional model (2) accounts for the influence of prior states on current dynamics,
enabling a more realistic representation of processes such as the delayed impact of deforestation on CO2

concentration and forest biomass recovery.

Table 1: Description of parameters in the model (2).

Symbol Parameter description
Q0 Natural increase rate of atmospheric CO2

λ Growth rate of atmospheric CO2 caused by anthropogenic factors
α Natural decrease rate of atmospheric CO2

λ1 Decrease rate of atmospheric CO2 due to forest biomass
L Carrying capacity of the human population
s Intrinsic growth rate of the human population
M Carrying capacity of forest biomass
u Intrinsic growth rate of forest biomass
θ Human population decline coefficient due to CO2 emissions
φ Deforestation rate coefficient of forest biomass
π1 Proportionality constant converting atmospheric CO2 to forest biomass
π Proportionality constant converting deforestation of forest biomass to human population

3. RESULTS
3.1. Existence, uniqueness, non-negativity, and boundedness of the solutions
Theorem 3.1. Model (2) with initial value (X (0) , N (0) , F (0)) has a unique solution (X (t) , N (t) , F (t)) ∈
B for all t ∈ [0, T ] , B = {(X,N,F ) ∈ R3 : max{|X|, |N |, |F |} ≤ τ}.

Proof: We show existence and uniqueness of the solution of model (2) in region B × [0, T ] where

B = {(X,N,F ) ∈ R3 : max{|X|, |N |, |F |} ≤ τ}.

Consider a mapping H(Z) = (H1(Z),H2(Z),H3(Z)) where

H1(Z) = Q0 + λN − αX − λ1XF,

H2(Z) = sN

(
1− N

M

)
− θXN + π1φNF,

H3(Z) = uF

(
1− F

M

)
− φNF + π1λ1XF.

For any Z = (X,N,F ), Z̃ = (X̃, Ñ , F̃ ), Z, Z̃ ∈ B,

∥H(Z)−H(Z̃)∥ =

3∑
i=1

|Hi(Z)−Hi(Z̃)|,
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where

∥H(Z)−H(Z̃)∥ =
∣∣Q0 + λN − αX − λ1XF −Q0 − λÑ + αX̃ + λ1X̃F̃

∣∣
+

∣∣∣∣∣sN
(
1− N

M

)
− θXN + π1φNF − sÑ

(
1− Ñ

M

)
+ θX̃Ñ − π1φÑF̃

∣∣∣∣∣
+

∣∣∣∣∣uF
(
1− F

M

)
− φNF + π1λXF − uF̃

(
1− F̃

M

)
+ φÑF̃ − π1λX̃F̃

∣∣∣∣∣ ,
=
∣∣∣λ(N − Ñ)− α(X − X̃)− λ1F (X − X̃)− λ1X̃(F − F̃ )

∣∣∣
+
∣∣∣s(N − Ñ)− s

L
(N + Ñ)(N − Ñ) + πφF (N − Ñ)

+πφÑ(F − F̃ )− θN(X − X̃)− θX̃(N − Ñ)
∣∣∣

+
∣∣∣u(F − F̃ )− u

M
(F − F̃ )(F + F̃ )− φF (N − Ñ)− φÑ(F − F̃ )

+ π1λ1F (X − X̃) + π1λ1X̃(F − F̃ )
∣∣∣ ,

≤ α|X − X̃|+ λ1|F ||X − X̃|+ θ|N ||X − X̃|+ π1λ1|F ||X − X̃|+ λ|N − Ñ |

+ s|N − Ñ |+ s

L
|N + Ñ ||N − Ñ |+ πφ|F ||N − Ñ |+ θX̃|N − Ñ |

+ φ|F ||N − Ñ |+ λ1X̃|F − F̃ |+ πφÑ |F − F̃ |+ u|F − F̃ |

+
u

M
|F + F̃ ||F − F̃ |+ φÑ |F − F̃ |+ π1λ1X̃|F − F̃ |.

(4)

By using the Lipschitz property and max(|X|, |N |, |F |) = τ , we have

∥H(Z)−H(Z̃)∥ ≤ γ∥Z − Z̃∥,

where γ = max (γ1, γ2, γ3) and γ1 = α + λ1τ + θτ + π1λ1τ, γ2 = λ + s + sτ
L + πφτ + θX̄ + φτ,

γ3 = λ1X̄ + πφN̄ + u+ u
M τ + φN̄ + π1λ1X̄ . Thus, H(Z) satisfies the Lipschitz condition such that there

is a unique solution (X(t), N(t), F (t)) ∈ B for all t ∈ [0, T ] with initial value Z(0) = (X(0), N(0), F (0)).

Theorem 3.2. All solutions of model (2) for any initial value (X(0), N(0), F (0)) ∈ R3
+ are always non-

negative.

Proof: Suppose, A(t0) = (X(t0), N(t0), F (t0)) ∈ R3
+ as the initial condition of the solution model (2).

Let there exist a constant t1 satisfying 0 ≤ t ≤ t1 and
N(t) > 0, 0 < t < t1,

N(t) = 0, t = t1,

N(t) < 0, t > t1.

From Equation (2), DqN(t)
∣∣
N(t)=0

= 0. Thus, from Lemma 6 in [19], it implies that N(t)
∣∣
t=t1

= 0,
which contradicts N(t)

∣∣
t>0

< 0. Therefore, the statement N(t) ≥ 0 for all t ∈ [0,∞) is true.
Using the same approach, it can be shown that F (t) ≥ 0 for all t > 0. Then, for X(t), we can use a

similar argument. Suppose that it is not true that X(t) is nonnegative for t ≥ 0. There exists t2 > 0 such
that 

X(t) > 0, 0 < t < t2,

X(t) = 0, t = t2,

X(t) < 0, t > t2.
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Since DqX(t)
∣∣
X(t2)=0

= Q0 + λN(t2) > 0, X(t) is a nondecreasing function. Based on Lemma 6 in
[19], this shows that X(t2) = 0, which is a contradiction to X(t)

∣∣
t>t2

< 0. As a result, X(t) ≥ 0 for all
t ∈ [0,∞).

Theorem 3.3. All solution of model (2) initiating from W (0) = (X(0), N(0), F (0)) remain bounded in the
region B.

Proof: Let us define a function, namely W (t) = πλπ1X(t) + λN(t) + πλF (t). The Caputo derivative
of q-order of W (t) satisfies

dqW

dtq
= πλπ1

dqX

dtq
+ λ

dqN

dtq
+ πλ

dqF

dtq
,

where
dqW

dtq
= Q0πλπ1 + πλπ1λN − πλπ1αX − πλπ1λ1XF + λsN

(
1− N

L

)
− λθXN

+ λπφNF + πλuF

(
1− F

M

)
− πλφNF + πλπ1λ1XF,

≤ Q0πλ1 + λsL+ πλ1M − πλ1aX − (s− πλ1)λN − uπλF.

Choose ω = min{a, s− πλ1, u} and δ = Q0πλ1 + λsL+ πλ1M , then

dqW

dtq
+ ωW ≤ δ.

Based on Lemma 3 in [20], we have

W (t) ≤
(
W0 −

δ

ω

)
Eq(−ωtq) +

δ

ω
. (5)

Since Eq(−ωtq) → 0 as t → ∞, so that W (t) → δ
ω , t → ∞. Therefore, we establish the following

theorem.

3.2. Equilibria Analysis

The model (2) has the following equilibrium points.

1) The CO2 concentration only equilibrium point E0

(
Q0

α , 0, 0
)

.

2) The forest biomass-extinction equilibrium point E1(X1, 0, F1) where X1 = Q0

α+λ1F1

and F1 = 1
2λ1

(
M1 − α+

√
(M1 − α)2 + 4λ1M

(
α+ π1λ1Q0

u

))
.

3) The coal mining-extinction equilibrium point E2 = (X2, N2, 0) with X2 = Q0+λN2

α and N2 =
L(αs−θQ0)

αs+θλ .
4) The coexistence equilibrium point E∗ = (X∗, F ∗, N∗) where

X∗ =
Q0 + λN

α+ λ1F ∗ and N∗ =
λ1LπφF

∗2 + (Lsλ1 + αLπφ)F ∗ + Lsα− θLQ0

sλ1F ∗ + sα+ θLλ
.

F ∗ is obtained by solving the following cubic equation,

F 3 + 3η1F
2 + 3η2F + η3 = 0, (6)
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with

η1 =
1

3B0

(
λ1u(sα+ θLλ)

M
+ φλ1L(sλ1 + απφ)− λ1Lπφ(π1λ1λ− φα)− usλ1

M
(Mλ1 − α)

)
,

η2 =
1

3B0
(φλ1L(sα− θQ0)− (π1λ1λ− φα)(Lsλ1 + αLπφ)− ausλ1

−u(sα+ θLλ)(Mλ1 − α)

M
− π1Q0sλ

2
1

)
,

η3 =
1

B0
(−(π1λ1λ− φα)(Lsα− θLQ0)− (π1λ1Q0 + αu)(sα+ θLλ)) ,

B0 =λ2
1

(us
M

+ φ2Lπ
)
.

Through the transformation χ = F + η1, Equation (6) can be simplified to

g(χ) = χ3 + 3pχ+ κ = 0, (7)

where
p = η2 − η21 , κ = η3 − 3η1η2 + 2η31 .

We can found roots of Equation (7) by using the Cardano’s formula as follows [21],

χ =

3

√(
−4κ± 4

√
κ2 + 4p3

)2
− 4p

2 3

√
−4κ± 4

√
κ2 + 4p3

(8)

and we have F ∗ = χ− η1. Based on Lemma 3.1 from [22] the existence of positive roots for Equation (6)
can be classified by the sign of κ and p:
• If κ < 0, there is exactly one positive root.
• If κ > 0 and p < 0:

◦ κ2 + 4p3 = 0: one double positive root.
◦ κ2 + 4p3 < 0: two distinct positive roots.

• If κ = 0 and p < 0, there is a unique positive root.

3.3. Local and Global Stability Analysis
The linearization technique can be used to analyze local stability around each equilibrium point. At any

point (X,N,F ), the Jacobian matrix J of model (2) is given by

J(X,N,F ) =

−α− λ1F λ −λ1X
−θN s

(
1− 2N

L

)
− θX + πφF πφN

π1λ1F −φF u
(
1− 2F

M

)
− φN + π1λ1X

 .

Theorem 3.4. The equilibrium point E0

(
Q0

α , 0, 0
)

of model (2) is always unstable.

Proof: The eigenvalues of matrix at E0

(
Q0

α , 0, 0
)

are ζ1 = −α, ζ2 = s − θQ0

α , ζ3 = u + π1λ1
Q0

α .
See that | arg(ζ1)| = π > qπ

2 , | arg(ζ2)| = π > qπ
2 , and | arg(ζ3)| = 0 < qπ

2 , Based on Matignon’s
condition, the equilibrium point E0 is a saddle point.

We now analyze the stability of equilibrium point E1. The Jacobian matrix of model (2) at E1 is given by

J(E1) =

−α− λ1F1 λ −λ1X1

0 s− θX1 + πφF1 0
π1λ1F1 −φF1 u

(
1− 2F1

M

)
+ π1λ1X1

 .



DYNAMIC BEHAVIOR OF CAPUTO FRACTIONAL-ORDER MODEL OF FOREST BIOMASS 21

Eigenvalues of matrix J(E1) are obtained by solving the characteristic equation

(ζ2 − γaζ + γb)

(
s− Q0θ

α+ λ1F1
+ πφF1 − ζ

)
= 0 (9)

where

γa =−
(
u− π1λ1Q0

α+ λ1F1
+ α+

(
2u

M
+ λ1

)
F1

)
,

γb =λ2
1X1π1F1 − (α+ λ1F1)

(
u(M − 2F1)

M
+

Q0π1λ1

α+ λ1F1

)
.

The roots of Equation (9) are ζ1 = s− Q0θ
α+λ1F1

+ πφF1 and

ζ2,3 =
1

2

(
γa ±

√
R1

)
, R1 = γ2

a − 4γb.

By analyzing these eigenvalues, the stability of E1 is stated in the following theorem.

Theorem 3.5. The model (2) shows stable behaviour near the equilibrium point corresponding to human
population extinction E1 when s+ πφF1 < Q0θ

α+λ1F1
and one of the following mutually exclusive conditions

holds:
1) R1 ≥ 0 and γa < 0, γb > 0,
2) R1 < 0, γa < 0.
3) R1 < 0, γa = 0, and γb > 0,

4) R1 < 0, γa > 0, and
√

|R1|
γa

> tan
(
qπ
2

)
.

In a similar way, at the equilibrium point of forest biomass extinction, the Jacobian matrix J of model (2)
is followed by

J(E2) =

 −α λ −λ1X2

−θN2 s
(
1− 2N2

L

)
− θX2 πφN2

0 0 u− φN2 + π1λ1X2

 .

It is easy to see that ζ = u − φN2 + π1λ1X2 is an eigenvalue of the Jacobian matrix J(E2). The other
eigenvalues of matrix J(E2) are obtained by solving the following equation

ζ2 − ζγc + γd = 0 , (10)

where γc = −α + s
(
1− 2N2

L

)
− θX2 and γd = θN2λ − αs

(
1− 2N2

L

)
+ αθX2. Suppose that R2 is the

discriminant of (10) i.e., R2 = γ2
c − 4γd. If u + π1λ1X2 < φN2 then | arg(ζ3)| > qπ

2 . The stability of
the equilibrium point of forest biomass extinction is determined through eigenvalue analysis given in the
following theorem.

Theorem 3.6. The model (2) shows stable behaviour near the equilibrium point of forest biomass extinction
E2 when u+ π1λ1X2 < φN2 and one of the following mutually exclusive conditions holds:

1) R2 ≥ 0 and γc < 0, γd > 0,
2) R2 < 0, γc < 0,
3) R2 < 0, γc = 0, and γd > 0,

4) R2 < 0, γc > 0, and
√

|R2|
γc

> tan
(
πq
2

)
.

We then analyzed the local asymptotic stability behavior at the interior equilibrium point. The Jacobian
matrix of model (2) at E∗ is presented by

J(X∗, N∗, F ∗) =

(
a11 a12 a13
a21 a22 a23
a31 a32 a33

)
,
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where

a11 =− α− λ1F
∗, a12 = λ, a13 = −λ1X

∗, a21 = −θN∗, a22 = s

(
1− 2N∗

L

)
− θX∗ + πφF ∗,

a23 =πφN∗, a31 = π1λ1F
∗, a32 = −φF ∗, a33 = u

(
1− 2F ∗

M

)
− φN∗ + π1λ1X

∗.

The characteristic equation of the matrix J(X∗, N∗, F ∗) is

g(ζ) = ζ3 + γeζ
2 + ζγf + γg = 0,

where

γe =− (a11 + a22 + a33), γf = −(a32a23 + a31a13 + a21a12 − a33a11 − a33a22 − a11a22)

γg =− (a11a22a33 + a12a23a31 + a13a21a32 − a21a12a33 − a31a13a22 − a32a23a11).

Let D(g) is the discriminant of g(ζ), it can be written as

D(g) = 18γeγfγg + (γeγf )
2 − 4γgγ

3
e − 4γ3

f − 27γ2
g . (11)

Using Routh-Hurwitz stability criteria defined in Ahmed et al. [23], we obtained the following results.

Theorem 3.7. The interior equilibrium point is stable if one of the following assumptions holds:
1) D(g) > 0, γe > 0, γeγf > γg and γg > 0.
2) D(g) < 0, γe ≥ 0, γf ≥ 0, γg > 0 and q < 2

3 .
3) D(g) < 0, γe < 0, γf < 0 and q ≥ 2

3 .
4) D(g) < 0, γe > 0, γf > 0, γeγf = γg and q ∈ [0, 1].

In this section, we analyze the global asymptotic stability criterion of model (2) at the interior equilibrium
point.

Theorem 3.8. If X∗ > πλπ1

θ then the interior equilibrium point E∗ of the model (2) is asymptotically stable
globally.

Proof: Since (X∗, N∗, F ∗) is the interior equilibrium point of the model (2), we have

Q0 + λN∗ − αX∗ − λ1X
∗F ∗ = 0, SN∗

(
1− N∗

L

)
− θX∗N∗ + πφN∗F ∗ = 0,

and uF ∗
(
1− F ∗

M

)
− φN∗F ∗ + π1λ1X

∗F ∗ = 0.

Consider the following positive definite Lyapunov function

V (X,N,F ) =
1

2
(X −X∗)2 +m1

(
N −N∗ −N∗ ln

N

N∗

)
+m2

(
F − F ∗ − F ∗ ln

F

F ∗

)
, (12)

where m1,m2 are positive constants. Furthermore, the derivative of order q with respect to t of V (X,N,F )
along with the solution of model (2) is written as follows:
dqV

dtq
≤ (X −X∗)(Q0 + λN − αX − λ1XF ) +m1

(
N −N∗

N

)(
sN

(
1− N

L

)
− θXN + πφNF

)
+m2

(
F − F ∗

F

)(
uF

(
1− F

M

)
− φNF + π1λ1XF

)
,

= (X −X∗)(Q0 + λN − αX − λ1XF ) +m1(N −N∗)

(
s
N

L
− θX + πφF

)
+m2(F − F ∗)

(
u
F

M
− φN + π1λ1X

)
,

= (m2π1 −X∗)λ1(X −X∗)(F − F ∗) + (λ− θm1)(X −X∗)(N −N∗)

+ φ(m1π −m2)(N −N∗)(F − F ∗)− (λ1F + α)(X −X∗)2 − sm1

L
(N −N∗)2 − um2

M
(F − F ∗)2,
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Choose m1 = λ
θ and m2 = πλ

θ , then

dqV

dtq
= −

(
X∗ − πλπ1

θ

)
λ1(X−X∗)(F −F ∗)− (λ1F +α)(X−X∗)2− sλ

Lθ
(N −N∗)2− uπλ

Mθ
(F −F ∗)2

(13)
Since X∗ > πλπ1

θ and max(|X|, |N |, |F |) ≤ τ , we have

dqV

dtq
≤ −λ1

2

(
X∗ − πλπ1

θ

)(
(X −X∗)2 + (F − F ∗)2

)
−(λ1τ+α)F ∗(X−X∗)2− sλ

Lθ
(N−N∗)2− uπλ

Mθ
(F−F ∗)2.

Clearly, dqV
dtq ≤ 0 for all (X,N,F ) ∈ R3

+ and dqV
dtq = 0 implies that (X,N,F ) = (X∗, N∗, F ∗).

Therefore, the only invariant set on which dqV
dtq = 0 is the singleton set {E∗}. By Lemma 4.6 [24], it

is evident that the unique interior equilibrium point E∗ is globally asymptotically stable if X∗ > πλπ1

θ . This
ends the proof of the Theorem.

3.4. Hopf Bifurcation Analysis
In this section, the Hopf bifurcation of model (2) is further examined using the stability theory of fractional-

order systems, with a focus on selecting appropriate bifurcation parameters. Specifically, q and λ1 are chosen
as bifurcation parameters.

Theorem 3.9. Suppose that {A,B} ∈ R and 3(A + B) < γe <
√

3γf . Hopf bifurcation of the model (2)
will appear around E∗ when the fractional order q passes the critical value q∗ = 2

π |arg(ζ2,3)| .
Proof: From the Jacobi matrix J(E∗), the characteristic equation ζ3+γeζ

2+ ζγf +γg = 0 is obtained.
The eigenvalues are found by using Cardan’s criteria [21, 25], namely ζ1 = A+B − γe

3 and ζ2,3 = θ ± σi
where

P = γf − γ2
e

3
, Q =

2γ3
e

27
− γeγf

3
+ γg, ∆ =

(
Q

2

)2

+

(
P

3

)3

,

A =
3

√
Q

2
+
√
∆, B =

3

√
Q

2
−

√
∆, θ =

(A+B)

2
− γe

3
, σ =

(A−B)
√
3

2

Given that {A,B} ∈ R and 3(A + B) < γe <
√
3γf , it follows that ζ1 < 0. Furthermore, there exists

a pair of complex eigenvalues ζ2,3 = θ ± σi of J(E∗) in model (2) with θ > 0. Consequently, it can be
determined that there exists a parameter such that

m(q∗) = 0 and
dm(q)

dq

∣∣∣∣
q=q∗

=
π

2
,

where m(q) = qπ
2 −min | arg(ζi)i=2,3|. By using the existence theorem of the Hopf bifurcation from [26],

the equilibrium point E∗ undergoes a bifurcation at q = q∗ = 2
π | arg(ζ2,3)|.

4. NUMERICAL SIMULATIONS AND DISCUSSIONS
In this section, numerical methods are employed to analyze the dynamic behavior of the model (2) and

validate the analytical results obtained in the previous section. The predictor–corrector approach, specifically
the fractional Adams-Bashforth-Moulton method, is used to solve fractional-order ordinary differential equa-
tions, as proposed in [27]. The parameter values are hypothetically selected without relying on real data, with
some values adopted from previously published articles [8, 16, 17]. The simulations are conducted using the
parameter values listed in Table 2.

Simulation 1 aims to demonstrate the temporal variations in CO2 concentration, human population, and
forest biomass for different values of φ. As shown in Figure 1, an increase in the deforestation rate (φ) results
in a substantial increase in atmospheric CO2 concentration, while human population growth decelerates, and
forest biomass experiences a significant decline. At lower deforestation rates (0.0001), CO2 levels increase
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Table 2: Parameter values for variation of simulations.

Notation Unit Simulation 1 (Varying φ) Simulation 2 (Memory effect) Simulation 3 (Bifurcation)
X(0) ppm 300 300 800
F (0) ton 350 350 230
N(0) person 800 800 150
Q0 ppm month−1 1 1 1
λ ppm (month person)−1 0.05 0.05 0.05
α month−1 0.003 0.003 0.003
λ1 (ton month)−1 0.0001 0.0001 0.0001
s month−1 0.01 0.01 0.01
L person 1000 1000 1000
θ (ppm month)−1 0.00001 0.00001 0.00001
u month−1 0.2 0.2 0.2
M ton 2000 2000 2000
π person (ton)−1 0.01 0.01 0.01
φ (person month)−1 - 0.0003 0.0008
π1 ton (ppm)−1 0.01 0.01 0.01
q - 0.98 - -

Figure 1: Time series of model (2) with φ = 0.0001, 0.0002, 0.0003.

Figure 2: Time series of model (2) for varying order q.
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Figure 3: Phase portrait of model (2) for q = 0.93, 0.96, 1.

at a slower pace, allowing for more rapid human population growth and a higher retention of forest biomass.
This figure underscores the detrimental effects of intensified deforestation on human populations.

In Simulations 2 and 3, we explore the role of memory in the dynamics of the fractional-order CO2 model
(2) considering the same parameter values as in Table 2. We consider the behavior of periodic solutions
in the dynamics of the first-order model (1) and then observe the behavior of the dynamical system when
the derived order q is continuously decreasing. Figure 2 depicts the first-order/classical model exhibiting
periodic solutions for q = 1 (see red curve) and as the order of descent q decreases towards q = 0.85, the
periodic oscillations of the model solutions decrease and eventually lead to a stable behavior with its periodic
oscillations eliminated. Simulation 3 shows the phase portrait of a fractional order model with Hopf bifurcation
affected by parameter q (see Figure 3). The critical point of bifurcation that occurs at q = 0.9445 can be
seen in Figure 4. The Hopf bifurcation shows that the model remains stable for 0 < q < 0.9445 and becomes
unstable for 0.9445 ≤ q ≤ 1. As the value of q increases, the model transitions from asymptotically stable
oscillations to more centered and stable limit cycle orbits. This suggests that the long-term memory effect
in fractional-order model contributes to improved stability and faster convergence to the equilibrium point.
The bifurcation diagram with parameter λ1 is shown in Figure 5 with parameter values as in Simulation
3 by replacing q = 0.96 and 0.001 ≤ λ1 ≤ 0.009. we have a bifurcation point at λ∗

1 = 0.0058. For
λ∗
1 ≤ λ1 ≤ 0.09, the solution converges to the co-existence point. The solution tends to the limit cycle in

the range 0.001 ≤ λ1 < λ∗
1.

Figure 4: Bifurcation diagram of system (2) with respect to parameter q while the other parameter values are taken
from Simulation 3 Table 2.

Numerical simulations of Caputo’s fractional model show that the fractional derivative order q plays an
important role in determining the dynamics of the CO2-atmosphere, human population, and forest biomass
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systems. For values of q < 1, the system exhibits a more stable and damped behavior, where oscillations
in the three main variables (CO2 concentration, human population and forest biomass) tend to subside over
time and lead to a steady state. This reflects a significant memory effect on the model, where the response
to change is gradual as the model ’remembers’ previous conditions. In contrast, at q = 1, which represents
the classical integer-order model, the system exhibits large amplitude and sustained oscillations, indicating
more complex dynamics and potentially chaotic behavior.

Figure 5: Bifurcation diagram of the model (2) with respect to parameter λ1 for q = 0.96 and 0.001 ≤ λ1 ≤ 0.009.

Increasing rates of deforestation due to human activities significantly impact the dynamics of ecological
and social systems. As anthropogenic parameters such as φ increase, forest biomass F (t) decreases drastically
due to reduced vegetation cover, which then triggers a spike in the concentration of CO2 in the atmosphere
X(t) due to reduced carbon sinks. This has a direct impact on the human population N(t), which shows a
downward trend as environmental quality deteriorates. In contrast, under conditions where deforestation rates
are low, forest ecosystems remain sustainable, CO2 levels are more stable, and the human population can
grow until it reaches long-term equilibrium. This phenomenon is supported by the results of the bifurcation
analysis of the λ1 parameter, shown in Figure 5. The diagram shows that if anthropogenic activity increases too
quickly, a model that initially oscillates or fluctuates can become a stable state. In an ecological context, this
means that environmental conditions can deteriorate dramatically, such as a significant reduction in forest
biomass. Thus, these results emphasize that controlling the parameters φ and λ1 is crucial as a strategic
control point to reduce climate change and preserve the balance between ecological dynamics and social
sustainability.

5. CONCLUSION

This study examines a Caputo-type fractional-order dynamical model for CO2 concentration. Several
sufficient conditions are investigated to ensure the existence, uniqueness, and boundedness of solutions,
as well as the local and global stability of equilibrium points. Furthermore, the presence of Hopf bifurcation
is explored in the fractional-order CO2 concentration model. The findings indicate that stable asymptotic
co-existence equilibrium points can occur both locally and globally under specific parameter conditions.
Moreover, it is observed that when the derivative order parameter q exceeds a critical threshold, a Hopf
bifurcation arises. The study further highlights the significant influence of fractional order on stability and the
occurrence of Hopf bifurcation in the CO2 concentration model. Finally, numerical simulations are performed
to validate the theoretical findings, revealing that the Hopf bifurcation occurs at q = 0.944. To regulate CO2

levels in the atmosphere, sustainable forest biomass management is essential to balance human population
demands with environmental conservation. The insights gained from this study can contribute to maintaining
the equilibrium between human activities and forest ecosystems.

Nevertheless, the proposed model has inherent limitations. It does not incorporate real-world data, and the
parameter values used are hypothetical, which limits the model’s predictive accuracy. Future research will
face challenges in enhancing the model’s validity by improving its capacity to reflect actual conditions . The
integration of real-world data, such as accurate CO2 concentrations, population dynamics, and forest biomass
measurements, will be crucial to improving the model’s reliability [28, 29]. Furthermore, the model does not
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consider key factors such as reforestation, gross domestic product, and green technological innovation, all of
which should be incorporated to provide a more comprehensive understanding of CO2 dynamics and their
socio-economic impacts [30]. Expanding the model to include these factors will help identify more targeted
and effective policy recommendations. Additionally, the model could be enhanced by incorporating stochastic
elements to better capture the unpredictability of real-world environmental changes.
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