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Abstract

This paper presents numerical simulations of a COVID-19 cyclical lockdown scenario characterized by
alternating short phases of “working days” or free activity and lockdown days within a weekly cycle. We
employ an adaptive SIR compartmental model with daily-varying transmission and recovery rates, fitted to
U.S. COVID-19 data. The rates used for model fitting are estimated using the Method of Variational Imbedding
(MVI) combined with fixed-point iterations based on observed COVID-19 data. Using this adaptive model, we
simulate cyclical lockdowns with W “working days” (normal state) and L lockdown days, subject to the weekly
constraint W +L = 7. To represent the intervention, the transmission rate is scaled by a piecewise continuous
damping function taking the value 1 during “working days” (no lockdown) and 0.175 during lockdown days.
The simulations show that allowing up to five “working days” per week can flatten the curve of active cases.
We also compare cyclical lockdowns against prolonged, constant-level lockdowns. The results indicate that a
prolonged, constant-level lockdown without intermittent “working days” can produce smaller final epidemic
size. Moreover, such lockdowns are most effective when concentrated during periods of high transmission.
However, as the number of lockdown days L increases, the cyclical lockdown outcome converges to that of
a constant-level lockdown in terms of the final epidemic size. Although the continuous lockdown achieves a
slightly smaller total incidence, the difference is not substantial. This suggests that cyclical lockdowns may
offer a reasonable trade-off, balancing epidemic control with social and economic benefits. The Octave codes
for data processing, MVI estimation, and cyclical lockdown numerical simulation are publicly available (see
Data and Code Availability section).

Keywords: COVID-19, cyclical lockdown, adaptive SIR model, method of variational imbedding
2020 MSC classification number: 92D30, 93C95, 65L09, 34C60

1. INTRODUCTION

As demonstrated during the recent COVID-19 pandemic, dynamic and effective policies are critical for
mitigating the impact of infectious diseases. While prolonged stay-at-home orders and mobility restrictions
can suppress disease transmission, they also impose significant social and economic costs [1], [2], [3]. Thus,
alternative measures that are less disruptive than strict and prolonged lockdowns should be considered. One
way to evaluate the effectiveness of such strategies is through epidemiological modeling. An alternative
strategy of interest in this paper is short-term or fast cyclical lockdowns: an alternating phase between
short-term lockdowns and short-term normal activities. To assess this strategy, we develop an adaptive SIR
(A-SIR) model and conduct simulations. The A-SIR model incorporates dynamic, daily-varying transmission
and recovery rates, denoted by β(t) and α(t). In addition, we also compare the results from short-term
cyclical lockdowns with the results from traditional prolonged lockdowns.

Several studies have explored mathematical models of Non-Pharmaceutical Interventions (NPIs), including
lockdown measures. For diseases other than COVID-19, prior research [5], [4], [6] has demonstrated the
effectiveness of various control strategies in reducing the burden of measles, mpox, and dengue fever.
Theoretical work using compartmental epidemic models has also examined optimal lockdown strategies aimed
at minimizing total incidence during an epidemic [7], [8]. In [9], the effects of major interventions—including
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school closures and nationwide lockdowns—across 11 European countries up to 4 May 2020 were analyzed.
Using a backward modeling approach based on observed deaths (informed by an infection-to-death distribu-
tion), the study concluded that lockdowns were highly effective in suppressing disease transmission.

Numerous simulation and numerical studies have examined COVID-19 lockdown strategies using com-
partmental models. In [10], a Susceptible–Asymptomatic–Infected–Recovered (SAIR) model was applied
to analyze the impact of short-term lockdowns. The authors introduced a control law defined by a time-
dependent expression that depends linearly on the number of infected individuals I(t) and its derivative
I ′(t). They used two different constant transmission rates: one for the normal state and another for the
lockdown state. Similarly, in [11], a modified SIDHARTE model was used to simulate a Fast-Periodic-
Switching-Policy (FPSP). In this framework, the transmission rate alternates periodically, modeled by a
piecewise constant function that takes the value 0.175 during lockdown and 1 otherwise. In [12], a Suscepti-
ble–Vaccinated–Exposed–Infected–Quarantined–Hospitalized–Recovered (SVEIQHR) model was proposed to
incorporate five intervention strategies implemented by the Indonesian government. Their findings indicated
that, if social restrictions were infeasible, vaccination should be prioritized. Likewise, [13] introduced a Sus-
ceptible–Infected–Recovered–Vaccinated (SIRV) model to evaluate the combined effects of social distancing
and vaccination. The results showed that vaccination alone could substantially reduce transmissions, even
in the absence of social distancing. In [14], a Susceptible–Exposed–Infected–Recovered–Deceased (SEIRD)
model was integrated with real mobile phone data to represent population mobility. The study introduced
a cost functional capturing penalties associated with fatalities, healthcare demand, and economic losses
due to mobility restrictions. Optimizing this functional yielded an optimal lockdown strategy. Similarly,
[15] studied optimal lockdown policies using an economic–epidemic framework based on Volterra integral
equations rather than ordinary differential equations. In [16], a classical SIR model was extended with a
two-phase optimization problem. The functional included a utility measure dependent on working hours and
consumption, where individuals in each compartment sought to maximize personal utility, while a regulator
determined the lockdown policy that maximized aggregate utility. In [17], a multigroup SIR model with
heterogeneous transmission, hospitalization, and fatality rates was used to examine targeted lockdowns. The
findings suggested that stricter lockdowns for older age groups were more effective than uniform policies. In
[18], a Susceptible–Exposed–Infected–Recovered (SEIR) model was used to analyze a population partitioned
into three groups: one that remained unconfined throughout the simulation and two that alternated between
confinement and deconfinement. A Heaviside function was applied as a damping factor to the constant
transmission rate to model these alternating interventions.

As in [11], the periodical or cyclical lockdowns in this paper is defined as the intervention of alternating
states between W days of free (or working) activity and L days of lockdown. Here we use weekly period,
so that W + L = 7. Our paper is distinct from the related studies, since we use an adaptive SIR model
(A-SIR) with variable (daily) transmission and recovery rates so that the dynamical system would be more
relevant and realistic. In a state of lockdown, we also multiply our transmission rate with 0.175. The daily
transmission and recovery rates are estimated based on the method of Variational Imbedding (MVI) as in [19]
in particular, which uses a functional and fixed-point iteration method to find the minimum of the functional.
Other literatures on MVI can be seen in [20], [21], [22]. Our implementation of the MVI differs from [19]:
we added 3 points of artifical data between every two consecutive days (by simple linear interpolation) so that
we can estimate the rates daily. Other data-driven estimation of time varying parameters for epidemiological
model can also be seen in [23], [24], [25]. Time-varying transmission rate has also been implemented for
modelling COVID-19 in [26], [27], although the context is not about cyclical short-term lockdowns.

In [8], a theoretical study on optimal (non-pharmaceutical) intervention strategy that minimizes total
incidence or final epidemic size presented a theorem for the optimal piecewise continuous function that
can be applied to damp the transmission rate. The theorem is restated in this paper as the following

Theorem 1.1. Under the “controlled” classical SIR model given by

dS

dt
= −(1− u)βSI,

dI

dt
= (1− u)βSI − αI,

where u(t) ∈ [0, 1] is the control function that reflects an intervention strategy, for any initial state S(0), I(0) >
0, the total incidence among all possible piecewise continuous functions u(t) with constraints

∫∞
0

u(t)dt ≤ c1
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Figure 1: The black line is the ucyclical(t) for the case W = 5, L = 2 implemented for 10 weeks with tlag = 10.
Since 10 weeks mean 10L = 20 lockdown days, then the control function for the continuous constant-level lockdown

(red line) is uconstant(t) when c∞ = 0.825 with starting time tlag , and t2 = 30.

and supt≥0 u(t) ≤ c∞ is minimized by the optimal-choice function of the form

u(t) =


0, t ∈ (0, t1] (wait),
c∞, t ∈ (t1, t2] (suppress),
0, t ∈ (t2,∞) (relax),

(1)

with duration t2 − t1 = c1/c∞, and a uniquely determined start time t1.

The theorem is derived under the classical SIR model [28] with constant transmission and recovery rates.
However, we are interested in examining how the optimal control function from the theorem performs when
transmission and recovery rates are time-varying. In this paper, we evaluate total incidence through numerical
simulations of our cyclical lockdown model and compare it against simulations that apply the same control
function of the form (1) (without considering the optimal start time for t1), but with non-constant rates
estimated using the MVI method. Although our results are not general, the objective is to compare the total
incidence obtained from (i) simulations using the control function (1), and (ii) simulations of our cyclical
lockdown under daily-varying rates. If t2 − t1 is sufficiently large, the control function (1) corresponds to
an intervention equivalent to a prolonged continuous lockdown. Hence, if the difference in total incidence
between the two approaches is not significant, cyclical lockdowns may be preferable due to their reduced
social and economic burden compared to prolonged lockdowns. The results are summarized in Table 1 and
2.

This paper is structured as follows. Section 2 presents the formulation of the damped A-SIR model, which
incorporates time-varying transmission and recovery rates, β(t) and α(t). In Section 3, we describe the MVI
method used to estimate these rates from real COVID-19 data. We use COVID-19 data in the United States.
The initial population size, Np = 339.1 million, is obtained from [29], while the cumulative total cases and
daily active cases data are taken from [30]. We set t = 0 as 1 March 2020 and set the end of modelling period
as 12 April 2024 (t = 1503). Section 4 presents the numerical estimation of the transmission and recovery
rates and numerical simulations of short-term cyclical lockdowns for different values of W and compares
their total incidences with those resulting from the control function (1) without optimizing the starting time.
The MVI-estimated rates and the model-fitting are shown in Figure 3. In addition, the transmission rates are
compared with different phases of the pandemic in Figure 2.
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Figure 2: The transmission rates of A-SIR model for United States marked with different phases of Alpha, Delta, and
Omicron variants and subvariants.
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Figure 3: The first row are the plots of S, I using A-SIR model without damping (red lines) compared with the actual
data (black dashed lines) for United States. The second row are the MVI-estimated rates.



A SIMULATION STUDY USING THE A-SIR MODEL 107

2. MODEL FORMULATION

Damped A-SIR Model: We consider the following SIR model with non-constant rates

dS

dt
= −β(t)SI, (2)

dI

dt
= β(t)SI − α(t)I, (3)

dR

dt
= α(t)I, (4)

where S(t), I(t), R(t) are the total number of susceptibles, active cases, and recovered people at time t,
respectively. The nonconstant transmission and recovery rates are β(t) and α(t), respectively. Let tlag ≥ 0 be
the starting time of the cyclical lockdown policy, also referred to as lagging time. We define W ∈ {3, 4, 5, 6}
and L = 7 −W as the number of “working days” (no lockdown restriction) and the number of lockdown
days in a week, respectively. Here, the term “working days” is not limited to regular actual working days,
but can also be on weekends or off-days; the emphasis is on the unrestricted activity without lockdown.
The cyclical lockdown starts with W “working days” starting from tlag and it is repeated in every interval
[tlag + 7m, tlag + W + 7m], for m ∈ {0} ∪ Z+. The first lockdown can start at tlag + W (right after W
“working days”) and it is impelemented periodically in every interval (tlag +W + 7m, tlag + 7(m+ 1)), for
m ∈ {0} ∪ Z+. The damped SIR model is given by the following dynamical systems,

dS

dt
= −D(t;W,L, tlag)β(t)SI, (5)

dI

dt
= D(t;W,L, tlag)β(t)SI − α(t)I, (6)

dR

dt
= α(t)I. (7)

The factor D(t;W,L, tlag) is our damping function defined as:

D(t;W,L, tlag) =

{
1, if , t ∈ [tlag + 7m, tlag +W + 7m], m ∈ {0} ∪ Z+,

0.175, if , t ∈ (tlag +W + 7m, tlag + 7(m+ 1)), m ∈ {0} ∪ Z+.

Notice that the damping function will suppress the transmission rate β(t) to 0.175 every time the short-term
lockdown is implemented. Notice that we can also rewrite our cyclical lockdown model (5)-(7) as

dS

dt
= −(1− ucyclical(t))β(t)SI, (8)

dI

dt
= (1− ucyclical(t))β(t)SI − α(t)I, (9)

dR

dt
= α(t)I, (10)

with the control function
ucyclical(t) = 1−D(t;W,L, tlag). (11)

To the best of our knowledge, since no country implemented cyclical lockdown during the COVID-19
pandemic, we use model (2)-(4) to estimate the rates using the method explained in the next section. After we
have obtained the appropriate β(t), α(t), we use system (5)-(7) to model and simulate cyclical lockdowns.

Next, we can relate our cyclical lockdown with a constant-level lockdown described in Theorem 1.1. Our
cyclical lockdown can be seen as a division of a constant-level lockdown applied on short time intervals with
uniform length, see Figure 1. If the cyclical lockdown is implemented for nweek number of weeks, then using
u(t) = ucyclical(t) = 1−D(t;W,L, tlag) will result in

∫∞
0

u(t) dt = 0.825nweekL and supt≥0 u(t) = 0.825.
Thus the function ucyclical(t) is a piecewise continuous control function under the constraint parameters
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c1 = 0.825nweekL and c∞ = 0.825. If the Theorem 1.1 can be extended to include for non-constant rates
β(t), α(t), then there should be a control function of the form

uconstant(t) =


0, t ∈ (0, t1] (wait),
0.825, t ∈ (t1, t1 + nweekL] (suppress),
0, t ∈ (t1 + nweekL,∞) (relax),

(12)

with t2 = t1 + nweekL, such that it produces the minimum total incidence among all possible piecewise
continuous functions u(t) ∈ [0, 1] under the constraints

∫∞
0

u(t) dt ≤ c1 where c1 = 0.825nweekL, and
supt≥0 u(t) = c∞ = 0.825. See Figure 1 for an illustration of the functions (11) (in black color) and (12)
(in red color). The result in Table 1 shows that the numerical total incidences by replacing ucyclical(t) in
(8)-(9) with uconstant(t) (12) are smaller than the total incidences of the cyclical lockdown counterparts for
scenarios L = 1, 2, 3, 4 with tlag = 259. However, as L increases one can see the difference becomes smaller.
Moreover, by changing the lagging time to tlag = 289 , we found that cyclical lockdown with L = 1 produces
lower total incidence than its corresponding constant-level lockdown (see Table 1).

In the next section, we explain how to estimate the daily-varying transmission and recovery rates using
the MVI. The MVI involves an inverse problem, numerical minimization of a functional, and fixed-point
iterations.

3. INVERSE PROBLEM AND MINIMIZATION

The parameter estimation of α(t) and β(t) can be viewed as an inverse problem: given a solution of a
system of differential equations (represented by actual COVID-19 data), the objective is to find the suitable
functions α(t) and β(t) that generate the solution or actual COVID-19 data. First, we set a particular date as
t = 0, and let Si, Ii be the real-world data of the susceptible population and total active cases, respectively,
at day i ≥ 0. Between two consecutive days, inside interval [i, i + 1), we estimate β(t), α(t) as constants
βi, αi. Therefore, our objective is to look for βi, αi for each i ≥ 0, such that when we use these values in
the SIR system (2)-(3), the numerical solution is approximately close to Si, Ii at each ith day.

3.1. Estimating αi, βi in Each Interval
We estimate the transmission and recovery rates as constants, daily, on each of the small subintervals

[i, i + 1) for i ≥ 0, one at a time. In between i and i + 1, we create artificial data by approximating
Si+0.25,Si+0.5,Si+0.75 and Ii+0.25, Ii+0.5, Ii+0.75 with simple linear interpolations. For each time interval
[i, i+1), we aim to find some functions S(t), I(t) and constant parameters βi, αi that satisfy the SIR system
(2)-(3) and such that S(t), I(t) have the same values as the real-world data points at ti,j = i + 0.25j for
j = 0, 1, 2, 3, 4. Define

LS(t) =
dS

dt
+ βiSI, (13)

LI(t) =
dI

dt
− βiSI + αiI. (14)

Note that solving the SIR system (2)-(3) is equivalent as solving LS(t) = LI(t) = 0. We define the functional

L(S, I, αi, βi) =

∫ i+1

i

[
(LS)

2 + (LI)
2 +

4∑
j=0

δ(t− ti,j)(S(t)− Sti,j )
2 +

4∑
j=0

δ(t− ti,j)(I(t)− Iti,j )
2

]
dt. (15)

Here we use the delta-dirac function δ(x), which is a function that has property
∫ b

a
δ(x−x0)h(x)dx = h(x0)

for any continuous function h, provided x0 ∈ (a, b), see [31] for more details about the dirac delta function.
Note that the functional (15) has value 0 when LS(t) = LI(t) = 0 (i.e. when the SIR system is solved) and
when S(t), I(t) equal the real-world data points Sti,j , Iti,j at t = ti,j (when the solved SIR system equals
the actual data at these time points). It is easy to see that L ≥ 0, it has minimum value 0 that is attained
if and only if LS = LI = 0, and if S(t), I(t) equal the real-world data points Sti,j , Iti,j at t = ti,j . Thus,
the functions S, I and constants αi, βi that minimize (15) to zero also satisfy the SIR system (2)-(3) and
conform with the real-world data. Our objective now is to find the functions S, I , and constants αi, βi such
that the functional (15) is as close as possible to 0.
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3.2. Discretization
We minimize (15) in a numerical approach by discretizing the integral. Let ∆t = 1

N , where N + 1 is the
number of equally-spaced time points in [i, i+1). The time points is therefore tk = i+k∆t, for 0 ≤ k ≤ N ,
and (13) and (14) can be approximated at a particular time tk, k ≥ 1, as

LS,approx(tk) =
Sk − Sk−1

∆t
+ βiSk− 1

2
Ik− 1

2
, (16)

LI,approx(tk) =
Ik − Ik−1

∆t
− βiSk− 1

2
Ik− 1

2
+ αiIk− 1

2
, (17)

where Sk = S(tk), Ik = I(tk), and

Sk− 1
2
=

Sk−1 + Sk

2
, Ik− 1

2
=

Ik−1 + Ik
2

.

Furthermore, the dirac-delta terms in (15) have the approximation
4∑

j=0

∫ i+1

i

δ(t− ti,j)(S(t)− Sti,j )
2 dt ≈ ∆t

N∑
k=1

δk(Sk − S̄k)
2,

4∑
j=0

∫ i+1

i

δ(t− ti,j)(I(t)− Iti,j )2 dt ≈ ∆t

N∑
k=1

δk(Ik − Īk)2,

where we use

δk =

{
1
∆t , tk = ti,j
0, tk ̸= ti,j

, S̄k =

{
Sti,j , tk = ti,j
0, tk ̸= ti,j

, Īk =

{
Iti,j , tk = ti,j
0, tk ̸= ti,j

The functional (15) can now be approximated as a function with 2N + 4 inputs:

Φ(χ, αi, βi) = ∆t

[
N∑

k=1

(
LS,approx(tk)

2 + LI,approx(tk)
2
)
+

N∑
k=1

δk(Sk − S̄k)
2 +

N∑
k=1

δk(Ik − Īk)2
]
, (18)

Where χ =

[
χS

χI

]
, with χS = [S0, . . . , SN ]T and χI = [I0, . . . , IN ]T . The problem now becomes finding

the vector χ and constants βi, αi that sets Φ = 0. However, the function (18) is not guaranteed to be convex
over R2N+4, therefore a solution to ∇Φ = 0 is not necessarily a minimizer such that Φ = 0. So in order to
solve Φ = 0, we will use an indirect way by minimizing a slightly modified version of (18), Φ2, described
in the next part. The modified Φ2 must ultimately converge to Φ at the critical point.

3.3. Linearization
We will define Φ2 by linearizing the terms (16) and (17) used in Φ. The function Φ2 will be obtained

by changing the variables Sk− 1
2
, Ik− 1

2
in (16) and (17) with arbitrary constants Ŝk− 1

2
, Îk− 1

2
for each k =

0, ..., N , that are made up by arbitrary constants Ŝ0, . . . , ŜN , Î0, . . . , ÎN . The nonlinear variable multiplication
Sk− 1

2
×Ik− 1

2
in (16) and (17) now becomes a constant Ŝk− 1

2
× Îk− 1

2
. Therefore, the only difference between

Φ2 and Φ is that the original uses the nonlinear terms (16) and (17), while Φ2 uses the linearized terms

ΛS,k =
Sk − Sk−1

∆t
+ βiŜk− 1

2
Îk− 1

2
, (19)

ΛI,k =
Ik − Ik−1

∆t
− βiŜk− 1

2
Îk− 1

2
+ αiÎk− 1

2
. (20)

Hence, we have the following definition

Φ2(χ, αi, βi; χ̂) = ∆t

[
N∑

k=1

(
Λ2
S,k + Λ2

I,k

)
+

N∑
k=1

δk(Sk − S̄k)
2 +

N∑
k=1

δk(Ik − Īk)2
]
, (21)
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Figure 4: The dynamics of I under various policies: (orange) W6L1, (red) W5L2, (blue) W4L3, with tlag = 259 (first
row) and tlag = 289 (second row). The dashed black curve is the actual active case.

where χ̂ =

[
χ̂S

χ̂I

]
, with χ̂S = [Ŝ0, . . . , ŜN ]T and χ̂I = [Î0, . . . , ÎN ]T . The function Φ2 is nonnegative and

attains 0 if and only if ΛS,k = ΛI,k = 0 and if the solution vector conforms with the data. Moreover, it is
convex. Therefore 0 is the only possible minimum value of Φ2, and any solution of ∇Φ2 = 0 will minimize
to 0. The main idea is that once we found some solution vector χ equals, say v, and constants αi, βi such that
Φ2(v, αi, βi; χ̂) = 0 (which is done by solving ∇Φ2 = 0), we can set our arbitrary constant vector χ̂ = v,
and we can do this via fixed-point iterations. This solves Φ = 0, because Φ(v, αi, βi) = Φ2(v, αi, βi; v) = 0.

We will now solve ∇Φ2 = 0. Notice that ∇Φ2 = [∂Φ2

∂S0
, ∂Φ2

∂S1
, . . . , ∂Φ2

∂SN
, ∂Φ2

∂I0
, ∂Φ2

∂I1
, . . . , ∂Φ2

∂IN
, ∂Φ2

∂αi
, ∂Φ2

∂βi
]T , so

that solving ∇Φ2 = 0 is the same as solving ∂Φ2

∂αi
= ∂Φ2

∂βi
= 0, and solving ∂Φ2

∂Sk
= 0 and ∂Φ2

∂Ik
= 0 for each

k = 0, 1, . . . , N , simultaneously. We will first solve ∂Φ2

∂Sk
= 0. One can check that solving ∂Φ2

∂Sk
= 0 for each

k is equivalent as solving the system of linear equations

AχS = FS(χ̂), (22)

where the matrix A is

A =


−1 1 0 . . . 0

1 −(2 + ∆t2δ1) 1 . . .
...

0
. . . . . . . . . 0

0 . . . 1 −(2 + ∆t2δN−1) 1
0 . . . 0 −1 1

 ,
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Table 1: Numerical total incidence or final epidemic size for the cyclical lockdown and the continuous lockdown as a
percentage of Np. The numerical solutions are plotted in Figure 5 and Figure 6.

tlag = 259 tlag = 289
J (Cyclical) J (Constant) t2 J (Cyclical) J (Constant) t2

L = 1 18.930% 14.740% 436 16.02% 18.15% 462
L = 2 8.716% 3.277% 613 8.89% 4.79% 635
L = 3 5.404% 3.112% 790 6.9% 4.614% 808
L = 4 4.311% 3.111% 967 5.97% 4.613% 981

Table 2: Numerical total incidence or final epidemic size for the cyclical lockdown and the continuous lockdown for
the subintervals [600, 670] and [670, 750]. The numerical solutions are plotted in Figure 8 and Figure 9.

Subperiod A (tlag = 600) Subperiod B (tlag = 670)
Jsub,A (Cyclical) Jsub,A (Constant) t2 Jsub,B (Cyclical) Jsub,B (Constant) t2

L = 1 7.25 × 106 8.007 × 106 610 19.19 × 106 9.237 × 106 681
L = 2 4.962 × 106 5.911 × 106 620 14.61 × 106 4.19 × 106 692
L = 3 3.35 × 106 4.175 × 106 630 10.83 × 106 2.69 × 106 703
L = 4 2.241 × 106 2.917 × 106 640 7.89 × 106 2.22 × 106 714

and

FS(χ̂) =



−∆t
(
βiŜ 1

2
Î 1

2

)
∆tβi

(
Ŝ 1

2
Î 1

2
− Ŝ1+ 1

2
Î1+ 1

2

)
−∆t2δ1S̄1

...
∆tβi

(
ŜN− 3

2
ÎN− 3

2
− ŜN− 1

2
ÎN− 1

2

)
−∆t2δN−1S̄N−1

−∆t
(
βiŜN− 1

2
ÎN− 1

2

)


.

The solution of (22) is simply

χS = A−1FS(χ̂). (23)

Similarly, one can check that solving ∂Φ2

∂Ik
= 0 for each k is equivalent as solving the system of linear

equations

AχI = FI(χ̂), (24)

where

FI(χ̂) =



∆t
(
βiŜ 1

2
Î 1

2
− αiÎ 1

2

)
−∆tβi

(
Ŝ 1

2
Î 1

2
− Ŝ1+ 1

2
Î1+ 1

2

)
+∆tαi(Î 1

2
− Î1+ 1

2
)−∆t2δ1Ī1

...
−∆tβi

(
ŜN− 3

2
ÎN− 3

2
− ŜN− 1

2
ÎN− 1

2

)
+∆tαi(ÎN− 3

2
− ÎN− 1

2
)−∆t2δN−1ĪN−1

∆t
(
βiŜN− 1

2
ÎN− 1

2
− αiÎN− 1

2

)


.

The solution is simply

χI = A−1FI(χ̂). (25)
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Finally, to solve for ∂Φ2

∂αi
= 0, ∂Φ2

∂βi
= 0, we first rewrite the definition Φ2 in (21) as

Φ2 = β2
i

N∑
k=1

2∆t[Ŝk− 1
2
Îk− 1

2
]2︸ ︷︷ ︸

C20

+βi

N∑
k=1

[
2 ((Sk − Sk−1)− (Ik − Ik−1)) Ŝk− 1

2
Îk− 1

2

]
︸ ︷︷ ︸

C10

+ α2
i

N∑
k=1

∆t[Îk− 1
2
]2︸ ︷︷ ︸

C02

+αi

N∑
k=1

[
2(Ik − Ik−1)Îk− 1

2

]
︸ ︷︷ ︸

C01

+αiβi

N∑
k=1

[
−2∆tŜk− 1

2
Î2k− 1

2

]
︸ ︷︷ ︸

C11

+C,

where C is the term that is independent of αi and βi. The explicit form of C does not matter, since the
differentiation with respect to αi, βi will be 0. Using the above, we obtain the following

∂Φ2

∂αi

= C01 + C11βi + 2C02αi,

∂Φ2

∂βi

= C10 + 2C20βi + C11αi.

Now we must solve ∂Φ2

∂αi
= ∂Φ2

∂βi
= 0, which is

C01 + C11βi + 2C02αi = 0

C10 + 2C20βi + C11αi = 0.

The solution to this elementary system of equations is

βi =
2C02C10 − C01C11

C2
11 − 4C02C20

, αi =
2C01C20 − C10C11

C2
11 − 4C02C20

. (26)

We have now achieved χS (23), χI (25), and αi, βi (26) for the solutions of ∇Φ2 = 0 and consequently
Φ2 = 0.

Finally, we have mentioned that once we found some solution vector χ = [χS , χI ]
T and constants αi, βi

such that Φ2(χ, αi, βi; χ̂) = 0, we can set our arbitrary constant vector χ̂ = χ. We can do this via fixed-point
iterations, which is described in the next part.

3.4. Fixed-point Iterations
The fixed-point iteration works with the following steps:
1) Set initial guess for the rates α∗

m=0, β
∗
m=0, and define the recursive sequences vS,n+1 = A−1FS(vn)

and vI,n+1 = A−1FI(vn), where vn =

[
vS,n
vI,n

]
. Note that these sequences relate to (23) and (25).

2) Set initial guess for v0 = [v′S , v
′
I ]

T . In this paper, we always use the linear interpolation of the data in
interval [i, i+ 1] as initial guess for every iteration. To be more clear, we always set the initial guess
as

v′S = [Si, . . .︸︷︷︸
interpolated

,Si+0.25, . . .︸︷︷︸
interpolated

,Si+0.5, . . .︸︷︷︸
interpolated

,Si+0.75, . . .︸︷︷︸
interpolated

,Si+1],

v′I = [Ii, . . .︸︷︷︸
interpolated

, Ii+0.25, . . .︸︷︷︸
interpolated

, Ii+0.5, . . .︸︷︷︸
interpolated

, Ii+0.75, . . .︸︷︷︸
interpolated

, Ii+1],

with each of the above has N + 1 elements. Subsequently, we update the two recursive sequences
vS,n+1 = A−1FS(vn) and vI,n+1 = A−1FI(vn) until they numerically converge to a fixed-point with
some error tolerance. That is, until the errors ||vS,n+1 − vS,n|| and ||vI,n+1 − vI,n|| very small. For
this step, we use error tolerance of 10−6. We call this fixed-point as Sfix and Ifix. By looking back
at (23) and (25), we have now approximately solved χS = A−1FS(χ̂) and χI = A−1FI(χ̂) with
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Figure 5: The dynamics of I under constant-level lockdown (red) and cyclical lockdown (black), with tlag = 259.

approximate solutions χS = χ̂S = Sfix and χI = χ̂S = Ifix. Since this approximately means χ = χ̂,
we have approximately Φ([Sfix, Ifix], α

∗
m, β∗

m) = Φ2([Sfix, Ifix], α
∗
m, β∗

m; [Sfix, Ifix]) = 0.
3) Compute new α∗

m+1, β
∗
m+1 according to (26) using the fixed-point obtained in step 2: by setting

[S0, . . . , SN ] = [Ŝ0, . . . , ŜN ] = Sfix, [I0, . . . , IN ] = [Î0, . . . , ÎN ] = Ifix.
4) If |α∗

m+1 − α∗
m|, and |β∗

m+1 − β∗
m| are less than some error tolerance, then we have αi ≈ α∗

m+1 and
βi ≈ β∗

m+1 as the estimated rates. For this step, we use error tolerance of 10−9. If not, repeat again
from step 2 under the new α∗

m+1, β
∗
m+1 obtained in step 3.

In general, a fixed-point iteration can be divergent. However, we have tested using initial values of αi,0 =
βi,0 = 10−3 for each ith day and found the sequences always converge numerically under decent error
tolerances. See Theorem 10.6 in [32, p. 633] for convergence condition of fixed-point iteration with
multivariable function. In the next section, we discuss the numerical results including the MVI-estimated
transmission and recovery rates, cyclical lockdown simulation, and juxtaposition between simulations of
cyclical lockdown and constant-level lockdown.

The MVI method is repeated for every two consecutive days. Since in our case we use the United States
COVID-19 daily data of 1504 days, this accounts for 1503 times of implementing the fixed-point iterations.
In terms of computational efficiency, we obtained the estimated rates shown in Figure 3 under 170 seconds
of overall running time, using Octave software [43] in a standard laptop.

4. NUMERICAL RESULTS

In this section, we first discuss the MVI-estimated transmission and recovery rates, before presenting our
findings from the cyclical lockdown and constant-level lockdown numerical simulations. All numerical
estimations and simulations use discretization with time-step ∆t = 10−2.
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Figure 6: The dynamics of I under constant-level lockdown (red) and cyclical lockdown (black), with tlag = 289.

4.1. MVI-estimated Parameters
We use COVID-19 data in the United States. We set t = 0 as 1 March 2020, which means t = 1503 is 12

April 2024. In Figure 3, the estimated rates α and Npβ are plotted in the second row, while the simulated
A-SIR model for United States is compared with the actual data in the first row. Both the daily rates α, β are
linearly interpolated between two consecutive days. Using ∆t = 10−2, we have a good approximation for the
rates, reflected by the accurate model fitting. In the MVI implementation, note that we first map the actual
data to percentages of initial population by dividing them with Np, which makes the obtained estimated rates
valid for S(t)/Np, I(t)/Np, R(t)/Np. To model the number of individuals instead of percentage, we only
need to divide the MVI-estimated transmission rate by Np and leave the recovery rate to be the same.

In Figure 2, we also display important periods regarding to the Alpha variant (green region), Delta variant
(yellow region), Omicron BA.1 original variant, and its subvariants BA.2,BA.4,BA.5 (red region) of COVID-
19. We utilize the data of analyzed sequences of Alpha, Delta, and Omicron variant groups from [33] to
estimate the percentage of each variant circulated around specific time points. Approximately, we pick two
time points (specific dates) from [33] where each variant started to appear and started to subside. For the
United States, the Alpha variant contributed 1.18% of the samples taken by 18 January 2021 (t = 323) and
then it predominated the samples up to almost 70%, before declining to 42.11% by 21 June 2021 (t = 477).
The Delta variant started to appear around 26 April 2021 (t = 421), with 0.7% of the samples were Delta
variant. The Delta variant was dominating among the samples until around 26 December 2021 (t = 665),
dropping from 75% on 20 December 2021 to 16% on 3 January 2022. The Omicron original variant started to
appear around 8 November 2021 (t = 617) and then slowly began to dominate until around 1 December 2022
(t = 1005). On 5 December 2022, only 39% of the samples were from Omicron (BA), and the dominating
group became Omicron (BQ.1) with 55% of the samples. On 11 May 2023, the U.S. administration ends
its COVID-19 public health emergency and travel restrictions were lifted [34]. Additionally, between 11
May 2023 and 12 April 2024, Omicron subvariants XBB, EG.5.1, and JN were predominant in different
phases. From Figure 2, the transmission wave from Alpha variant is lower than from Delta variant, which is
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Figure 7: MVI-estimated rates in the subintervals A = [600, 670] and B = [670, 750]. This highlights the potential
drawbacks of constant-level lockdown in the subinterval A against cyclical lockdown, and shows the possible advantage

of constant-level lockdown in the subinterval B against cyclical lockdown. The orange-shaded areas are the time
subintervals where constant-level and cyclical lockdowns are implemented.

consistent according to [35]. Moreover, we can see that there is a sharp peak in the beginning of Omicron
phase, significantly higher than transmissions during the Delta phase, which is also consistent with [36]–[39].

4.2. Cyclical Lockdown Simulation
Subsequently, using the acquired daily rates for t ∈ [0, 1503], we do the simulations for the cyclical

lockdown scenarios of L = 1, 2, 3 that corresponds to W = 6, 5, 4 respectively. For all simulations in this
paper, we use ∆t = 10−2. We set the lagging time to be the time when the number of actual active cases
reaches 1 % of initial population, which leads to tlag = 259. We write W6L1 as the scenario of 6 “working
days” with 1 lockdown per week. We define W5L2, W4L3, W3L4 in similar manner. As we can see in the
first row of Figure 4, we found that the curve of active cases will flatten without encountering a higher peak
than I(tlag) for W ≤ 5. For W = 6 the curve forms another high peak (approximately 8 million of active
cases) before flattening. Different from [11], our results encourage more “working days” per week: the active
case curve in their model only dissipates for the case W = 0, 1, 2 “working days” in each weekly period.
Additionally, we conduct another test with later lagging time of tlag = 289. This means cyclical lockdown
policies start 30 days later than the previous simulations. The results are plotted in the second row of Figure
4. The curve of active cases with tlag = 289 have similar shapes as when tlag = 259, although the peak
heights are significantly different. However, both lagging-time scenarios show flattening of the active cases
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Figure 8: Simulation results of different cyclical lockdown policies (blue) with their corresponding constant-level
lockdowns (red) in subperiod A. All lockdown starts at tlag = 600.

for W equals 4 and 5. In the next part, we compare the final epidemic sizes of using cyclical lockdowns
against using corresponding constant lockdowns.

4.3. Comparison with Simple Constant-level Lockdown
We now compare the trajectories and total incidences between cyclical lockdown and constant-level

lockdown models. As we have discussed in Section 2, the cyclical lockdown can be associated with constant
lockdown in terms of the total number of lockdown days. The total modelling period (in days) after tlag = 259
is 1503−259 = 1244, which is tantamount to almost 178 weeks. We take this as 177 weeks, and therefore the
scenarios L = 1, 2, 3, 4 have total period of lockdown days equal to 177, 354, 531, 708, respectively. Therefore,
for each of the cases L = 1, 2, 3, 4, we compare it with the constant-level lockdowns with c∞ = 0.825 and
starting time tlag, for each of the cases t2 = 436, 613, 790, 967, respectively. The results are shown in Figure
5. For the case t2 = 436, the number of active cases gradually reach a higher peak at the end than the peak
of using cyclical lockdown with L = 1. However, the total incidence as a percentage of initial population is
14.74%, and it is still smaller than the total incidence of the cyclical lockdown, which is 18.93%, see Table
1. We computed the numerical total incidence, J , as follows:

J =
Np − S(1503)

Np
.

The other three simulations show that the constant-level lockdowns manage to consistently flatten the active
case curve, but with the expense of longer continuous lockdown. It is important to note that the curve of the
cyclical lockdown counterparts seem to converge to the curve of the constant-level lockdown as L increases.
The difference between the two is insignificant already for the cases of L = 3 and L = 4.
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Figure 9: Simulation results of different cyclical lockdown policies (blue) with their corresponding constant-level
lockdowns (red) in subperiod B. All lockdown starts at tlag = 670.

We also conduct further simulations by using tlag = 289. The scenarios L = 1, 2, 3, 4 have total period
of lockdown days equal to 173, 346, 519, 692, respectively. Therefore, for each of the cases L = 1, 2, 3, 4,
we compare it with the constant-level lockdowns with c∞ = 0.825 and starting time tlag , for each of the
cases t2 = 462, 635, 808, 981, respectively. The results are shown in Figure 6. We found that, for the case
t2 = 462, the total incidence percent of using constant lockdown (18.15%) is higher than that of using the
corresponding cyclical lockdown with L = 1 (16.02%), see Table 1. However, for the other three cases, the
constant lockdown has lower total incidence. This curious case can be explained by lockdown timing, which
is discussed in the next part.

4.4. Timing of Lockdown Comparison

In Table 1, we see that only when tlag = 289 and t2 = 462, the constant lockdown results in higher final
epidemic size than the cyclical lockdown W6L1. This might be explained by lockdown timing. Since our
transmission rate β is non-constant, some period of times have higher transmission rates than the others. If
the constant-level lockdown was implemented on a subperiod with low transmission rates, and lifted when
we entered a subperiod of high transmission rates (when the lockdown is actually needed), then using the
cyclical lockdown would be more advantageous than using the constant-lockdown. Cyclical lockdown has
short-term lockdown periods distributed evenly over the whole period, which makes the high transmission
rates more likely to be covered, even though not completely covered. This can be illustrated further in
Figure 7, where we look closely for the specific two subperiods where the transmission rate is increasing
and declining. We chose these subperiods of increasing and declining transmission to be t ∈ [600, 670] = A
and t ∈ [670, 750] = B, respectively. In the subinterval A, the transmission rate is lower in the beginning,
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but sharply increasing until t = 670. Thus, if we did a constant-level lockdown starting at tlag = 600, with
t2 = 630 for example, then we only suppress the transmission when it was relatively benign and let the
comparatively more critical, high transmissions in the second half get away. In this case, we would expect
the corresponding cyclical lockdown to be more advantegous. On the other hand, if we did constant-level
lockdown in the beginnning of subperiod B, when the transmission rates are relatively high, then we can
expect the constant-level lockdown to have lower total incidence than the corresponding cyclical lockdown.
To test this, we do further simulations of both cyclical lockdowns and their corresponding constant-level
lockdowns inside subperiods A and B separately. Note that the lockdown starting time for subperiod A is
tlag = 600, and we do the lockdown simulation only until t = 670, and calculate the total incidence happened
during that 70 days only. Similarly, note that the lockdown starting time for subperiod B is tlag = 670, and
we do the lockdown simulation only until t = 750, and calculate the total incidence happened during that
80 days only. The numerical total incidence during the subperiod A is calculated as

Jsub,A =

{
∆t

∑
t∈tA

(1− ucyclical(t))β(t)S(t)I(t), for cyclical lockdown,
∆t

∑
t∈tA

(1− uconstant(t))β(t)S(t)I(t), for constant-level lockdown,
tA = {600, 600 + ∆t, . . . , 670−∆t}.

Similarly, the numerical total incidence during the subperiod B is calculated as

Jsub,B =

{
∆t

∑
t∈tB

(1− ucyclical(t))β(t)S(t)I(t), for cyclical lockdown,
∆t

∑
t∈tB

(1− uconstant(t))β(t)S(t)I(t), for constant-level lockdown,
tB = {670, 670 + ∆t, . . . , 750−∆t}.

The simulation results for A are plotted in Figure 8, while for B are plotted in Figure 9. The numerical
total incidences are summarized in Table 2. From Table 2, the total incidences in subperiod A for cyclical
lockdowns are consistently lower than the constant-level lockdowns, as expected. On the other hand, the total
incidences in subperiod B for cyclical lockdowns are consistently higher than the constant-level lockdowns.
Next, we summarize all findings of this paper in the next section.

5. CONCLUDING REMARKS

We will now summarize our findings. We have estimated the non-constant daily transmission and recovery
rates for the A-SIR model using actual COVID-19 data, the Method of Variational Imbedding (MVI), and
fixed-point iterations. The results of the model fitting demonstrate that this approach can yield a more realistic
and relevant description of epidemic dynamics. We also examined the effectiveness of cyclical lockdowns
compared to constant-level lockdowns through numerical simulations. Using two different lockdown starting
times, tlag = 259 and tlag = 289, we found that cyclical lockdowns with up to five “working days” can
suppress the number of active cases. For tlag = 259, constant-level lockdowns consistently achieved lower
total incidences than cyclical lockdowns, while for tlag = 289, only the policy of W6L1 that outperformed
its constant-level counterpart. Additional simulations on subperiod A (low-to-high transmission rates) and
subperiod B (high-to-low transmission rates) further revealed that the performance of cyclical versus constant-
level lockdowns depends strongly on timing. In subperiod A, cyclical lockdowns (W6L1, W5L2, W4L3,
W3L4) yielded lower incidences because they avoided over-allocating resources to periods of low transmis-
sion. Conversely, in subperiod B, constant-level lockdowns were more effective because they concentrated
restrictions during periods of high transmission. These results underscore the importance of lockdown timing.

While prolonged constant-level lockdowns can be epidemiologically effective, they impose heavy social
and economic burdens. Furthermore, although we have shown that constant-level lockdown consistently
outperformed cyclical lockdown when it is concentrated over period with high transmission rates, it is not
simplistic to accurately predict when the transmission rates will be higher than usual. Our simulations show
that cyclical lockdowns with three or four lockdown days per week can nearly replicate the effectiveness
of continuous lockdowns in terms of both epidemic curves and total incidences. Thus, cyclical lockdowns
offer a promising alternative, balancing epidemiological effectiveness with reduced socio-economic costs. We
are also aware that cyclical lockdowns may have a logistical cost. Our numerical simulations are intended
to explore the efficacy of cyclical lockdown interventions, while real-world practice would require careful
consideration of logistical factors.
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For further research, the numerical simulation can be done using more intricate and realistic epidemiological
models with daily-varying rates and with a different lockdown cycle (i.e. the cycle is every ten days, or
two weeks, etc.). Furthermore, instead of applying cyclical lockdowns continuously throughout the entire
period, they could be implemented only when necessary. This study does not involve predictive modeling or
forecasting; however, future work could explore predictive approaches to estimate when the number of active
cases is likely to rise above critical thresholds, triggering the use of cyclical lockdowns. Accurate forecasting
would enable more efficient and targeted implementation of short-term cyclical or periodical lockdowns.
Future research could also benefit from integrating data-driven forecasting methods with compartmental
models. While models like A-SIR provide interpretability and policy simulation capabilities, combining them
with modern predictive approaches could support more adaptive and responsive lockdown strategies. Another
limitation of the current model is that it does not account for vaccination, since vaccinated individuals are
not moved from the susceptible to the recovered compartment. Extending the model to include vaccination
would allow for a more accurate representation of real-world conditions. In particular, future research could
incorporate vaccination with waning immunity [40], [41] or the emergence of new variants and their effects
on immunity. These are critical real-world factors that can shape long-term epidemic outcomes. Nevertheless,
the modeling framework remains adaptable. With future updated epidemiological data, the A-SIR model can
be recalibrated to better support policy planning for future epidemic waves.

DATA AND CODE AVAILABILITY

The dataset for cumulative total number of cases and daily active cases were extracted from [30]. The
data is then processed using Python software [42]. We use Octave software to run the MVI-estimation
algorithm and to do the numerical simulations. Both softwares can be downloaded for free from their official
websites. The codes for data processing, MVI estimation, and numerical simulation are publicly available
here: https://github.com/anbarief/ICCMM-25-Cyclical-Lockdown/tree/main.
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