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Abstract. In this paper, we consider a nonlinear integro-vector differential
equation of the second order. We establish sufficient conditions that guarantee
the global existence and boundedness of solutions of the equation considered.
The method of proof involves constructing a suitable Lyapunov functional that
gives meaningful results for the problem to be investigated. The result obtained
is new and complements that found in the literature. We give an example to
verify the result obtained and for illustration purposes. Using MATLAB-
Simulink, the behaviors of the orbits of the equation considered are clearly
shown.
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1 Introduction

Until now, qualitative properties (stability, boundedness, global existence,
convergence, etc.) of scalar and vector differential and integro-differential
equations of the first and second order are investigated and still discussed in the
literature by researchers; for related works one can refer to Ahmad and Rama
Mohana Rao [1], Bellman [2], Burton [3], Graef and Tung [4], Hale [5], Hara
and Yoneyama [6], Hsu [7], Huang and Yu [8], Kato [9], Kolmanovskii and
Myshkis [10], Krasovskii [11], Lyapunov [12], Mustafa and Rogovchenko [13],
Napoles Valdes [14], Qian [15], Sugie [16], Tung [17-21], Tung and Sevli [22],
Tung and Ding [23], Tung and Tung [24-25], Yang [26], Yoshizawa [27], Zhou
and Liu [28], Wiandt [29] and the references cited in these sources.

However, to the best of our information from the literature, the global existence
and boundedness of solutions of integro-vector differential equations of the
second order have not yet been discussed in the literature.
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In this article, we study the global existence and boundedness of solutions to the
second order nonlinear integro-vector differential equation

(r(OX’) + AOFE (L, X, X)X+ BOH (X) = [C(t, 5)X(s)ds (1)
0

in which te®R", R" =[0,00), X eR"; r is a positive and continuously
differentiable increasing function on R*; A, B and F are nxn-—symmetric

continuous matrix functions; H:R" —>R" is continuous, H is also
differentiable with H(0)=0.Also C(1,S) is an Nnxn-—continuous matrix
function for 0 <t <s <0,

Instead of Eq. (1), we consider the equivalent differential systems

X'=Y,
;L rey, 1
% "0 £C(t,s)Y(s)ds —r(t)v o ADF(t, X,Y)Y

1
———B(t)H(X 2
O (OH(X), (2)

which were obtained from Eq. (1).

Let J,,(X) denote the Jacobian matrix corresponding to the function H(X),
that is,

J(X)—(a—hi) (i,j=12,..m
()=, (] =1.2..m),

J

where (X,X,,...,X,) and (h,h,,..,h ) are the components of X and H,

d
respectively. Otherwise, it is supposed that the derivative a B(t)=B'(t) and

J (X) exist and are continuous. We also assume that all matrices given in the
pairs A(t), F(t,X,Y); B(t), J,(X); and B'(t), J,,(X) are symmetric and

n
commute with each other. In addition, we assume that (X,Y) =X XY;; thus,
i=1

(X,X):”X 2, and also A(w) (i=1,2,..n), are the eigenvalues of the

NXN—matrix .
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Our motivation comes from the papers of Napoles Valdes [15], Tung [18] and
those registered in the references. The aim of this paper is to give sufficient
conditions to verify that all solutions of Eq. (1) are globally existent and
bounded, based on Lyapunov’s direct method. This paper is also a new attempt
to discuss the global existence and boundedness of solutions of integro-vector
differential equations of the second order, and it is a new improvement and has
a contribution to the subject in the literature. In addition, the paper may be
useful for researchers working on the qualitative behaviors of solutions.

In addition to the basic assumptions imposed on A, F, B, and H that appear in
Eq. (1), we assume that there exist some positive constants kq, k5, k3 and k,
such that the following conditions hold:

(Al) The matrices A, B and B’ are symmetric, also A (A(t)) >k,
A (B(t)) >k, and 4 (B'(t)) <0 forall t€[0,00), (i1=12,...,n),

(A2) F(t,X,Y) is an nxn—symmetric matrix function and
A (F(t,X,Y)) >k, forall te[0,00),and X,Y eR", (i=12,..,n),

(A3) J,(X) is symmetric and A (J,(X))>k, for all Xe®R",
(i=12,..n),

(A4) LS 1,
r(t

(AS) :f)”C(t,s)||ds+T||C(u,t)||du <R,

o,

(A6) R o -

2 Preliminaries
Before stating our main result, we give some well-known preliminary results
that are required in the proof of our main result.
Consider the non-autonomous differential system
dx
—=F (ta X)a (3 )
dt
where X is an N— vector, t €[0,%0). Suppose that F(t,X) is continuous in

(t,X) on D, where D is a connected open set in R xR".
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Theorem 2.1 Let F € C(D) and |F| <M on D. Suppose that ¢ is a solution
of Eq. (3) on the interval J =(a, f) such that the following conditions hold:

(i) The two limits lim @(t) =@(a”) and lim @(t) = (B") exist,
toa® (=Y

(i) (a,p(a’)) (respectively, (B,o(B7)))isin D.

Then the solution ¢ can be continued to the left past the point t=«
(respectively, to the right past the point t = £).

Proof. See Hsu [7].

Lemma 2.1 Let A be a real symmetric n X n matrix and a = 4;(4) = a > 0,
(i=12,..,n)

where a and a are constants. Then
a(xX, Xy=(AX, X)za(X, X)
and

(X, XY= (AX, AX) = a* (X, X).

Proof. See Mirsky [30].

Lemma 2.2 Let Q,D be any two real NxNn commuting symmetric matrices.
Then, the eigenvalues A (QD), (i=12,...,n), of the product matrix QD are
real and satisfy

max 2,(Q)4 (D) > 4(QD) > é?,ikrén 4;(Q)4 (D),

1<j,k<n

where 4,(Q) and 4 (D) are, respectively, the eigenvalues Q and D.

Proof. See Mirsky [30].

3 Main Result

Theorem 3.1 Suppose that conditions (A1)-(A6) hold. Then every solution of
System Eq. (2) are continuable and bounded.

Proof. We define the continuously differentiable Lyapunov functional
V)=V, X,Y) by:
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V() =~ (Y.Y) +—— [(BOH (0X), X)do + }T”C(u, S|V ()] duds.  (4)
2 rt)o 0t

We can see that V(1,0,0) =0.
. 0
Since H(0) =0, 6_ H(ocX)=1J,(cX)X, then
o

H(X):}JH(UX)Xda.

Hence, in view of the assumptions of Theorem 3.1 and by the use of some
elementary operations, it is clear that

[BOH (@ X), X)do = | [(6:BM®),, (6,0, X)X, X)dodo,
0 00

k_k
=X (5)

11
> [[{okk,X,X)do,do, =
00
and

%}(B(t)H(aX), X)do = }a(B(t)JH (o X)Y, X>d0'+}<B(t)H(O'X),Y)d0'

+}<B'(t)H(UX),x>da
0

aﬁi(B(t)H(GX),Y>d0+j<B(t)H(aX),Y)dc7+j1'(B’(t)H(0'X), X)do
o 0 0

o —

= O'<B(t)H(O'X),Y>| +}<B’(t)H(0'X), X)do

=(B(MH(X),Y) +}<B’(t)H(UX), X)do.
0

In view of Eq. (4) and Eq. (5) together, it follows that

L2 kK 2

(CES~\{ Iwwey I (©)
2 2r(t)

Thus, the functional V(t) defined by expression Eq. (4) is positive definite.

Calculating the derivative of the functional V(t) along any solution
(X(t), T(t)) of System Eq. (2), we find that
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) =——| _ro L
VIO =5 Y O,CE9Y (s~ FY 0,1 0~V 0 ADFE X Y)Y ()

- r;(t) f(B(t)H(GX),x>o|a+Lf<B'(t)H(on),x>dcr+||\((t)||2 T||C(u,t)||du
re(to r(t)o t

e s|vef ¢
By assumptions (Al)-(A6), Lemma 2.1, Lemma 2.2 and the inequalities
W,V <fuv| <]V g%(”u " +V|[). the validity of the following estimates
can be verified:

1

}(Y (1),C(t,s)Y(s))ds
r(t)o

< :j)”Y (1),C(t,5)Y (s)| ds
<lleaslivollve]es

<Ivoff flec.ols+ e sy o e,

r'e
— (Y (O,Y (1)) 20,
r(

1 kK 2
— (Y (O, AOF X, Y)Y (1) 2 =Y > 0,
r(®) r(t)

re }(B(t)H(JX),X)d02%|

2 X[ >0
r(t)o 2r-(t)

and
11
—[(B'(t)H(cX), X)do <0.
r(t)o
From the above estimates and assumptions (A5) and (A6) we conclude that

V() < (:j) I, s)lds + T”C(u,t)”du)”Y ®| - %”Y o
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<[ r-"V <0,
r(t)
This implies that Lyapunov functional V (t) is decreasing along the trajectories
of System Eq. (2).

On the other hand, the continuity of all functions appearing in Eq. (1)
guarantees that there exists at least one solution of Eq. (1) defined on [, ty +
6) for some 6 > 0.

Now we must show that the solution can be extended to the entire interval
[to, ).

Let us assume on the contrary that there is a first time T < oo such that the
solution exists on [ty, T) and

i e -
t>T"
Let (X(t),Y(t))be such a solution of System Eq. (2) with initial condition

(Xo,Yy). Since V(t) is a positive definite and decreasing functional along the
orbits of System Eq. (2), from Eq. (6), we can obtain that

1 2 kK, 2

N+ 5 XL <o,
where V,_V (ty, Xo, Yp). From the last estimate, we can say that there exists a
positive constant M such ||X(t)|| < M and ||Y(t)|| < M as t —» T~. Hence, we
conclude that T < oo is not possible, therefore we must have T = oo, This
completes the proof of Theorem 3.1.

Example. Let n = 2. As a special case of Eq. (1), we consider the following
differential system:

! —

o X, . 2417 1 || tx+ty 43 2 X/
X, 1 2+t 2 X +ty,> +3 || x,

Vot

0 -
24+et 0 x> + X t| (12 +4)2 X/ (s
. +e } IRl (t°+4) | (S) s, 7
0 2+e" || x +x | 0 0 Vat || x(s) |

(t* +4)
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where
rt)=e™,
24t 1 tx? +ty,” +3 2
At) = , | FX,Y) = N
|1 2+t 2 tx,” +ty,” +3
(216t 0 X +X,
B(t) = | HX) =
0 2+e X,> + X,
and
2t
t* +4)°
cs=| C Y
2t
(t* +4)°

It is obvious that

1 1 r'e)  2e”
<1 and PO _

- = < an =
re) e rg)y e

Clearly, A(t) and F(t,X,Y) are symmetric matrices and commute with each
other. Hence, by elementary calculation we can easily find the eigenvalues of
the matrices A(t) and F(t,X,Y) as

L(AD) =t +1, 4, (A1) =t* +3
and
A(FOX,Y) =tx” +ty” +1, AL (F(, X,Y)) =tx” +ty,” +3,
so that
A(A() =1=k, and A (F(t,X,Y))>1=k,, (i=1,2).
Besides, the Jacobian matrix of H(X) is given by
3°+1 0
0 3@2+J'

‘]H(X)=|:
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Now, it can be easily seen that J;(X) and B(t) are symmetric matrices and
commute with each other. We can obtain the eigenvalues of the matrices [y (X),
B(t) and B'(t) as follows:

A (X)) =3%"+1, (3, (X)) =3%," +1
and
ABM)=4BM)=¢e"+2, 4(B'(1)=4(B'(1)=—-¢".
It is now clear that
Ay (X)) =1=k,, 4(B(t))>2=Kk, and 4(B'(t)) <0, (i=1,2).

Further, it follows that

t ©
£||C(t,s)||ds+ [][cu,bdu
t
too2t © U 3t+4 9
=] 2 2dS+I 2 ;U =—3 TS o=
o(t* +4) t (U +4) (t+4)° 32

Thus, all the assumptions of Theorem 3.1 are satisfied. Hence, we can conclude
that all solutions of Eq. (7) are continuable and bounded.

The trajectories of the solutions of Eq. (7) are shown in Figure 1.

(o)

\S}

—— - - x2(1)

V1)

5oy 3.0

xp ()

Figure 1 Time evolution of the states X (t) and Y (t) of Eq. (8).
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4 Conclusion

A nonlinear integro-vector differential equation of the second order was
considered. Sufficient conditions were obtained that guarantee the global
existence and boundedness of the solutions of the equation considered. Our
analysis is based on the successful definition of a suitable Lyapunov functional.
In this particular case, we gave an example and employed MATLAB-Simulink
to display the behaviors of the orbits of the equation considered. The result of
this paper is new and correct, and it improves and complements that found in
literature.

Acknowledgements

The author thanks the main editor and anonymous referees for their valuable
comments and suggestions leading to improvement of this paper.

References

[1] Ahmad, S. & Rao, M.R.M., Theory of Ordinary Differential Equations:
with Applications in Biology and Engineering, Affiliated East-West Press
Pvt. Ltd., New Delhi, 1999.

[2] Bellman, R., Stability Theory of Differential Equations, New York-
Toronto-London, McGraw-Hill Book Company, Inc., 1953.

[3] Burton, T.A., Stability and Periodic Solutions of Ordinary and
Functional Differential Equations, Academic Press, Orlando, 1985.

[4] Graef, J.R. & Tung, C., Continuability and Boundedness of Multi-Delay
Functional Integro-Differential Equations of the Second Order, Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM, 109(1), pp. 169-
173, 2015.

[S] Hale, J., Sufficient Conditions for Stability and Instability of Autonomous
Functional-Differential Equations, J. Differential Equations, 1(4), pp.
452-482, 1965.

[6] Hara, T. & Yoneyama, T., On the Global Center of Generalized Li"enard
Equation and Its Application to Stability Problems, Funkcial. Ekvac.,
31(2), pp. 221-225, 1988.

[71 Hsu, S-B., Ordinary Differential Equations with Applications, World
Scientific Publishing Co. Pte. Ltd., 244, 2006.

[8] Huang, L.H. & Yu, J.S., On Boundedness of Solutions of Generalized
Lienard's System and Its Application, Ann. Differential Equations, 9(3),
pp. 311-318, 1993.

[9] Kato, J.,, On a Boundedness Condition for Solutions of a Generalized
Lienard Equation, J. Differential Equations, 65(2), pp. 269-286, 1986.



[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Solutions of a Certain Integro-Vector Differential Equation 11

Kolmanovskii V. & Myshkis, A., Introduction to the Theory and
Applications of Functional Differential Equations, Kluwer Academic
Publishers, Dordrecht, 1999.

Krasovskii, N.N., Stability of Motion, Applications of Lyapunov's Second
Method to Differential Systems and Equations with Delay, Stanford
University Press, Stanford, California, 1963.

Lyapunov, A.M., Stability of Motion, Academic Press, London, 1966.
Mustafa, G.O. & Rogovchenko, V.Y., Global Existence of Solutions with
Prescribed Asymptotic Behavior for Second-Order Nonlinear Differential
Equations, Nonlinear Anal., 51, pp. 339-368, 2002.

Valdes, J.E.N., A Note on the Boundedness of an Integro-Differential
Equation, Quaest. Math., 24(2), pp. 213-216, 2001.

Qian, C.X., Boundedness and Asymptotic Behaviour of Solutions of a
Second-Order Nonlinear System, Bull. London Math. Soc., 24(3), pp.
281-288, 1992.

Sugie, J. & Amano, Y., Global Asymptotic Stability of Non-Autonomous
Systems of Lienard Type, J. Math. Anal. Appl., 289(2), pp. 673-690,
2004.

Tung, C., Some New Stability and Boundedness Results on the Solutions
of the Nonlinear Vector Differential Equations of Second Order, Iranian
Journal of Science & Technology, Transaction A, 30(A2), pp. 213-221,
2006.

Tung, C., Stability and Boundedness of Solutions of Non-Autonomous
Differential Equations of Second Order, J. Comput. Anal. Appl., 13(6),
pp. 1067-1074, 2011.

Tung, C., Properties of Solutions to Volterra Integro-Differential
Equations with Delay, Appl. Math. Inf. Sci., 10(5), pp. 1775-1780, 2016.
Tung, C., Instability of Solutions of Vector Lienard Equation with
Constant Delay, Bull. Math. Soc. Sci. Math. Roumanie, 59(107), No. 2,
pp. 197-204, 2016.

Tung, C., Qualitative Properties in Nonlinear Volterra Integro-
Differential Equations with Delay, Journal of Taibah University for
Science, 11(2), pp. 309-314, 2017.

Tung, C. & Sevli, H., Stability and Boundedness Properties of Certain
Second-Order Differential Equations, J. Franklin Inst., 344(5), pp. 399-
405, 2007.

Tung, C. & Ding, Y., Qualitative Properties of Certain Non-linear
Differential Systems of Second Order, Journal of Taibah University for
Science, 11(2), pp.359-366, 2017.

Tung, C. & Tung, O., A Note on Certain Qualitative Properties of A
Second Order Linear Differential System, Appl. Math. Inf. Sci., 9(2), pp.
953-956, 2015.



12

[25]

[26]

[27]

Cemil Tung & Timur Ayhan

Tung, C. & Tung, O., On the Boundedness and Integration of Non-
Oscillatory Solutions of Certain Linear Differential Equations of Second
Order, Journal of Advanced Research, 7(1), pp. 165-168, 2016.

Yang, X.S., A Boundedness Theorem on Higher-Dimensional Hill
Equations, Math. Inequal. Appl., 2(3), pp. 363-365, 1999.

Yoshizawa, T., Stability Theory by Liapunov’s Second Method.
Publications of the Mathematical Society of Japan, No. 9, The
Mathematical Society of Japan, Tokyo, 1966.

Zhou, J. & Liu, Z.R., The Global Asymptotic Behavior of Solutions for a
Non-autonomous Generalized Lienard System, J. Mat. Res. Exposition,
21(3), pp. 410-414, 2001.

Wiandt, T., On the Boundedness of Solutions of the Vector Lienard
Equation, Dynam. Systems Appl., 7(1), pp. 141-143, 1998.

Mirsky, L., An Introduction to Linear Algebra, Dover Publications, Inc.,
New York, 1990.



