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Abstract. In this paper, by using the fixed point method, we prove two new
results on the Hyers-Ulam-Rassias and the Hyers-Ulam stability for the first
order delay differential equation of the form

y'(t) = F(t y(t), y(t-7)).

Our results improve some related results in the literature.
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1 Introduction

In 1940, S.M. Ulam gave a wide-ranging talk before the Mathematics Club of
the University of Wisconsin in which he discussed a number of important
unsolved problems (see S.M. Ulam [1]). Among those was the question
concerning the stability of homomorphisms:

Let G, be a group and let G, be a metric group with a metric d(.,.). Given any
&>0, does there exist a & > 0 such that if a function h:G, —» G, satisfies the
inequality d(h(xy),h(x)h(y)) <o for all x,yeG,, then there exists a
homomorphisim H :G, - G, with d(h(x),H (X)) <¢ forall xeG,?

If the answer is affirmative, the functional equation for homomorphisms is said
to have the Hyers-Ulam stability because the first result concerning the stability
of functional equations was presented by D.H. Hyers. Indeed, he has answered

the question of Ulam for the case where G, and G, are assumed to be Banach
spaces (see D.H. Hyers [2]).
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In 1978, Th.M. Rassias [3] addressed the Hyers’s Stability Theorem and
attempted to weaken the condition for the bound of the norm of Cauchy
difference h(xy)-h(x)h(y) and proved a considerably generalized result of
Hyers. Since then, the stability problems of various functional equations have
been investigated by many authors (see [1-17]). By regarding the large
influence of D.H. Hyers, S.M. Ulam, and Th.M. Rassias on the study of stability
problems of functional equations, the stability phenomenon that was proved by
Th.M. Rassias is called the Hyers-Ulam-Rassias stability.

Alsina and Ger [4] were the first authors who investigated the Hyers-Ulam
stability of the first order linear differential equation y'(t) = y(t). They proved

that if a differentiable function y:1 — %R satisfies |y'(t) - y(t)| <& forall tel,
(I M), then there exist a differentiable function g:1 — R satisfying
g'(t)=g(t) forany tel suchthat |y(t) - g(t)| <3¢ forevery tel.

In the literature, first, Obtoza [5] initiated the study of the Hyers stability for the
ordinary differential equation x'= f (t,x). The author also studied the particular
case of this equation, the linear differential equation X'+ p(t)x= p(t) for
stability in the sense of Hyers ([2,6,7]).

Later, Obtoza [8] considered two kinds of stability, the Hyers stability and
Lyapunov stability, for the ordinary differential equation x'= f(t,x), where
f ::M?* > R is a continuous function, Lipschitzian with respect to the second
variable. The author discussed the Hyers stability and the Lyapunov stability.

In 2004, Cadariu and Radu [9] applied a well-known fixed point theorem to
show the Hyers-Ulam-Rassias stability of an additive Cauchy functional
equation. The method used in [9] is a new and attractive one in researching
stability problems and seems to be applied to investigating stability phenomena
of other functional equations.

After that, in 2010, Jung [10] considered the first order differential equation
without delay

y'(x)=F(x,y(x), 1)

where F:I xR —>R is a bounded and continuous function that satisfies
Lipschitz condition,

IF(x,y)-F(x,2)|<L]y-7|
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for any xel, I =[a,b],a,beR and y,zeR. By using the fixed point
method and adopting the idea used in Cadariu and Radu [9,11], the author
proved the Hyers-Ulam-Rassias stability of Eq. (1). In the same work, Jung [10]
also discussed the Hyers-Ulam stability for Eq. (1) defined on a finite and
closed interval.

In 2010, Jung and Brzdek [12] investigated approximate solutions
y:[-7,0) >R of the delay differential equation y'(t)=Ay(t—7) with an
initial condition, where 4 > 0andz > O are real constants. The authors showed
that approximate solutions can be “approximated” by solutions of the equation
that are constants on the interval [-7,0] and, therefore, have quite simple forms.

Their results correspond to the notion of stability introduced by Ulam.

Finally, in 2013, Otrocol and llea [13] concerned themselves with the stability
analysis of delay differential equation

x'(t) = £t x(1), x(g(V)).

Otrocol and llea [13] obtained two results on the Ulam-Hyers stability of the
solution on a compact interval [a,b] and they generalized the Ulam-Hyers-

Rassias stability on an interval [a,).

Motivated by the mentioned papers and those of Rassias [14], Takahasi, et al.
[15], Tunc and Biger [16] and Ulam [17], the aim of this paper is to investigate
the Hyers-Ulam-Rassias and the Hyers-Ulam stability of the delay differential
equation of the form

y'(t)=F(t y(), y(t-7)), )

where F:®®* >R is a bounded and continuous function, z>0 is a real
constant.

We will apply the fixed point method to establish the Hyers-Ulam-Rassias and
Hyers-Ulam stability of Eqg. (2). Our results extend and improve the results of
Jung and Brzdek [12] and Obtoza [5].

It should be noted that in spite of our Eq. (2) being included by the equation
discussed in Otrocol and llea [13], the assumptions to be established here and
the procedure to be used in this paper are different from those in [13].
Meanwhile, in recent years the Hyers-Ulam-Rassias and Hyers-Ulam stability
problems for various differential equations have been obtained and are still
attracting much attention from researchers. However, we would not like to
discuss the details of these works here. Therefore, it is of merit and important to
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investigate the Hyers-Ulam-Rassias and Hyers-Ulam stability of Eq. (2). The
results to be obtained here provide a contribution to the subject in the literature
and may be useful for researchers working on the qualitative behaviors of
functional differential equations.

2 Preliminaries

Definition 1 (Jung [10]). Let X be anon-empty set. A function
d: X x X —[0,o] is called generalized metric on X if and only if d satisfies

m1) d(x,y)=0 ifand only if x=y,

m2) d(x,y)=d(y,x) forall x, ye X,

m3) d(x,z) <d(x,y)+d(y,z) forall x,y,ze X

It should be remarked that the only difference of the generalized metric from the
usual metric is that the range of the former is permitted to include the

unbounded interval (Jung [10]).

Definition 2 (Jung [12]). For some £>0, ¥ eC[t, -7, t,] and t,,T R with
T >t,, assume that for any continuous function f :[t, —z,T]— R satisfying

|f') - F ft), f(t—2)|<e telt,T],
[f(t)—¥(t)|<e telt,—7.t].

There exists a continuous function f;:[t, —z,T]—> R satisfying:

f, () =F(t, f,(t), fy(t—2)), telt,, T1,
f () =W(t), telt,—7, t,],
[ F(t) - f,()| <K(e), telt,—7,T],

where K (&) is an expression of & only.

Then, we say that Eq. (2) has the Hyers-Ulam stability. If the above statement is
also true when we replace ¢ and K(g) by ¢ and @, where ¢, ® eC[t, —7,T]
are functions not depending on f and f, explicitly, then we say that Eq. (2)
has the Hyers-Ulam-Rassias stability (or generalized the Hyers-Ulam stability).
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Definition 3 (Otrocol and llea [13]). Equation (2) is generalized Hyers-Ulam-
Rassias stable with respect to ¢ if there exists ¢, >0 such that for each solution

yeCl([t, -7, TLR) to |y'(t)—F(t, y(t), y(t—o)|<g(t), telt,—z,T], there
exists a solution xeC*([t,—7,T],R) to Eq. (4) with |y(t)—x(t)|<c,4(t),
telt,-7z,T]

To prove our main result, we need the following lemma; this lemma is a result
of the fixed point theorem.

Lemma 1 (Jung [10]). Let (X,d) be a generalized complete metric space.

Assume that A: X — X is a strictly contractive operator with the Lipschitz
constant L<1. |If there exists a nonnegative integer k such that

d(A*"x,A*x) <o for some x e X, then the following are true:
a) The sequence {A"x} converges to a fixed point x" of A,
b) x" isthe unique fixed point of A in

X" ={ye X :d(A*x,y) <o}
If ye X", then

oo 1
d(y,X") <——d(Ay,y).
(v, X7) s —d(Ay.Y)

3 Hyers-Ulam-Rassias Stability

We will prove the Hyers-Ulam-Rassias stability of Eqg. (2) by using the fixed
point method.

Theorem 1 For |=[t,—7, T], we suppose that F:IxRxR—->R is a
continuous function with the following Lipschitz condition:

IF(t.xy)-F(tzw)|<L|x—z|+L,|y-w
forall (t,x,y), (t,z,w) e I xRxNR.

Let ¢:1 —>(0,0) be a continuous function. Assume that ¥ eC[t, -7, t,],
K, L and L, are positive constants with

[4udu

fo

0<K(L +L,)<1 and <Kg(t), foralltel =[t,—z, T].
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Then, if a continuous function y: 1 — R satisfies
V') -Fty®),yt-2) <o), telt, T]
V() =¥ )] < (1), telt, -7, 1],
then there exists a unique continuous function y, : 1 — R such that

Yo(®) =F(t, Yo (1), Yo (t—7)), telt,, T],
3
yo(t) = \P(t), te [to _T'to]’

and

MORALIE Kg(t), forall tel. 4)

1
1-K(L + L)

Proof. Let C be the space of all continuous functions from | — R and define
the set S by

S={p: 1 >R: @eC, pt)=Y(), iftelt,—7,t]}
We define a generalized metric on S as the following:
d(p, 4) =inf{M €[0,0):|p(t) — ()| < Mg(t), Vtel}, (%)

Then, (S,d) is generalized complete metric space.

Define the mapping A:S — S by
(Ap)(t) =¥ (1), telty—7,1],

(AD)O =)+ [ FU,p(W),p(u - )iy, telt, T1. ©

It is clear that for @ € S, A¢ is continuous. Thus, we can write Ap € S.
We show that A is strictly contractive on S. Let ¢,z S. Then,
((AG)(®) -~ (Ap)()

= ([€F (u, (), p(u = 7)) = F (u, p2(u), pe(u —7))}dlu
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< [|F (. p(u), p(u = 7)) = F (u, (u), p(u — 7)) fdu

f

<L, flp(u) - pwldu + L, flp(u - 2) - p(u —7)fdu

fo fo

<(L +L)M  telty, T1,

j'qﬁ(u)du

and
[(A@)®) — (A)®) =¥ () - ¥ () =0, telt, -7, t],
which implies that d (Ae, Au) < K(L +L,)d(e, u). Since0<K(L +L,) <1, iss
then A is strictly contractive on S.
For an arbitrary £€ S and all te 1, since ntWiIn #(t)>0 and F(t,&(t),E(t—1))

and &(t) are bounded on I, |=[t,—7,T], then there exists a constant
0< M <o such that

t

(A&)(®) - )| =|w (t) + j F(u,&(u),&(u-7))du—g(t)] < Mo(t),

f
where ¢ isgivenby ¢:1 — (0,).
Thus, from Eq. (5), it follows that d(A&,&) <. Hence, according to Lemma

1a), there exists a continuous function y,:1 — %R such that A"§—y, in (S,d)
and Ay, =Y,, S0 Y, satisfies

y(;(t) =Ft Yy, (1), Yo (t—7)), telt,, T],

Yo(t) =Y (), telt,—7,t,].

If we show that {geS:d(&,g)<o}=S, then from Lemma 1b), we can say
that y, is the unique continuous function with the property (3). For any g €S,
since g and & are bounded on I, there exists a constant 0 <M <o such that

|£(t) - g(t)| <M p(t), forany tel.

Then, forall geS,
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d(£,9) <o, and {geS:d(&,9) <wo}=S.

Furthermore, it is clear that
—pO) <y'(O)-Fty@®),y{t-7) <), forallteft, T].
If we integrate each term in this inequality from t, to t, then we obtain

jqﬁ(u)du

t

<

y(t) -y (&) - [ F U, y(u), y(u—7)du

t

ctelt,, T].

Hence, it follows from the definition of A that

t
jq)(u)du <Kol(t), for each tel.

153

|y - (Ay)(®)] <

Then, d(y,Ay) < K. From Lemma 1c) and the last estimate, we get

d(y,y,) < ———d(Ay,y)< Kg(t), forall tel.

1
_1_K(L1+L2) 1_K(L1+L2)

The proof of Theorem 1 is now complete.

4 Hyers-Ulam Stability

Theorem 2 Suppose that F: 1 xR xR — R is a continuous function with the
following Lipschitz condition:

[F(t,x,y)—F(t,z,w)| < L|x—z|+ L,|y—w,
where (t,x,y),(t,z,w)e I xR xRand 0<T(L +L,)<1.
Let

YeC[t, -7, t,] and £20.

If a continuous function y: 1 — R satisfies

V' (O -F @ty yt-o)<e telt, TI,
ly®)-¥@®)|<e, telt,—7, ],

then there exists a unique continuous function y, : 1 — R such that
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yO'(t)zF(t,yo(t),yo(t—r)), te[tO’ T]1 (7)
Yo (t) = ‘P(t), te [to -7, to]v
and
eT

Proof. We introduce a generalized metric on S as follows:
d, (¢, 1) =inf{M €[0,0]: |(,/)(t) —,u(t)| <M, Vvtel}.

Then, (S, d,) is a generalized complete metric space. For any ¢,u€S and
M, , €{M €[0,]:|p(t) - u(t)| <M, Vtel},from Eq. (6), we obtain

(AP)(E) — (Au)(D)]

<|[{F (u, (), p(u — 7)) — F (u, pe(u), pa(u = 7)) 3du

<|[|F (o), p(u 7)) ~ F (u, (), a(u — 7))l

fo

<Ly flo(u) - p)ldu+ L, f[p(u—7) - p(u = )fdu

t )

<(L+L)T™M,  telt, T1,

and
[(Ap)(®) - (Ap)(®)| = W(t) - W(t) =0, tet, -7, t,],

which imply that d,(Ae, Au) < (L, +L,)Td, (@, u).
Since 0<T(L, +L,) <1, then A is strictly contractive on S.

For an arbitrary ¢ € S, from the boundedness of F(t,£(t),<(t—7)) and £(t),
we can show d, (A, <) <oo. Hence, from Lemma 1a), there exists a continuous
function y,:1 >R such that A"¢— vy, in (S,d,) and Ay,=Y,, S0 VY,

satisfies

Yo ) =F(t, Y, (1), ¥, (t—7)), telty, T,
Yo (t)="F (1), te[to -7, to]’
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Since g and ¢ are bounded on I, then d,({,9)<o (VgeS). That is,
{dl(glg)<w}zs'

Thus, due to Lemma 1b) Y, is the unique continuous function with the property
(7).
Furthermore, it is clear that
—e<y'(t)-F(t y{t),ytt-7))<e, forallte[t,, T].
Hence,
t t t t
—¢[du <[y'(u)du - [F(u,y(u),y(u—7))du<&[du, forall tet,, T],
to to t t
and
[(Ay)(t) - y(©)| < e(t—t,), forall te[t,, T].

It follows from the definition of A that

ly(t) - (Ay)(t)|<Te, foreach tel.

From Lemma 1c) and the last estimate, we get

d, (y, yo)<;d1(/\y, y) < . forall tel.

_Te
T1-T(L+L,) 1-T(L +L,)

This estimate completes the proof of Theorem 2.

Remark 2 Since the equations considered in Jung [10] and Jung and Brzdgk
[12] are all special cases of Eq. (2), the results of this paper are new and
complementary to the previous known results in Jung [10] and Jung and Brzdgk
[12].
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