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Photoperiod Variation Using a Droop—Steele Dynamical
System

Rifky Fauzi'’, Yoga Andriyanto', Nela Rizka', Tiara Shofi Edriani', Aswan
Anggun Pribadi!, Ciptaning Weargo Jati? & Dear Michiko Mutiara Noor!

'Department of Mathematics, Faculty of Science, Institut Teknologi Sumatera, Lampung
Selatan, 35365, Indonesia
’Department of Aquaculture, Faculty of Agriculture, University of Lampung, Bandar
Lampung, 35141, Indonesia
*E-mail: rifky.fauzi@ma.itera.ac.id

Abstract. Longer illumination can increase Porphyridium sp. biomass but
requires more energy. We studied growth under 6 h, 12 h, and 24 h photoperiods
using a Droop—Steele dynamical model for external nutrient N, internal quota Q,
and cell density X. Photoperiod modifies nutrient uptake through a daily-effective
Steele factor. We established forward invariance of the biologically feasible region
and ultimate boundedness, derived washout and positive-biomass equilibria, and
characterized local stability. Parameters were estimated jointly from 81 container-
day observations across nine independent cultures using Bayesian inference. Four
Markov chain Monte Carlo chains met the reported convergence criteria
(maximum R = 1.0032 ). Posterior draws were mapped onto analytical
persistence and stability conditions and propagated to biomass predictions. All
tested photoperiods yielded a feasible, locally stable positive equilibrium within
the fitted model. Predicted biomass increased with illumination but showed
diminishing gains per additional lighting hour. The fitted effective-light Steele
response was nearly linear over the tested range; the modeled flattening was
consistent with nutrient depletion and quota limitation without requiring
photoinhibition. Droop—Steele had the lowest AICc among the models compared,
although Logistic had marginally lower raw log-RMSE. Energy-use and cost data
are needed before identifying a cost-optimal photoperiod.

Keywords: Bayesian parameter estimation, Droop—Steele model; photoperiod;
Porphyridium sp.,; stability.

1 Introduction

Porphyridium sp. is a unicellular red microalga used as natural feed in
aquaculture and as a source of pigments, polysaccharides, and other bioactive
compounds [1, 2, 3, 4]. Understanding its growth is therefore important both for
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culture performance and for day-to-day operation. Biomass and bioproduct yields
depend on several conditions, including irradiance, nitrogen availability, salinity,
cultivation strategy, and light/dark scheduling [5, 6, 7, 8, 9]. Photoperiod is
especially convenient to adjust in indoor LED cultures. More hours of light,
however, do not necessarily give a proportional increase in biomass. Empirical
growth curves describe changes in cell density, but they give little insight into
how nutrients move from the surrounding medium into the cells and eventually
contribute to growth. The Droop model addresses this distinction by relating
growth to intracellular nutrient quota rather than directly to the nutrient
concentration in the medium [10, 11]. Quota-based models remain relevant to
studies of parameter identification, periodically varying light and global
dynamics [12, 13, 14]. Without direct measurements inside the cells, however,
quota should be interpreted as an effective physiological variable rather than a
separately verified intracellular quantity [15]. Light and nutrient limitations can
be linked through the nutrient-uptake process [16].

Here, we consider LED photoperiods of 6 h, 12 h, and 24 h. Beyond asking which
treatment produces more cells, we ask whether changing the lighting duration
moves the culture between washout and persistence or simply changes biomass
within a common persistence regime. An explicit mechanistic threshold helps
answer this question: unlike a fitted carrying capacity, it identifies the balance
between nutrient uptake and the quota required to maintain biomass.

Our contribution lies in bringing established components together and testing
what their combination reveals about these experiments; we do not claim that the
Droop, Monod, or Steele laws, stability methods, or Bayesian inference are
individually new. We incorporate photoperiod into nutrient uptake through
Steele’s response, then derive a washout—persistence margin and relate it to the
dominant eigenvalue at washout. We establish positivity and ultimate
boundedness and examine convergence numerically over a range of initial
conditions. Finally, we apply the analytical conditions to Bayesian posterior
draws, propagate parameter uncertainty to biomass predictions, and compare
Droop—Steele with Logistic and Monod models fitted to the same observations.

2 Model Assumptions and Formulation

We treat the culture as a single, well-mixed population. The available
observations are culture-level cell densities, so the model does not resolve cell-
size differences, variation in quota between individual cells, spatial nutrient
gradients, or light attenuation. These features can be considered when
physiological or spatial data are available [17, 18]. Cell density serves as a proxy
for biomass, and one effective limiting nutrient represents nutrient availability.
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Effects of other controlled culture conditions are incorporated into effective

parameters. This keeps the model at a level of detail that the observations can
reasonably support.

The causal mechanism is:
photoperiod — light-dependent uptake — internal quota — biomass growth (1)
Here, photoperiod is an experimental input, while N(t), Q(t), and X(t) evolve

over time. Figure 1 illustrates their roles and the direction of the proposed
mechanism.

Photoperiod-driven nutrient-quota-biomass mechanism
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Figure 1 Mechanistic structure of the Droop—Steele model. The photoperiod
treatment L determines the daily-effective light response, which modifies nutrient
uptake p, (N). Uptake links external nutrient N(t) to internal quota Q(t) and
quota-dependent growth u(Q) determines biomass X (t).

For a fixed photoperiod L, the governing autonomous system is

dN

3 = Do = M) = pL(N)X, @)

dX
- = (W@ - m+ D)X, 3)
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d
2 = L)~ u@0. @

The quota-dependent growth law is the Droop form [10, 11],

Qo
(@) = Hmax (1 - 6) ’ Q > Qo- Q)
The nutrient-saturation factor in uptake follows a Monod-type structure [19, 20],
while the present study multiplies that saturation by the photoperiod response,

pL (N) = pmafo (6)

N
Ky+ N
The light factor adopts Steele’s photosynthesis—irradiance response [21], with
photoperiod represented by an effective light index rather than directly measured
instantaneous irradiance,

_ 1 1 L I, = LI 7
fL —IoptE‘Xp Iopt , L= 5g0 7

Equations (2)—(4) combine these established growth, uptake, and light-response
laws. Physiological parameters are shared between treatments, changing L €
{6,12,24} h changes only f;. Steele’s response reaches an optimum at I /I, =
1 and decreases beyond it. Because instantaneous irradiance was not measured
independently, any conclusion about the light-response regime is conditional on
the effective-light representation used here. The state variables and model
parameters are summarized in Table 1.

Table 1 State variables and parameters in the Droop—Steele system.

Symbol Type Unit Interpretation
t md¢pendent day culture time
variable
N state variable nutrient unit external limiting nutrient
X state variable 10° cells ml™! biomass proxy or cell density
. nutrient per . .
Q state variable . P internal nutrient quota
biomass
" effective nutrient refresh or dilution
D parameter day
rate
Ny parameter same as N reference external nutrient level

m parameter day™! biomass loss or maintenance rate
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Symbol Type Unit Interpretation

Umax  Pparameter day™! maximum specific growth rate

Qo parameter same as () subsistence quota

arameter uota day™! maximum uptake scale

Pmax P q y p

Ky parameter same as [V half-saturation nutrient level
Iy . . effective lamp-to-optimal irradiance

parameter dimensionless .
/ I opt ratio
L treatment h day™ photoperiod duration

3 Positivity, Boundedness, Equilibria, and Persistence Threshold
The biologically feasible region is
N={(N,X,0):0<N<Ny, X=0, Q= Qo} ®)

Proposition 1. If (N(O), X(0), Q(O)) € 0, the solution of Egs. (2) — (4) remains
in 2 forall £t = 0.

Proof. AtN =0, p,(0) =0, s0 N =DNy > 0. At N = Ny, N = —p,(Ny)X <
0. AtX=0,X=0. At Q = Qp, u(Qy) =0, so Q = p,(N) = 0. Hence, the
vector field does not point out of 2. =

The nutrient boundary has another implication. When D >0 and N, > 0,
nutrient concentration cannot remain at zero because N|y=o = DNy > 0: the
refresh term returns the system to positive nutrient levels. Concentration may
become very small, however. In a closed-batch model with D = 0, this argument
no longer applies.

The local positivity argument can be strengthened with a global boundedness
estimate. Define

V(N,X,Q) = N + QX. )

Using Egs. (2) — (4), cancellation of the uptake and quota-conversion terms
gives

V =D(Ny, — N) — (m + D)QX. (10)
Let k = min{D,m + D} > 0. Then

V < DN, — kV. (11)
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It follows that V (t) < V(0)e ¥ + DNy (1 — e**) /k and limsup (t—o0) V(¢) <
DN, /k. Since 0 < N(t) < N, and p;, is increasing, the quota equation also gives
Q < p;(Np) — tmax(Q — Qp) ; comparison therefore yields limsup (t—o0)
Q(t) < Qp + hoy(Ny)/tUmax- Finally, X(t) < V(t)/Q, for Qy > 0. Thus N, X,
and Q are all ultimately bounded.

Let a = m + D. Setting the three right-hand sides of Egs. (2)—(4) equal to zero
gives two biologically relevant equilibrium branches. The zero-biomass
(washout) equilibrium is

PL(N0)>. (12)

Umax

Ey = (No» 0, Qo+

The washout state Eo is therefore not the origin (0,0,0). Biomass vanishes, but
the external nutrient and the quota coordinate remain positive.

For a positive-biomass equilibrium, X* > 0 requires #(Q*) = a. Therefore

gr=dmado o 0 > a (13)
HUmax — a

The positive equilibrium can then be written explicitly as
KNR* 2 N. — KNR* ] #maXQO
pmaXfL_R*’ R* 0 pmafo_R* ' Hmax — @

It is a biologically positive equilibrium, with N* > 0, X* > 0, and Q* > Q,,
whenever

E,=(N* X", Q") = ( ) (14)

Hmax > 4, pL(No) > R™. (15)
We therefore define the photoperiod-dependent persistence margin
4, = p (Ng) — R™. (16)

The sign of 4; indicates whether the culture can maintain positive biomass. A
negative margin means that light-dependent uptake at the available nutrient level
falls short of the quota demand associated with biomass losses. A positive margin
permits a positive-biomass equilibrium.

4 Local Stability and Stability-Exchange Threshold

Let
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SN = p1/ (V) = pafy e, Q) = H(Q) = . (17)
PL PmaxJL (KN + N)Z ’ u Hmax QZ-
The Jacobian is
—D —s(N)X —p,(N) 0
JIN,X,Q) = 0 p@) —a h(Q)X . (18)
s(N) 0 —h(Q)Q — u(Q)

At Eo, two eigenvalues are strictly negative, and the biomass-direction eigenvalue
is Ay = u(Qy) — a, where Q,, = Qo + pr(Ny)/Umax- Substituting Q,, into the
Droop growth function gives the equivalent expression

(Umax — @4,
MmaxQO + pL(NO).

Provided py.x > a, 4, and A; have the same sign. Washout is locally
asymptotically stable when 4; < 0 and unstable to biomass perturbations when
A; > 0. The condition that allows a positive-biomass equilibrium is therefore
also the condition at which washout changes local stability.

Ap(Eo) = (19)

At the boundary 4, = 0, N* > Ny, X* - 0, and Q* — Q,,, so the positive and
zero-biomass branches meet while 4, = 0. The continuation therefore identifies
the transition in local stability at the biomass-maintenance threshold.

AtE+, u(Q*) = aand p,(N*) = R*. Define
A=D+s(N")X", M =h(Q")Q" +q, B =R*h(Q")X*s(N*). (20)
The characteristic polynomial is
p(A) = 23+ 122 + ¢4 + c3, (1)

with ¢ =A+ M, c, =AM, and c3 = B. All coefficients are positive at a
feasible E+. By the cubic Routh—Hurwitz criterion, E- is locally asymptotically
stable if

c1Cy > C3. (22)

The condition compares the damping associated with nutrient recovery and quota
relaxation with the feedback between uptake, quota, and biomass. When the
former dominates in the sense of Eq. (22), the positive equilibrium is locally
asymptotically stable.
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5 Numerical Stability Evidence and Robustness

We first examine the stability results numerically using the reference parameters
in Table 2, independently of fitting the experimental data. Parameters chosen
solely for this exercise are labeled as assumed; literature references support the
model forms rather than those numerical values. The reference set is used to
examine the threshold, local stability, and responses to finite perturbations.

Table 2 Reference parameter set for the numerical stability analysis.

Parameter Value Reference

Assumed reference value; the chemostat-type nutrient-refresh structure

D 0:05 follows [22].

m 0.02 Assumed biomass-loss rate for the numerical stability analysis.

Umax 1.00 Assumed maximum growth rate satisfying yax > M + D.

Assumed subsistence-quota scale; the quota-growth formulation

Qo 0.20 follows Droop [10, 11].
Pmax 0.60 Assumed maximum uptake scale for the numerical stability analysis.
K 0.20 Assumed half-saturation value; the nutrient-saturation structure follows
N : Monod [19].
NO 1.00 Assumed normalized external-nutrient reference.

Reference value corresponding to the Steele optimum; the light-

IO/ IOPt 1.00 response function follows [21].

For this reference set, the washout—persistence threshold is L.y = 0.269 h day .
Figure 2 follows the equilibrium branches and the dominant eigenvalue through
the threshold. All three experimental treatments (6 h, 12 h, and 24 h) fall on the
positive-biomass side of this reference calculation.

Figure 3 shows trajectories starting from finite perturbations around Eo and E-.
Open circles indicate starting points and triangles indicate final states. To assess
a wider set of starting states, we also integrated 100 positive initial conditions per
photoperiod for 180 days. Median final relative distances to E: were
6.35x 107°,6.15x 107% and 7.36 x 107% at 6 h, 12 h, and 24 h, respectively;
all maximum distances were below 2.72 X 107>, These results describe the
tested numerical basin and do not constitute a proof of global stability.
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Equilibrium continuation Stability exchange at the persistence threshold
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Figure 2 Equilibrium continuation and dominant-eigenvalue tracking versus
photoperiod for the reference parameter set. The equilibrium branches meet and
the dominant eigenvalue crosses zero at the biomass-maintenance threshold.
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Figure 3 Finite perturbations near the zero-biomass equilibrium (left) and
positive equilibrium (right) for the 12 h scenario. Open circles denote initial states,
triangles denote final states, and the equilibrium locations are marked by Eo and
E-, respectively.

For Figure 4, we ran three separate simulations with L fixed at 6 h, 12 h, or 24 h
throughout each run. The lamp was not switched on and off within each simulated
day. Instead, each treatment entered the model through its constant daily effective
Steele factor f; . The curves therefore compare treatment-level changes in
external nutrient, quota, and biomass, not within-day light/dark dynamics.

We also checked how sensitive persistence is to the chosen reference parameters.
In 3,000 parameter sets, each entry in Table 2 was independently multiplied by a
log-uniform factor between 0.5 and 1.5. Persistence occurred in 100% of the
sampled sets at each of the three photoperiods. Median margins were 0.185,
0.303, and 0.388, with corresponding 5-95% ranges of 0.086—0.378, 0.158—
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0.567, and 0.229-0.665. This is a robustness check over a specified perturbation
range, not an estimate of parameter uncertainty from the data.

State trajectories for three separate constant-photoperiod simulations
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Figure 4 External nutrient, biomass, and internal quota trajectories from three
separate simulations with L = 6, 12, or 24 h day'. Each value of L remains fixed

throughout its simulation through the daily-effective light factor; within-day
light/dark switching is not modeled explicitly.

6 Experimental Data and Bayesian Parameter Estimation

The experiment included three photoperiods (6 h, 12 h, and 24 h), with three
independent culture containers for each treatment. Each container was observed
on nine days, and three microscopic counts were taken at each observation. We
averaged the technical counts within each container on each day, yielding 81
container-day measurements from nine independent cultures. The 81
measurements are repeated observations, not 81 independent biological
replicates. Figure 5 presents treatment means and standard deviations across the
three container means on each observation day.
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Observed Porphyridium sp. density by photoperiod

8 ~&- 6 hmean + SD
- 12 h mean + SD
—&- 24 h mean + SD

Cell density (10° cells mL™)

1 2 3 a 5 6 7 8 9
Day
Figure 5 Observed Porphyridium sp. density by photoperiod. Markers/bars

summarize treatment means and error bars represent standard deviations across
three independent culture-container means.

We set t = 0 at the first observation. Experimental days i = 1, ...,9 therefore
correspond to model times t; =i — 1; no unobserved period was simulated
before the first measurement. Each treatment started from N(0) = Ny, X(0) =
0.7 (in 10° cells ml™"), and Q(0) = Qjpjt, With the initial quota estimated from the
data.

The model was fit jointly to all 81 container-day observations. The positive cell-
density observations were modeled using Gaussian errors on the log scale and
assumed conditional independence given the model parameters. This is a working
likelihood assumption, as repeated observations from the same container may be
temporally correlated.

logYp (t;) | 6, 0165 ~ N (logX,(t;; 0), 0f5g), (23)

where ¢ € {6,12,24} h denotes photoperiod, w = 1,2,3 denotes culture
container, and i = 1, ...,9 denotes observation day. The structural parameters
estimated jointly were

0 = (.umax: Pmax> No, IO/Ioptr Q(O));
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while Q; = 0.03, Ky = 0.30, m = 0.02, and D = 0.02 were held fixed because
biomass-only observations do not support stable simultaneous identification of
all physiological quantities.

Let

Towi(0) = logYy, (t;) — logX,(t;; 0).

For n =81 observations, the log-likelihood evaluated at every proposed
parameter vector is

n 1 )
£(0,0105:Y) = —Elog(2n) — nlogojeg — FZ Z Z Towi (0)°. (24)
w i

log =%

Equation (24) connects the differential-equation model to the observations. For
each proposed parameter set, we solved for X,(t;; 8) and compared its log values
with the measured densities. Smaller discrepancies give a larger likelihood. The
Gaussian observation model follows Bayesian approaches used for microbial and
bioprocess growth [23, 24]. Algorithm 1 follows the general organization of the
computational estimation workflow of Puspita et al. [25], while the observation
model was motivated by the bioprocess literature cited above.

Positive parameters are represented on the log scale and assigned independent
weakly informative Gaussian priors. Let

Iy
¢ = (lmaxr Pmax No, 7 Q(0), Ulog)-
opt
For z; = log ¢;, the prior specification was

z; ~ N(log ¢j,5;%), j = 1,...,6.
The corresponding prior centers and log-scale standard deviations were
c = (3.5,1.0,0.17,0.03,0.043,0.15),
s = (0.75,1.20,0.70,1.10,0.40, 0.65).
The priors were truncated to the following finite ranges:
0.05 < pmaxr < 20, 0.005 < ppaxr < 50, 0.005 < N, < 5,

I
> <5 Qo < Q) <1 001<ag,, <1

107% <

opt
These bounds were imposed for biological and numerical admissibility. The
sampling target is the posterior density,

n(@, Olog | Y) [ exp{f(@, Ologs Y)}p(@) p(alog). (25)
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Rather than stopping at the parameter vector that maximizes the likelihood, we
sampled from the posterior in Eq. (25). This distribution combines the
information in the observations with the prior distributions and allows parameter
uncertainty to be carried into subsequent calculations.

Algorithm 1. Bayesian Parameter Estimation for the Droop—Steele ODE
Input: Container-level observations Yy, (t;) for £ =6,12,24 h and prior
distributions for the estimated parameters.
Data: Droop—Steele ODEs in Eqgs. (2)—(4); fixed parameters Qg, Ky, m, D ;
observation model in Eq. (23).
Output: Posterior samples of 6 and 0y,g, convergence diagnostics, and post-
estimation evaluation of the analytical existence and stability conditions.

1. Compute a posterior-mode estimate in log-parameter space and a local
covariance approximation
Initialize four independent Markov chains around the posterior mode
For each chain, do the following
For each Metropolis—Hastings iteration, do the following
Draw a positive-parameter proposal in log space
Solve Egs. (2)—(4) for L = 6,12,24 h at the observation times
Evaluate the log-likelihood in Eq. (24) and the log-posterior in Eq. (25)
Accept or reject the proposal using the Metropolis—Hastings probability
. Discard burn-in iterations and retain posterior draws
10. Compute rank-normalized split-R and bulk effective sample size (ESS)
11. For each retained posterior draw, do the following
12. Evaluate Egs. (15), (16), and (22)

00N L

Table 3 Bayesian parameter-estimation summary from the 81 container-day
observations. Intervals are 5th—95th posterior quantiles.

Parameter 5% Median 95%
Umax 2.575 3.645 5.532
Pmax 0.250 0.778 2.906

Ny 0.1602  0.1732  0.1896

Io/lopt ~ 0.00679 0.02578  0.07937
Q(0)  0.03916 0.04217 0.04573
Olog 01122 0.1263  0.1453

To keep repeated likelihood evaluations computationally manageable, we
integrated the ODEs with a fixed-step fourth-order Runge—Kutta method (RK4),
using a step of 0.02 day. We checked this implementation against LSODA, an
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adaptive integrator that switches between nonstiff and stiff formulas. At the
initialization point, the maximum biomass difference over the nine observation
days was below 2 X 1077, Each of four Metropolis—Hastings chains used 250
burn-in iterations followed by 1,200 retained draws. The largest rank-normalized
split-R was 1.0032 and the smallest bulk effective sample size (ESS) was 838,
meeting the prespecified limits of R < 1.01 and ESS > 400. Equilibrium
existence and stability were assessed after sampling; neither condition was
imposed in the likelihood or acceptance step.

The posterior median of py,,x is 3.645 day ™', higher than specific growth rates
commonly measured directly in Porphyridium cultures. This parameter, however,
is the asymptotic maximum of the Droop growth law, not the rate necessarily
realized by a culture with limited quota. At the median initial quota Q(0) =
0.04217, Eq. (5) gives u(Q(0)) = 1.052 day™', or approximately 1.012 day "
after subtracting m + D. Oh et al. [26] reported 0.042 h™" (1.008 day™') for P.
cruentum under an 18:6 h light:dark cycle. The realized rate is therefore of a
comparable order of magnitude. We nevertheless interpret the latent maximum
cautiously: biomass observations alone offer limited information for
distinguishing growth capacity from quota dynamics.

The posterior correlation between pmay and Io/lop is —0.611. Higher values of
one parameter can partly compensate for lower values of the other, making their
separate interpretation uncertain. The biomass observations constrain the
combined uptake function p; (N) more directly than either parameter on its own.

7 Posterior Regime Mapping and Uncertainty Propagation

We next applied the analytical conditions to the retained posterior draws. For
each draw, we calculated the persistence margin in Eq. (16), allowing us to
estimate

P(4, > 0 | data), (26)

At every tested photoperiod, the posterior proportion of draws satisfying
persistence was 1.000; the same proportion satisfies local stability of the feasible
positive equilibrium. Median persistence margins rose from 0.00375 (5-95%:
0.00330-0.00425) at 6 h to 0.00861 (0.00775-0.00962) at 12 h and 0.01813
(0.01633-0.02020) at 24 h. Thus, all three treatments fall in the same persistence
regime, but longer photoperiods place the fitted system farther from the washout
threshold.
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Figure 6 connects these two uses of the posterior. On the left, trajectories
generated from posterior draws are compared with the biomass observations. On
the right, those identical draws are evaluated using 4;. No additional fitting
occurs in the second panel: it simply shows how uncertainty in the fitted
parameters translates into uncertainty about the analytically defined persistence
threshold.

Bayesian parameter estimation and predictive uncertainty Posterior estimates evaluated against the analytical threshold
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Figure 6 Connection between Bayesian parameter estimation and the analytical
dynamical conditions. Left: observed biomass summaries together with
trajectories implied by posterior parameter values. Right: the same posterior draws
evaluated through 4, = p;,(N,) — R”; positive values indicate that the estimated
nutrient-uptake capacity exceeds the biomass-maintenance requirement.

We propagated posterior uncertainty through the ODEs to predict final biomass
and biomass area under the curve (AUC). To identify which fitted parameters are
associated with variation in each output, we calculated partial rank correlation
coefficients (PRCC), controlling for the monotonic effects of the other estimated
parameters. PRCC measures association rather than fit quality. Its magnitude
indicates the strength of the conditional monotonic relationship, and its sign
indicates direction.

The leading association depends on the photoperiod and the outcome. For final
biomass, the largest absolute PRCC belonged to the effective light ratio at 6 h
(0.475)butto Ny at 121 (0.570) and 24 h (0.997). For biomass AUC, the leading
parameter was Q(0) at 6 h (0.741), the light ratio at 12 h (0.445), and N, at 24 h
(0.807). This pattern is consistent with the model mechanism: light response and
initial quota matter more during shorter illumination, whereas the larger light
input at 24 h makes available external nutrient the main source of variation in
predicted biomass (Table 4).
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Table 4 Dominant posterior parameter—output associations based on partial rank
correlation coefficients (PRCC). For each photoperiod and output, the parameter
with the largest [PRCC] is reported; magnitude indicates association strength and
sign indicates direction after accounting for the other estimated parameters.

Photoperiod Output Dominant parameter PRCC
6h final biomass Io/Iopt 0.475
12h final biomass Ny 0.570
24 h final biomass Ny 0.997
6h biomass AUC Q(0) 0.741
12h biomass AUC Io/Iopt 0.445
24h biomass AUC Ny 0.807

Posterior parameter sensitivity across photoperiods
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Figure 7 Posterior sensitivity profiles for final biomass and biomass AUC across
photoperiods. Bars show signed PRCC values for all estimated parameters; larger
[PRCC| indicates stronger association with predictive variation, while the sign
indicates direction after accounting for the remaining parameters.

Figure 7 displays the signed PRCC values for all estimated parameters, so both
the strength and direction of their association with predictive uncertainty can be
compared across photoperiods.

8 Model Comparison and Practical Interpretation of Photoperiod

We fitted Logistic, Monod, and Droop—Steele models to the same 81 container-
day observations and compared them on a common log-residual scale.
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To clarify the benchmark specification, the Logistic model was used as a
descriptive treatment-specific growth model, whereas the Monod model
represented biomass growth as a direct function of external nutrient concentration
without an internal-quota state; the Droop—Steele model retained the nutrient—
quota—biomass structure described above. The parameter count k includes all
fitted model parameters and the residual-scale parameter, giving k = 10 for
Logistic and k = 6 for both Monod and Droop—Steele. For each model, the small-
sample corrected Akaike information criterion was computed from the
maximized log-likelihood on the same n = 81 log-scale observations as

2k(k + 1)

AlCc = -2¢ + 2k + ——=,
C max n— k-1

The reported model differences were calculated relative to the minimum AICc:
AAICc; = AlCc; — AlCcpyin-

Here, AICcmin denotes the smallest AICc among the compared models. Thus, log-
RMSE summarizes unadjusted residual error, whereas AICc compares the fitted
models after accounting for parameter count.

Logistic has a slightly smaller raw log-RMSE than Droop—Steele (0.1220 versus
0.1229), so the latter does not give the smallest unadjusted residual error. Droop—
Steele nevertheless has the lowest AICc (—96.65), compared with —87.79 for
Logistic and —77.04 for Monod, after accounting for parameter count. The
respective AAICc values are 0, 8.85, and 19.61 (Table 5).

Table 5 Comparison on the same 81 container-day observations. The parameter
count k includes the residual-scale parameter.

log- . .
Model k RMSE AlCc AAICc Structural interpretation
Droop— 6 01229 -96.65 0.00 nutrient + quota + light-mediated
Steele uptake
Logistic 10 0.1220 8779 385 descriptive treatment-specific growth
curves
Monod 6  0.1387 -77.04 19.61 external nutrient, no internal quota

Figure 8 visualizes the corresponding 4AAICc values and annotates the raw log-
RMSE, separating complexity-adjusted model support from residual error.
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Model comparison on the same 81 container-level observations
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Figure 8 The comparison of 4 AICc for Logistic, Monod, and Droop—Steele
models on the same 81 container-day observations. Raw log-RMSE values are
annotated to distinguish fit error from complexity-adjusted evidence.

The three photoperiod treatments allow us to compare growth under controlled
lighting conditions and to consider an initial operational implication. At the
posterior medians, predicted final biomass rises from 2.17 at 6 h to 4.31 at 12 h
and 5.79 at 24 h, in units of 10° cells ml™'. Biomass AUC also rises, but AUC per
lighting hour falls from 0.247 to 0.201 and then 0.161. Additional lighting
therefore yields progressively less biomass benefit per hour. This biological
trade-off could be combined with lamp power, electricity price, and other
operating costs in a future economic optimization; the present data alone do not
establish a cost-optimal photoperiod.

Because photoperiod enters the fitted model continuously through f;, we can also
examine durations between those tested experimentally. Figure 9 shows
posterior-median day-9 predictions at 2-h increments from 6 h to 24 h. Predicted
biomass rises from 2.17 to 5.79, with a gradually flattening curve. Values at
intermediate durations are model predictions, not additional experimental
measurements.
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Model-based biomass prediction across photoperiod duration
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Figure 9 Model-based day-9 biomass prediction for intermediate photoperiod
durations between the tested 6 h and 24 h treatments. The 6 h, 12 h, and 24 h values
correspond to experimentally tested durations; the remaining values are
predictions from the same estimated model.

8.1 Numerical Interpretation of the Estimated Steele Light Response

The posterior median for Iy /Iop¢ is 0.02578 (5-95%: 0.00679-0.07937; Table 3).
In the effective-light model, z = I /I,p = (L/24) (10 / Iopt) remains well below
the Steele optimum of z = 1 for all tested photoperiods. At the median parameter
values, z increases from 0.00645 at 6 h to 0.02578 at 24 h. The model therefore
operates on the nearly linear, increasing part of the response. This does not
establish the actual irradiance regime, which cannot be identified separately from
biomass measurements.

Figure 10 provides a numerical check. At 6 h, 12 h, and 24 h, the posterior-median
Steele factor differs from the low-light approximation f; = ez by just 0.65%,
1.30%, and 2.61%, respectively. Using this approximation changes predicted
day-9 biomass by no more than 1.16% at the observed photoperiods, yet the
biomass curve still flattens. The flattening is therefore not evidence, by itself, of
Steele-type photoinhibition.

The predicted nutrient and quota trajectories offer an alternative explanation. At
day 9, posterior-median external nutrient levels are 0.124, 0.052, and 0.00465
under 6 h, 12 h, and 24 h lighting. The corresponding saturation factors
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N/(Ky + N) decline from 0.293 to 0.148 and 0.015. At 24 h, quota also
approaches its subsistence level: Q(tg) = 0.03025 compared with Q, = 0.03.
Longer illumination initially increases uptake, but nutrient depletion and low
quota increasingly restrict the extra growth it can produce.

Estimated Steele response over the tested range Biomass flattening under original and linearized light response
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Figure 10 Numerical diagnostic of the estimated light-response regime. Left:
Steele factor over 0-24 h with the 5-95% posterior range and posterior-median
low-light approximation. Right: day-9 biomass predicted by the original Steele
response and its linearized low-light approximation. Their close agreement shows
that the predicted flattening over 624 h is consistent with nutrient—quota
dynamics rather than requiring Steele-type photoinhibition.

The relation between the three model structures can be made more explicit. If the
internal quota adjusts much faster than biomass, then Q ~ 0 gives

0~ o+ @7

max

Substitution of Eq. (27) into the Droop growth function yields

I’lmaxpL (N) N
=HUML 7 A
UmaxQo + pL(N) Ky + N

n@Q) = (28)

where

_ HUmaxPmax/L _ UmaxQoKn
UmaxQo + Pmax/1 ' ML UmaxQo + Pmax/L

Um,L (29)

Under a fast-quota approximation, the reduced growth law thus takes the Monod
functional form, with effective parameters that vary with photoperiod. Retaining
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Q as a separate state allows Droop—Steele to represent quota dynamics that this
reduction removes.

The Logistic equation is not an exact parameter special case of the present system.
It can be obtained only as a local phenomenological reduction after the nutrient
and quota states are eliminated and the net per-capita growth rate is approximated

by g(X) =~ r — BX, giving

erX(l—%), K=r/B.

Droop—Steele contains more physiological state information than the Logistic
description, but Logistic is not an exact nested special case of the proposed
system.

9 Discussion

The model comparison illustrates why fit and mechanism need to be considered
separately. Logistic describes the observed curves with a marginally lower raw
log-RMSE, but its treatment-specific parameters do not identify nutrient uptake
or intracellular storage. Monod includes external nutrient but makes growth
respond directly to it, without separating uptake from growth through quota.
Droop—Steele provides that separation and has the lowest AICc in this
comparison, while also yielding a light-dependent uptake pathway and a
persistence threshold that can be analyzed mathematically. The fitted Steele
response, however, remains on its nearly linear increasing branch over 6—24 h.
These experiments do not establish photoinhibition: the diagnostic in Figure 10
instead shows that depletion of external nutrient and limitation by intracellular
quota can account for the diminishing biomass gains predicted by the model.

For our question, the persistence threshold adds information that a carrying
capacity cannot provide. Equation (19) links 4; both to the existence of positive
biomass and to the sign of the biomass-direction eigenvalue at washout. At 4; =
0, the equilibrium branches meet; numerical continuation displays the
corresponding change in local stability. The boundedness argument and the
numerical tests across initial conditions provide further context, although neither
replaces a proof of global stability.

The Bayesian results can also be interpreted in dynamical terms rather than solely
as parameter intervals. We calculate 4; and assess positive-equilibrium stability
for each posterior draw. All three experimental treatments support persistence
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within the fitted model and the estimated margin grows with lighting duration.
The treatments therefore differ in predicted biomass more than in their qualitative
equilibrium regime. This use of Bayesian inference builds on mechanistic
bioprocess parameter-estimation approaches [23, 27], with the persistence
margin providing an interpretable link between estimation and dynamics.

The uncertainty analysis points to measurements that could make future
experiments more informative. A parameter with a broad posterior is not
necessarily the largest contributor to uncertainty in each output. At 24 h, N has
the strongest association with final-biomass variation; at 6 h, the effective light
ratio is more influential. Measuring nutrient concentrations would therefore be
particularly helpful for predictions under long photoperiods, while direct
irradiance and uptake measurements would help at shorter durations. Such
measurements could also reduce the observed confounding between p,,,x and

Io/Topt.

Several limitations affect how far these findings can be taken. We replaced the
daily light/dark cycle with one effective light factor, so the model cannot resolve
within-day switching, night-time physiology, or recovery from photoinhibition;
those questions require time-resolved light and metabolic data [28]. Irradiance
was not measured independently and the fitted effective response does not
provide empirical evidence for or against photoinhibition. Each treatment had
only three independent cultures. Observations from the same container may be
temporally correlated, whereas the likelihood assumes independent log-scale
errors; the reported posterior uncertainty is conditional on that assumption. We
used microscopic cell density as a biomass proxy and fix several physiological
parameters because cell-density data alone do not identify them all. The
parameter-perturbation and initial-condition tests cover finite ranges and do not
prove global stability. A formal center-manifold bifurcation result is also beyond
the present analysis. Finally, AUC per lighting hour is a biological measure, not
a financial one: a cost-based optimum would require electricity use, pricing, and
other operating expenses.

10 Conclusion

We developed a Droop—Steele model for Porphyridium sp. cultures exposed to 6
h, 12 h, and 24 h photoperiods and studied it using mathematical analysis,
numerical simulations, and Bayesian estimation. The biologically feasible region
is forward invariant, and the solutions are ultimately bounded. We derived a
washout—persistence threshold, showed how it determines the biomass-direction
eigenvalue at washout and obtained a Routh—Hurwitz condition for local stability
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of the positive equilibrium. Numerical continuation and tests from multiple initial
conditions were consistent with this local stability analysis.

The model was fitted to 81 container-day observations and the four Bayesian
chains met the prespecified convergence criteria. Applying the analytical
conditions to posterior draws gave persistence and positive-equilibrium local-
stability proportions of 1.000 for each tested photoperiod, with larger persistence
margins under longer illumination. The dominant sources of predictive
uncertainty varied with photoperiod. Droop—Steele had the lowest AICc among
the three models compared, although Logistic had a marginally lower raw log-
RMSE. More hours of light increased predicted biomass but reduced biomass
AUC per lighting hour. Importantly, the fitted effective Steele response remained
nearly linear: the flattening in predicted biomass is consistent with nutrient
depletion and quota limitation, not evidence of photoinhibition. Future work
should measure irradiance and nutrient concentrations directly and combine the
biological predictions with energy and operating-cost data before recommending
a cost-optimal lighting schedule.

Data and Code Availability

The experimental data and computational code supporting the findings of this
study are available from the corresponding author upon reasonable request.
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Nomenclature
N external limiting nutrient
X biomass proxy or cell density
Q internal quota
D effective nutrient refresh or dilution rate
Ny reference external nutrient concentration
m biomass loss rate

Umax  maximum specific growth rate
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Qo subsistence quota
Pmax  Maximum uptake rate
Ky half-saturation nutrient level
Io/lopt  effective light ratio
L photoperiod duration

4; persistence margin p; (Ng) — R”
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  V  ( t ) ≤ V  ( 0 )   e  − k t + D   N 0  ( 1 −   e  − k t ) / k


  V  ( t ) ≤ D   N 0 / k


  0 ≤ N  ( t ) ≤   N 0


    𝜌  L


    Q . ≤   𝜌  L  (   N 0 ) −   𝜇 max  ( Q −   Q 0 )


  Q  ( t ) ≤   Q 0 + h   o  L  (   N 0 ) /   𝜇 max


  X  ( t ) ≤ V  ( t ) /   Q 0


    Q 0 > 0


  N


  X


  Q


  a = m + D


    E 0 =  (   N 0 ,   0 ,     Q 0 +     𝜌  L  (   N 0 )    𝜇 max ) .


   ( 0 , 0 , 0 )


    X ∗ > 0


  𝜇  (   Q ∗ ) = a


    Q ∗ =     𝜇 max   Q 0    𝜇 max − a ,       R ∗ = a   Q ∗ ,       𝜇 max > a .


  E ₊ =  (   N ∗ ,   X ∗ ,   Q ∗ ) =  (     K  N   R ∗    𝜌 max   f  L −   R ∗ ,     D    R ∗  [   N 0 −     K  N   R ∗    𝜌 max   f  L −   R ∗ ] ,       𝜇 max   Q 0    𝜇 max − a ) .


    N ∗ > 0


    X ∗ > 0


    Q ∗ >   Q 0


    𝜇 max > a ,       𝜌  L  (   N 0 ) >   R ∗ .


    𝛥  L =   𝜌  L  (   N 0 ) −   R ∗ .


    𝛥  L


  s  ( N ) =   𝜌  L ′  ( N ) =   𝜌 max   f  L     K  N     (   K  N + N ) 2 ,     h  ( Q ) = 𝜇 ′  ( Q ) =   𝜇 max     Q 0    Q 2 .


  J  ( N , X , Q ) =  (    − D − s  ( N ) X  −   𝜌  L  ( N )  0   0  𝜇  ( Q ) − a  h  ( Q ) X   s  ( N )  0  − h  ( Q ) Q − 𝜇  ( Q ) ) .


    𝜆  b = 𝜇  (   Q  w ) − a


    Q  w =   Q 0 +   𝜌  L  (   N 0 ) /   𝜇 max


    Q  w


    𝜆  b  (   E 0 ) =    (   𝜇 max − a )   𝛥  L    𝜇 max   Q 0 +   𝜌  L  (   N 0 ) .


    𝜇 max > a


    𝜆  b


    𝛥  L


    𝛥  L < 0


    𝛥  L > 0


    𝛥  L = 0


    N ∗ →   N 0


    X ∗ → 0


    Q ∗ →   Q  w


    𝜆  b = 0


  𝜇  (   Q ∗ ) = a


    𝜌  L  (   N ∗ ) =   R ∗


  A = D + s  (   N ∗ )   X ∗ ,     M = h  (   Q ∗ )   Q ∗ + a ,     B =   R ∗ h  (   Q ∗ )   X ∗ s  (   N ∗ ) .


  p  ( 𝜆 ) =   𝜆 3 +   c 1   𝜆 2 +   c 2 𝜆 +   c 3 ,


    c 1 = A + M


    c 2 = A M


    c 3 = B


    c 1   c 2 >   c 3 .


  D


  m


    𝜇 max


    𝜇 max > m + D


    Q 0


    𝜌 max


    K  N


    N 0


    I 0 /   I opt


    L crit = 0 . 269


  6 . 35 ×  10  − 6


  6 . 15 ×  10  − 6


  7 . 36 ×  10  − 6


  2 . 72 ×  10  − 5


  L


    f  L


  L = 6


  L


  t = 0


  i = 1 , … , 9


    t  i = i − 1


  N  ( 0 ) =   N 0


  X  ( 0 ) = 0 . 7


  Q  ( 0 ) =   Q init


  log   Y  ℓ w  (   t  i ) ∣ 𝜃 ,   𝜎 log ∼ 𝒩 ​  ( log   X ℓ  (   t  i ; 𝜃 ) ,   𝜎 log 2 ) ,


  ℓ ∈ { 6 , 12 , 24 }


  w = 1 , 2 , 3


  i = 1 , … , 9


  𝜃 =  (   𝜇 max ,   𝜌 max ,   N 0 ,   I 0 /   I opt , Q  ( 0 ) ) ,


    Q 0 = 0 . 03


    K  N = 0 . 30


  m = 0 . 02


  D = 0 . 02


    r  ℓ w i  ( 𝜃 ) = log   Y  ℓ w  (   t  i ) − log   X ℓ  (   t  i ; 𝜃 ) .


  n = 81


  ℓ  ( 𝜃 ,   𝜎 log ; Y ) = −   n 2 log  ( 2 𝜋 ) − n log   𝜎 log −  1  2   𝜎 log 2   ∑ ℓ ​    ∑  w ​    ∑  i ​    r  ℓ w i    ( 𝜃 ) 2 .


    X ℓ  (   t  i ; 𝜃 )


  𝜙   =   (   𝜇  m a x ,     𝜌  m a x ,     N 0 ,       I 0    I  o p t ,   Q ( 0 ) ,     𝜎  l o g ) .


    z  j   =   l o g     𝜙  j


    z  j   ∼   N ( l o g     c  j ,       s  j 2 ) ,       j   =   1 ,   … ,   6 .


  c   =   ( 3 . 5 ,   1 . 0 ,   0 . 17 ,   0 . 03 ,   0 . 043 ,   0 . 15 ) ,


  s   =   ( 0 . 75 ,   1 . 20 ,   0 . 70 ,   1 . 10 ,   0 . 40 ,   0 . 65 ) .


  s   =   ( 0 . 75 ,   1 . 20 ,   0 . 70 ,   1 . 10 ,   0 . 40 ,   0 . 65 ) .


  0 . 05   <     𝜇  m a x   <   20 ,         0 . 005   <     𝜌  m a x   <   50 ,         0 . 005   <     N 0   <   5 ,


   10  − 4   <       I 0    I  o p t   <   5 ,           Q 0   <   Q ( 0 )   <   1 ,         0 . 01   <     𝜎  l o g   <   1 .


   10  − 4   <       I 0    I  o p t   <   5 ,           Q 0   <   Q ( 0 )   <   1 ,         0 . 01   <     𝜎  l o g   <   1 .


  𝜋  ( 𝜃 ,   𝜎 log ∣ Y ) ∝ exp { ℓ  ( 𝜃 ,   𝜎 log ; Y ) }   p  ( 𝜃 )   p  (   𝜎 log ) .


    Y  ℓ w  (   t  i )


  ℓ = 6 , 12 , 24


    Q 0 ,   K  N , m , D


  𝜃


    𝜎 log


  L = 6 , 12 , 24


    R ^


    𝜇 max


    𝜌 max


    N 0


    I 0 /   I opt


  Q  ( 0 )


    𝜎 log


  2 ×  10  − 7


    R ^


    R ^ ≤ 1 . 01


  ≥ 400


    𝜇 max


  Q  ( 0 ) = 0 . 04217


  𝜇  ( Q  ( 0 ) ) = 1 . 052


  1 . 012


  m + D


  0 . 042


  1 . 008


    𝜌 max


    I 0 /   I opt


  − 0 . 611


    𝜌  L  ( N )


  ℙ  (   𝛥  L > 0 ∣ data ) ,


    𝛥  L


    𝛥  L =   𝜌  L  (   N 0 ) −   R ∗


  0 . 475


    N 0


  0 . 570


  0 . 997


  Q  ( 0 )


  0 . 741


  0 . 445


    N 0


  0 . 807


    I 0 /   I opt


    N 0


    N 0


  Q  ( 0 )


    I 0 /   I opt


    N 0


  AICc   =   − 2  ℓ  m a x   +   2 k   +     2 k ( k   +   1 )  n   −   k   −   1 .


    Δ AICc  i   =    AICc  i   −    AICc  m i n .


  − 96 . 65


  − 87 . 79


  − 77 . 04


  𝛥


  k


  k


  𝛥


  𝛥


  𝛥


    f  L


    I 0 /   I opt


  z =   I  L /   I opt =  ( L / 24 )  (   I 0 /   I opt )


  z = 1


  z


    f  L ≈ e z


  N /  (   K  N + N )


  Q  (   t 9 ) = 0 . 03025


    Q 0 = 0 . 03


    Q . ≈ 0


  Q ≈   Q 0 +     𝜌  L  ( N )    𝜇 max .


  𝜇  ( Q ) ≈     𝜇 max   𝜌  L  ( N )    𝜇 max   Q 0 +   𝜌  L  ( N ) =   𝜇  M , L   N    K  M , L + N ,


    𝜇  M , L =     𝜇 max   𝜌 max   f  L    𝜇 max   Q 0 +   𝜌 max   f  L ,       K  M , L =     𝜇 max   Q 0   K  N    𝜇 max   Q 0 +   𝜌 max   f  L .


  Q


  g  ( X ) ≈ r − 𝛽 X


    X . ≈ r X  ( 1 −   X  K ) ,     K = r / 𝛽 .


    𝛥  L


    𝛥  L = 0


    𝛥  L


    N 0


    𝜌 max


    I 0 /   I opt


  N


  X


  Q


  D


    N 0


  m


    𝜇 max


    Q 0


    𝜌 max


    K  N


    I 0 /   I opt


  L


    𝛥  L


    𝜌  L  (   N 0 ) −   R ∗

