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Abstract. Underwater acoustic power around a submerged body in shallow
water was investigated using the Boundary Element Method (BEM). The model
domain simulated a nearshore environment with shallow water conditions. The
seabed was assumed flat and sound velocity was constant over depth. The
boundary element method was combined with eigenfunction expansion to model
radiation boundary conditions. Underwater acoustic power was calculated from
the underwater acoustic potential in the domain. Several cases were investigated
in this study: cases with variation of submerged body distance from the seabed,
variation of submerged body location from the underwater acoustic source, and
variation of submerged body length.

Keywords: boundary element method; shallow water; submerged body; underwater
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1 Introduction

Early numerical methods for solving underwater acoustic problems, such as the
parabolic equation, normal modes, and ray tracing, have several restrictions, as
described by Jensen, et al. [1]. Parabolic equation methods neglect backscat-
tering effects, which are likely to be important in shallow water and near the
shoreline. These methods are used for shallow water propagation in horizontally
stratified media. They are best suited for low-frequency problems but
experience difficulties with a domain (the area where the computation is
conducted) that is both range- and depth-dependent. Ray tracing deals with
bottom interactions only in an approximate manner and therefore is not suitable
to simulate shallow water.

Discretization-based methods e.g. the finite difference method (FDM) and the
finite element method (FEM), have been developed to solve underwater
acoustic problems with complex domain geometries. FDM places a grid of
‘cells’ inside the domain and applies the differencing approximation to each
interior point. FEM divides the domain into small finite segments where their
behavior is described by a suitable shape function. As its name implies, the
discretization of the boundary element method (BEM) is only over the boundary
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of the domain, reducing the number of unknowns by one order. This method
computes the internal point value by employing a boundary integral equation.
Compared to BEM, FDM has difficulty fitting complex boundary geometries as
it employs a rectangular grid to discretize the domain. FEM is less effective in
computational aspects as the discretization is over the entire domain [2].

In this study, underwater acoustic propagation was modeled in shallow water
representative of coastal regions, where sound velocity is constant over depth.
The existence of a submerged body in the model escalates the geometry’s
complexity so the use of BEM is an appropriate solution. The submerged body
was a cylindrical shell structure, which has been modeled in numerous previous
papers due to its regularity [3]. This underwater acoustic wave modeling is used
in active acoustic systems to detect the existence of submerged bodies (e.g.
submarines) in water.

The underwater acoustic power was calculated from the underwater acoustic
potential in the domain. The problems modeled in this study were: problems
with variation of the submerged body’s distance from the seabed, variation of
the submerged body’s location related to the underwater acoustic source, and
variation of the submerged body’s length.

2 Methodology

The boundary element computation conducted in this study used the 2D
Boundary Element Method Helmholtz Solver (2DBEMHS) developed by
Stéphan T. Grilli from the University of Rhode Island. The program inputs are
wavenumber, node per-wavelength, domain geometry, submerged body
geometry, source location, modes used in radiation boundary. The computation
resulted in the underwater acoustic potential (@) in the boundary and the domain
that was used to calculate the underwater acoustic power.

Validation was conducted on a problem with a rectangular boundary geometry
of which the analytical solution was known. An error criterion of 5% was used
in this validation. Once the model was validated, the underwater acoustic
potential (@) in the boundary and the domain was calculated.

3 Mathematical Formulation

3.1 Boundary Integral Equation

The complex velocity potential for homogeneous harmonic two-dimensional
problems in the vertical plane, (x, z), is [4]:
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D(x,z,t) = O(x,z)e” ! (€))
with velocity u = V@, w is the acoustic wave angular frequency, @ is the
complex potential amplitude, and i is an imaginary number (i = v—1). Sound
velocity c is assumed to be constant and ideal fluid theory is employed.

The governing Eq. (1) reduces to the following Helmholtz equation:
V20 + k?B =0 2)

where k is the wavenumber (k = w/c), and V is the divergence operator.

The fundamental solution of Eq. (2) is

G =—H (k) ®)
The normal derivative of Eq. (3) is
2 =ZHP (kr) S (4)

where r is distance between the source point and the field point, Héz) is a zero-

order Hankel function of the second kind, Hl(z) is a first-order Hankel function
of the second kind, and n is the unit normal vector.

The first step in the boundary element method is transforming governing Eqg. (2)
to a boundary integral equation, i.e. [2]

@9 - J 6@, Q%%ar + [, (@ X &%qr =9 (5)

where Q@ and Q' are the field point and source point respectively, dI' is a
boundary segment, and C° is a coefficient depending on the boundary geometry
(equal to ¥ on a smooth boundary and 1 inside the domain).

For the case where sources exist, Eq. (5) becomes Eq. (6):

C°@Y9Q) - J, 6. Q%%ar+ [, 0@ War =3 56,00 (6

n

where the values S; denote the strengths of N, point sources located in the
domain.

3.2  Boundary Conditions

The submerged body in shallow water is shown in Figure 1. The model is two-
dimensional (x,z) and represents ocean sections near coastal regions with a
sloping geometry and one open boundary on the offshore side.
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Figure 1 Shallow water region with submerged body model.

The depth of the water is h, and the submerged body is M. Q; is the domain
where underwater acoustic potential is computed, while Q. is the offshore
region where the potential is not computed, bounded by radiation boundary Tj.
The underwater acoustic potential is discretized on the boundary and
numerically computed under the excitation of underwater acoustic source S,
which is located at (xg, zg).

The boundary conditions are described as follows:

The rigid sea bottom is represented by I}, and T,. Sloping boundary (T3)
indicates that the model resembles a nearshore environment. No-flow condition
is applied to both I}, and T, that is

90 _
5. =0 (7)

The surface of the submerged body also utilizes this no-flow condition. The
overbar denotes a prescribed value. At surface boundary T, where atmospheric
pressure p = 0, no-wave condition is represented by

=0 (8)
Boundary T is called the radiation boundary condition, where the potential and
its normal gradient are continuous from inside the computational domain to the
outside,

a0° _ o9

= o and ¢ = @' on [} (9)

The potential on I'; can be represented by eigenfunction expansion derived from
the normal mode solution, which satisfies the governing equation and both
bottom and free surface boundary conditions (Egs. (8) and (9)) [6]:
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; 2
0= ZN’” Ay sin(kpz) e’ KAkl (10)

where k,, is eigenvalue [k, = m(2m — 1)/2h] for the mth mode, and N,, is
the number of modes used (N = 15). Its normal gradient is in Eq. (11).

i |k2-kZ x|

Z—Z =iYNm A Jk? = k2 sin(kpz) e (11)

The orthogonality of the eigenfunctions is used to derive the equation relating
the potential and its gradient:

12, sin(k,2) sin(kyz) dz = 5 6 (12)

The expansion coefficient is obtained from multiplying the potential in Eq. (7)
by sin(k;z) and integrating over depth in Eq. (13):

—i [k2=k2
4y =2 N0 g sin(yz) dz (13)

h

Substituting this expansion coefficient into Eq. (8), for [ = m, we get the
relationship between the potential and its normal gradient along the radiation
boundaries in Eq. (14):

% = %izx";l Vk2 — k2, sin(k,,z) f_oh @ sin(k,,z) dz (14)

3.3 Discretization

To solve the boundary integral equation numerically, first the boundary must be
discretized into a number of elements. The geometry (x, y) of each element can
be represented by interpolation between the nodal points. They are in Egs. (15)
and (16)[4]:

x =3 x Np () (15)
y =3y N (9) (16)

where x; and y; are the coordinates at the nodal points, N; (§) is the shape
function defined by local coordinate —1 < ¢ <1, and N,, is the number of
nodes in the element. A quadratic element is employed in this discretization. Its
shape functions are in Egs. (17) to (19):

Ny =—281-9) (17)
Ny =(1-§%) (18)
Ny =2E(1+9) (19)
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The boundary variables, @ and d@/dn, are represented by the same set of shape
functions that are used to represent the geometry. They are:

@ =Y 8; N; (§) (20)
2 =y %N () 21)

Collocation is done by successively placing @ at each of the nodal points on the
boundary. For each collocation point @, Egs. (20) and (21) are subtituted into
the boundary integral equation (Eg. (4)), integrating the equation over the
boundary. The integration is done on an element-by-element basis. Each
collocation point @ and element T, combination produces two ‘element
coefficient vectors’ in Egs. (22) and (23):

G
he = J;. 5. Nidl (22)

ge = [ GNydr (23)

Assembling h, into global matrix [H*] and g, into global matrix [G], and
applying to Eqg. (6) produces Eq. (24).

[C1{8} + [H"1{0} = [G1{52} (24)

where [C] is a diagonal matrix consisting of geometry coefficient ¢c. Combining
[C] and [H*] into one single matrix [H] yields in Eq. (25).

[H1{o} = [61{5]} (25)

Each component in [H] and [G] corresponds to unknown node values on the
boundary (@ for [H]. Then % for [G]) are arranged into a new matrix [A] while

the components corresponding to known values on the boudary are arranged
into vector {b}. This produces a new system of equations:

[Al{x} = {b} (26)
Eq. (26) can be solved by a standard matrix solver to get the unknown values on
the boundary. Once the unknown values of @ and Z—: on the boundary have been
solved, the @ in the domain can be obtained by solving Eq. (6) numerically.

34 Discretization of Underwater Acoustic Power

Once @ for the entire internal domain in a grid is known, the underwater
acoustic power can be calculated by [5]
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W= %Re [ipow f_oh {(D %} dz] 27)

where p, is the water density, w is the angular frequency, Re is the real part.
The acoustic power, W, is determined by evaluating Eq. (27) over a vertical line
inx.

4 Software Validation

2DBEMHS was validated for simple geometries of which the analytical
solution is known. The case was selected from Grilli, et al. [5], which is a
rectangular domain in two dimensions, as shown in Figure 2.

z

[
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n

Figure 2 Simple case with rectangular domain.

The potential on boundary I3 is specified with some value so as to easily derive
an analytic solution. The boundary conditions thus read in Eq/ (28):

0(0,2) = —ﬁcot(de) {x=0,0<z<h}
0

29

- z=h0<x<L,

Z=0;OSXSLd

x=Lg;0<z<h
_ 0{ } 9

where h is the domain height and L is the domain length. The analytic solution
of @ (magnitude) to this problem is represented by Eq. (29).
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I cos(kx)
0(x,2) = |wP0 {sm(kx) + tan(de)}| @

whereh = L; = 1, wpg = 1,00, and kh = 8.

Figure 3 shows a comparison between the analytical result and the numerical
results for potential @. Three z coordinates (z =0.25 m, 0.5 m, and 0.75 m) were
chosen to represent the numerical results. There are small inaccuracies in
several points of x that will be discussed in the next paragraph.

> — T T
: - - : - b [e--2=025m
: --ole-- z=05m
T s T i e 1]
: : : : : : analytic

0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9
X(m)

Figure 3 Potential result of the analytical and the numerical solution for three z
coordinates (z = 0.25 m, 0.5 m, and 0.75 m) for a rectangular domain.

The error for each point of x is calculated by the following formula:

@b_Qa
e=|—=
| @a

x 100% (30)

where index a refers to the analytical solution and index b to the numerical
solution. The error plot over the x axis for z =0.25 m, 0.5 m, and 0.75 m is
depicted in Figure 4. As can be seen in Figure 4, the numerical results have a
maximum error of 2.5% (for z= 0.5 m) at x = 0.8 m. The average error over the
entire domain is 0.465%. This means that there is overall agreement between
the analytical and the numerical results. 2DBEMHS was then used to calculate a
model with a more complex geometry.
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Figure 4 Error plot for the numerical solution for three z
coordinates (z = 0.25 m, 0.5 m, and 0.75 m) for a rectangular
domain.

5 Problem Modeling and Results

The validated 2DBEMHS was then used to model underwater acoustic
propagation with a more irregular boundary geometry. This case represents a
shallow water region near the coast with a submerged body inside the water, as
shown in Figure 5. The case is scaled at 10:1. The density of the water is
p = 1025 kg/m3, underwater sound speed is ¢ = 1500 m/s, and wavenumber k
= 3.55. The boundaries are numbered 1 to 4.

(o,o)T 2 ox @ (120

-1

Figure 5 Shallow water region with submerged body used in this model.
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z,, is the distance between the submerged body and the seabed, and s, is the
distance of the submerged body on the x axis. The source with strength S = 1 is
located at x; =1 and z; = 0.5. Sea bottom boundaries I}, and T, are rigid,
therefore no-flow condition applies (8@/dn = 0). The surface of the
submerged body also utilizes this no-flow condition. At surface boundary I%,
no-wave condition @ = 0 is present. I} is a lateral open boundary treated as
radiation boundary condition. The submerged body dimensions are depicted in
Figure 6.

Loy =12m

t :\ hewn = 0.2m
Rﬂﬂ 1m y

Figure 6 Submerged body dimensions used in the model.

The boundaries of the domain were discretized by 15 nodes per wavelength. As
the elements employed were of a quadratic type, each of them contained 3
nodes. The number of elements on each of the boundaries was equal to (N, —
1)/2, where N, is the number of nodes of the corresponding boundary. As the
domain was inside the boundaries, the entries for the coordinates of the
boundary elements are read in counterclockwise order. The nodes and elements
in all boundaries produce the scheme in Figure 7. For the submerged body, 13
nodes discretize its boundaries, so it contains 6 elements. For plotting the results
in the domain, 118 x 18 internal points (horizontal x vertical) were employed.

boundary 2
(103 nodes, 51 elements) (2)

boundaryl |
(17 nodes, Y/
§elements) () L element 2

1 ( )
( ¥ node on submerged body
element 1 &Jxlode D C 94— (13 nodes, 6 elements)

(68 nodes. 32 elements)

boundary 3
(35 nodes, 17
elements)

Figure 7 Illustration of discretization of the model.

51 Underwater Acoustic Potential

Figure 8 shows the potential field obtained by numerical computation. It can be
seen that the potential in the surface region has zero value, representing a
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pressure-release boundary condition. In the bottom, there is the periodic
potential value resulted from the wave equation.
LI
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06

0.4

¥ (m)

@

02
E -04
06
038

Figure 8 Plot of potential for a shallow water geometry (k = 3.55), (a) without
submerged body, (b) with submerged body.

There is a potential increase over the slope (8 < x < 12m) with maximum
value 0.75 m? /s in Figure 8(a) and 0.91 m?/s in Figure 8(b). At the offshore
side (1 < x < 8 m) the maximum potential is 0.56 m? /s in Figure 8a and 0.69
m? /s in Figure 8(b). The existence of a submerged body in the shallow water
enhances the potential field in the domain.

The potential plot for the regions under the submerged body can be seen in
Figure 9. This plot gives the details of the differences in potential resulted from
the case in Figures 8(a) and (b) in the range of 3.1 m < x < 4.7 m forz=-0.8
m. It indicates that there is an increase in average potential for the case with a
submerged body. From the calculation, the increment is 15%. This is caused by
the existence of the submerged body, which enhances the potential in the region
where the submerged body resides.
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5.2 Underwater Acoustic Power

Underwater acoustic power, W, was then calculated using Eg. (21) for 1.1 m <
x < 11.7 m, as depicted in Figure 10.

| : : —— without submarine  [—e— without submarine | | :
] IS P P M- with submarine ] I R AT N O P —
: : H " i I
H H H [ f e A 1]
i

E)

w(\Walt)
=
wi (Watl)

Figure 9 Plot of underwater acoustic power W (k = 3,55). The submerged
body is located at x = 3.37 m to x = 4.57 m, (a) real value, and (b) magnitude.

As can be seen in Figure 10a, there is significant difference in the real value of
underwater acoustic power between both cases for 1.1m < x < 7 m. In the
case with submerged body, there is a positive value at about 1 x 10* watt within
that range while in the case without submerged body it is negative over the
entire x axis. At 3.3m <x <4.15m, the real value of the case with
submerged body harshly drops 3 - 10* watt before increasing at x = 4.25 m.

As for the underwater acoustic power magnitude, Figure 10b shows that the
case with submerged body has a larger result over the x axis than the case
without submerged body, except at 1.8 m < x < 3.6 m, where both cases seem
to have the same value. Calculation of the average value shows that the case in
which submerged body is located in the domain has an average magnitude of
underwater acoustic power 1.33 times greater than the case without submerged
body. This is evidence that the existence of a submerged body in the domain
enhances the magnitude of the underwater acoustic power.

5.3  Variation of Submerged Body Distance from Seabed

The next calculation was conducted on the cases with variation of the distance
of the submerged body from the seabed, z, (Figure 5). The five z,s used in the
model were: z, =0.2m, z, =03 m, z,=04m, z,=05m,and z, = 0.6 m.
The same values of p, ¢, and k were used in this case. The results are shown in
Figure 11.
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Figure 10 Plot of underwater acoustic power with various submerged body
distance from seabed, z,, (a) real value, and (b) magnitude.

Figure 11(a) shows that the real value of underwater acoustic power shared the
same behavior in all cases, except for the case with z, = 0.3 m. The value of
the case with z, = 0.3 surges from x = 2 m to x = 3.8 m, while the others go
down. Entering the submerged body area (x = 3.3 m), the real W values of all
cases decrease. The sharp drop occured in the cases with z, = 0.3 m. The case
with z, = 0.3 m has a positive value of real acoustic power over the other
cases.

As can be seen in Figure 11(b), the underwater acoustics power magnitude has
the same periodic behavior for all cases at 4.4 m < x < 11 m. The maximum
and minimum average value of underwater acoustic power magnitude for all
cases occurs at x = 9.4 m and x = 0.2 m respectively. The average underwater
acoustic magnitude in the case with submerged body distance from the seabed
z, = 0.4 m is 2.2 times larger than the case with z, = 0.2 m. In the offshore
area (1 m < x < 8 m), the minimum magnitude underwater acoustic power W
occurs at x =1.35 m for the case with z, = 0.4, where its value is 0.042 times
below its average magnitude.

5.4  Variation of Submerged Body Location on x Axis

The next calculation was conducted on the cases with variation of submerged
body distance in on the x axis, s, (Figure 5). The five locations used in the
model were: s, =3.3m,s, =3.8m,s, =43m,s,=53m,ands, =7.8m.
The same values of p, ¢, and k were used in this case. The results are shown in
Figure 12.
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Figure 11 Plot of underwater acoustic power in the cases with various
submerged body distances on the x axis s, (a) real value, and (b) magnitude.

Figure 12(a) shows that the real value of the underwater acoustic power for all
cases has the same behavior in all cases at 1.1 m < x < 4.5 m. The real value
of the acoustic power in the case with s, = 7.8 m is larger compared to the
other cases while for the case with s, = 4.3 m it is smaller. For x > 4.5 m, the
real value of the acoustic power in the case with s, = 3.8 m is larger compared
to the other cases. For 4.8 m < x < 8.6 m, there is a relatively small value of
the acoustic power for the cases with s, = 7.8 m.

! : ] : i [ —s— with submerged body
06 : i ! H : | — — without submerged

X (m)

Figure 12 Potential plotfor3.1m < x < 4.7 mforz=—-0,8m.

As can be seen in Figure 12(b), there is apparently a different behavior of the
acoustic power magnitude in all cases. In the case with submerged body
distance on the x axis, s,, s, = 3.3 m, s, =43 m, and s, = 5.3 m, there is a
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relative increase of magnitude acoustic power in the area where the submerged
body resides (x = 4.4 m). The cases with s, = 3.8 m and s,, = 7.8 decrease at
x = 4.4 m. The largest and the smallest average magnitude acoustic power
occurs in the case with s, =3.3 m and s, =3.8 respectively. The case with
s, =3.3 m has a magnitude acoustic power that is 1.8 times larger than in the
case with s, = 3.8 m. In the offshore area (1 m < x < 8 m), the minimum
acoustic power magnitude occurs at x = 0.45 m in the case with s, = 2.3 m,
where its value is 0.042 times below its average magnitude.

5.5  Variation of Submerged Body Length

The next calculation was conducted on the cases with variation of submerged
body length, Lg,;, (Figure 5). The five lengths of the submerged body used in
the model were: Lg,, =1.2m, Ly, = 1.21m, Lgyp, = 1.44m, Ly, = 1.8 m,
and Lg,, = 2.4 m. The same values of p, ¢, and k are used in this case. The
results are shown in Figure 13.

: —— L Stem
4 Lslam |
: oL =t8dm||
e a=| am

su
| ——L,=24m ]

W o(Watl)

3
x{m)

Figure 13 Plot of underwater acoustic power in the cases with various
submerged body lengths, Lg,;, (a) real value and (b) magnitude.

Figure 13(a) shows that the real value of the underwater acoustic power has the
same behavior in all cases. There is a significant drop for all cases at 3.1 < x <
4.4 m. The case with submerged body length L,;, = 1.2 m has a relatively large
value of real acoustic power at 2 < x < 3.5 m and a relatively large negative
value of real acoustic power at 3.5 < x < 4.4 m.

As can be seen in Figure 13(b), the magnitude of acoustic power has the same
behavior over the x axis in all cases, except at x > 8 m. The largest magnitude
occurs at x = 9.4 m in all cases. The case with submerged body length Lg,,;, =



744 M. Fatkhurrozi & Irsan S. Brodjonegoro

1.2 m has a larger magnitude than the other cases, while the case with Lg,; =
2.4 m has a smaller magnitude than the other cases. The calculation indicates
that the average magnitude of acoustic power for the case with submerged body
length Lg,, = 2.4 m is 0.44 times smaller than the average magnitude of
acoustic power in the case with Lg,;, = 1.2 m. This implies that the longer the
submerged body, the smaller the average magnitude. In the offshore area
(1 m < x < 8 m), the minimum magnitude of acoustic power occurs at x =5.15
m in the case with Lg,;, = 2.4 m, where its value is 0.024 times smaller than its
average magnitude.

6 Conclusion

Numerical computation with the boundary element method was conducted on a
shallow water problem with various submerged body locations and geometries.
The existence of a submerged body in the domain enhances the underwater
acoustic potential. The cases in which the submerged body is located within the
domain has an average magnitude of underwater acoustic power (W) 1.33 times
greater than the cases without submerged body.

In the cases where the distance of submerge body from the seabed (z,) was
varied, the greatest average and the lowest acoustic power occurred for a
distance of z, =0.4m and z, = 0.2 m respectively. In the offshore area
(1 m < x < 8m), the minimum magnitude of acoustic power occurs at x =
1.35 m for case with z, = 0.4, where its value is 0.042 times smaller than its
average magnitude.

In the case with variation of distance from the source (s,), the results show that
the case with s, = 3.3 m has the greatest average acoustic power over the x
axis and the case with s, = 3.8 m has smallest average acoustic power over the
x axis. In the offshore area (1 m < x < 8m), the minimum magnitude of
acoustic power occurs at x =0.45 m in the case with s, = 2.3 m, where its
value is 0.042 times smaller than its average magnitude.

In the case with variation of submerged body length (Lg,p), the results show
that the case with L,;, = 1.2 m has the greatest average acoustic power over the
x axis and the case with Lg,,= 2.4 m has the smallest average W. In the
offshore area (1 m < x < 8m), the minimum magnitude of acoustic power
occurs at x = 5.15 m for the case with L,;, = 2.4 m, where its value is 0.024
times smaller than its average magnitude.
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