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Abstract. In this paper, by using the fixed point method, we prove two new 
results on the Hyers-Ulam-Rassias and the Hyers-Ulam stability for the first 
order delay differential equation of the form  

( ) ( , ( ), ( )).y t F t y t y t τ′ = −  

Our results improve some related results in the literature.  
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1 0BIntroduction 
In 1940, S.M. Ulam gave a wide-ranging talk before the Mathematics Club of 
the University of Wisconsin in which he discussed a number of important 
unsolved problems (see S.M. Ulam [1]). Among those was the question 
concerning the stability of homomorphisms: 

Let 1G  be a group and let 2G  be a metric group with a metric (.,.).d  Given any 
0,ε >  does there exist a 0>δ  such that if a function 1 2:h G G→  satisfies the 

inequality ( ( ), ( ) ( ))d h xy h x h y δ<  for all 1,  ,x y G∈  then there exists a 
homomorphisim 1 2:H G G→  with ( ( ), ( ))d h x H x ε<  for all 1 ?x G∈  

If the answer is affirmative, the functional equation for homomorphisms is said 
to have the Hyers-Ulam stability because the first result concerning the stability 
of functional equations was presented by D.H. Hyers. Indeed, he has answered 
the question of Ulam for the case where 1G  and 2G  are assumed to be Banach 
spaces (see D.H. Hyers [2]).  
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In 1978, Th.M. Rassias [3] addressed the Hyers’s Stability Theorem and 
attempted to weaken the condition for the bound of the norm of Cauchy 
difference h(xy)−h(x)h(y) and proved a considerably generalized result of 
Hyers. Since then, the stability problems of various functional equations have 
been investigated by many authors (see [1-17]). By regarding the large 
influence of D.H. Hyers, S.M. Ulam, and Th.M. Rassias on the study of stability 
problems of functional equations, the stability phenomenon that was proved by 
Th.M. Rassias is called the Hyers-Ulam-Rassias stability. 

Alsina and Ger [4] were the first authors who investigated the Hyers-Ulam 
stability of the first order linear differential equation ( ) ( ).y t y t′ =  They proved 
that if a differentiable function :y I →ℜ  satisfies ( ) ( )y t y t ε′ − ≤  for all ,t I∈
( ),I ⊂ℜ  then there exist a differentiable function :g I →ℜ  satisfying 

( ) ( )g t g t′ =  for any t I∈  such that ( ) ( ) 3y t g t ε− ≤  for every .t I∈   

In the literature, first, Obłoza [5] initiated the study of the Hyers stability for the 
ordinary differential equation ( , ).x f t x′ =  The author also studied the particular 
case of this equation, the linear differential equation ( ) ( )x p t x p t′ + =  for 
stability in the sense of Hyers ([2,6,7]).  

Later, Obłoza [8] considered two kinds of stability, the Hyers stability and 
Lyapunov stability, for the ordinary differential equation ( , ),x f t x′ =  where

2:f ℜ →ℜ  is a continuous function, Lipschitzian with respect to the second 
variable. The author discussed the Hyers stability and the Lyapunov stability. 

In 2004, Cădariu and Radu [9] applied a well-known fixed point theorem to 
show the Hyers-Ulam-Rassias stability of an additive Cauchy functional 
equation. The method used in [9] is a new and attractive one in researching 
stability problems and seems to be applied to investigating stability phenomena 
of other functional equations. 

After that, in 2010, Jung [10] considered the first order differential equation 
without delay 

 ( ) ( , ( )),y x F x y x′ =   (1) 

where :F I ×ℜ→ℜ  is a bounded and continuous function that satisfies 
Lipschitz condition,  

( , ) ( , )F x y F x z L y z− ≤ −  
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for any ,x I∈ [ , ],I a b= ,  a b∈ℜ  and ,   .y z∈ℜ  By using the fixed point 
method and adopting the idea used in Cădariu and Radu [9,11], the author 
proved the Hyers-Ulam-Rassias stability of Eq. (1). In the same work, Jung [10] 
also discussed the Hyers-Ulam stability for Eq. (1) defined on a finite and 
closed interval. 

In 2010, Jung and Brzdȩk [12] investigated approximate solutions 
:[ , )y τ− ∞ →ℜ  of the delay differential equation ( ) ( )y t y tλ τ′ = −  with an 

initial condition, where 0>λ and 0>τ  are real constants. The authors showed 
that approximate solutions can be “approximated” by solutions of the equation 
that are constants on the interval [ ,0]τ−  and, therefore, have quite simple forms. 
Their results correspond to the notion of stability introduced by Ulam. 

Finally, in 2013, Otrocol and Ilea [13] concerned themselves with the stability 
analysis of delay differential equation 

 ( ) ( , ( ), ( ( ))).x t f t x t x g t′ =  
Otrocol and Ilea [13] obtained two results on the Ulam-Hyers stability of the 
solution on a compact interval [ , ]a b  and they generalized the Ulam-Hyers-
Rassias stability on an interval [ , ).a ∞  

Motivated by the mentioned papers and those of Rassias [14], Takahasi, et al. 
[15], Tunc and Biçer [16] and Ulam [17], the aim of this paper is to investigate 
the Hyers-Ulam-Rassias and the Hyers-Ulam stability of the delay differential 
equation of the form 

 ( ) ( , ( ), ( )),y t F t y t y t τ′ = −  (2) 

where 3:F ℜ →ℜ  is a bounded and continuous function, 0τ >  is a real 
constant.  

We will apply the fixed point method to establish the Hyers-Ulam-Rassias and 
Hyers-Ulam stability of Eq. (2). Our results extend and improve the results of 
Jung and Brzdȩk [12] and Obłoza [5]. 

It should be noted that in spite of our Eq. (2) being included by the equation 
discussed in Otrocol and Ilea [13], the assumptions to be established here and 
the procedure to be used in this paper are different from those in [13]. 
Meanwhile, in recent years the Hyers-Ulam-Rassias and Hyers-Ulam stability 
problems for various differential equations have been obtained and are still 
attracting much attention from researchers. However, we would not like to 
discuss the details of these works here. Therefore, it is of merit and important to 
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investigate the Hyers-Ulam-Rassias and Hyers-Ulam stability of Eq. (2). The 
results to be obtained here provide a contribution to the subject in the literature 
and may be useful for researchers working on the qualitative behaviors of 
functional differential equations. 

2 Preliminaries  
Definition 1 (Jung [10]). Let X  be anon-empty set. A function 

: [0, ]d X X× → ∞  is called generalized metric on X  if and only if d satisfies  

m1) ( , ) 0d x y =  if and only if ,x y=  

m2) ( , ) ( , )d x y d y x=  for all ,  ,x y X∈  

m3) ( , ) ( , ) ( , )d x z d x y d y z≤ +  for all ,  ,  x y z X∈  

It should be remarked that the only difference of the generalized metric from the 
usual metric is that the range of the former is permitted to include the 
unbounded interval (Jung [10]). 

Definition 2 (Jung [12]). For some 0ε ≥ , 0 0[ ,  ]C t tτΨ∈ −  and 0 ,t T ∈ℜ  with 

0 ,T t>  assume that for any continuous function 0:[ , ]f t Tτ− →ℜ  satisfying 

  0

0 0

( ) ( , ( ), ( )) ,  [ , ],

( ) ( ) ,  [ , ].

f t F t f t f t t t T

f t t t t t

τ ε

ε τ

′ − − < ∈


−Ψ < ∈ −
                        

There exists a continuous function 0 0:[ , ]f t Tτ− →ℜ  satisfying: 

 0 0 0 0

0 0 0

( ) ( , ( ), ( )),  [ ,  ],
( ) ( ),  [ ,  ],

f t F t f t f t t t T
f t t t t t

τ
τ

 ′ = − ∈


= Ψ ∈ −
                            

0( ) ( ) ( ),f t f t K ε− < 0[ , ],t t Tτ∈ −                                       

where ( ) is an expression of  onlyK ε ε . 

Then, we say that Eq. (2) has the Hyers-Ulam stability. If the above statement is 
also true when we replace ε  and ( )K ε  by ϕ  and Φ , where 0,   [ , ]C t Tφ τΦ∈ −  
are functions not depending on f  and 0f  explicitly, then we say that Eq. (2) 
has the Hyers-Ulam-Rassias stability (or generalized the Hyers-Ulam stability). 
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Definition 3 (Otrocol and Ilea [13]). Equation (2) is generalized Hyers-Ulam-
Rassias stable with respect to φ  if there exists 0cφ >  such that for each solution 

1
0([ , ], )y C t Tτ∈ − ℜ  to ( ) ( , ( ), ( )) ( ),  y t F t y t y t tτ φ′ − − ≤  0[ , ],t t Tτ∈ −  there 

exists a solution 1
0([ , ], )x C t Tτ∈ − ℜ  to Eq. (4) with ( ) ( ) ( ),y t x t c tφφ− ≤

0[ , ].t t Tτ∈ −  

To prove our main result, we need the following lemma; this lemma is a result 
of the fixed point theorem. 

Lemma 1 (Jung [10]). Let ( , )X d  be a generalized complete metric space. 
Assume that : X XΛ →  is a strictly contractive operator with the Lipschitz 
constant 1.L <  If there exists a nonnegative integer k such that  

1( , )k kd x x+Λ Λ < ∞  for some ,x X∈  then the following are true: 
a) The sequence { }n xΛ  converges to a fixed point x∗ of Λ ,  
b) x∗  is the unique fixed point of Λ  in  

{ : ( , ) }.kX y X d x y∗ = ∈ Λ < ∞                                             
If *,y X∈  then 

* 1( , ) ( , ).
1

d y X d y y
L

≤ Λ
−                                                   

 

3 Hyers-Ulam-Rassias Stability  
We will prove the Hyers-Ulam-Rassias stability of Eq. (2) by using the fixed 
point method.  

Theorem 1 For 0[ ,  ]I t Tτ= − , we suppose that :F I ×ℜ×ℜ→ℜ  is a 
continuous function with the following Lipschitz condition: 

 1 2( , , ) ( , , )F t x y F t z w L x z L y w− ≤ − + −                        
for all ( , , ),t x y ( , , )t z w I∈ ×ℜ×ℜ . 

Let : (0, )Iφ → ∞  be a continuous function. Assume that 0 0[ ,  ],C t tτΨ∈ −

1,   K L  and 2L  are positive constants with 

 
0

1 2 00 ( ) 1,   and ( ) ( ),  for all [ ,  ].
t

t

K L L u du K t t I t Tφ φ τ< + < ≤ ∈ = −∫  
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Then, if a continuous function :y I →ℜ  satisfies 

 0

0 0

( ) ( , ( ), ( )) ( ),  [ ,  ],

( ) ( ) ( ),  [ ,  ],

y t F t y t y t t t t T

y t t t t t t

τ ϕ

ϕ τ

′ − − < ∈


−Ψ < ∈ −
                   

then there exists a unique continuous function 0 :y I →ℜ  such that  

 
0 0 0 0

0 0 0

( ) ( , ( ), ( )),  [ , ],

( ) ( ),  [ , ],

y t F t y t y t t t T

y t t t t t

τ

τ

′ = − ∈


 = Ψ ∈ −

 (3) 

and 

 0
1 2

1( ) ( ) ( ),
1 ( )

y t y t K t
K L L

φ− ≤
− +  

for all .t I∈  (4) 

Proof. Let C  be the space of all continuous functions from I →ℜ  and define 
the set S  by 

0 0{ : :    ,  ( ) ( ),   if [ , ]}.S I C t t t t tϕ ϕ ϕ τ= →ℜ ∈ = Ψ ∈ −           

We define a generalized metric on S  as the following: 

 ( , ) inf{ [0, ) : ( ) ( ) ( ),   }.d M t t M t t Iϕ µ ϕ µ φ= ∈ ∞ − ≤ ∀ ∈  (5)             

Then, ( , )S d  is generalized complete metric space. 

Define the mapping : S SΛ →  by 

 

0

0 0

0 0

( )( ) ( ),  [ , ],

( )( ) ( ) ( , ( ), ( )) ,  [ ,  ].
t

t

t t t t t

t t F u u u du t t T

ϕ τ

ϕ ϕ ϕ τ

Λ = Ψ ∈ −

 Λ = Ψ + − ∈


∫
 (6) 

It is clear that for ,Sϕ∈ ϕΛ  is continuous. Thus, we can write .SϕΛ ∈  

We show that Λ  is strictly contractive on .S  Let , .Sϕ µ∈  Then, 

 ( )( ) ( )( )t tφ µΛ − Λ

 
0

{ ( , ( ), ( )) ( , ( ), ( ))}
t

t

F u u u F u u u duϕ ϕ τ µ µ τ= − − −∫  
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0

( , ( ), ( )) ( , ( ), ( ))
t

t

F u u u F u u u duϕ ϕ τ µ µ τ≤ − − −∫  

 
0 0

1 2( ) ( ) ( ) ( )
t t

t t

L u u du L u u duϕ µ ϕ τ µ τ≤ − + − − −∫ ∫  

 
0

1 2 0( ) ( ) ,  [ ,  ],
t

t

L L M u du t t Tφ≤ + ∈∫                                

and 

0 0( )( ) ( )( ) ( ) ( ) 0,  [ ,  ],t t t t t t tϕ µ τΛ − Λ = Ψ −Ψ = ∈ −                 

which implies that 1 2( , ) ( ) ( , ).d K L L dϕ µ ϕ µΛ Λ ≤ +  Since 1 20 ( )K L L< + 1,<  is s 
then Λ  is strictly contractive on .S  

For an arbitrary ξ S∈  and all ,t I∈  since min ( ) 0
t I

tφ
∈

>  and ( , ( ), ( ))F t t tξ ξ τ−  

and ( )tξ  are bounded on ,I  0[ , ],I t Tτ= −  then there exists a constant 
0 M< < ∞  such that 

    
0

0( )( ) ( ) ( ) ( , ( ), ( )) ( ) ( ),
t

t

t t t F u u u du t M tξ ξ ψ ξ ξ τ ξ ϕΛ − = + − − ≤∫
 
  
 

where ϕ  is given by : (0, ).Iϕ → ∞  

Thus, from Eq. (5), it follows that ( , ) .d ξ ξΛ < ∞  Hence, according to Lemma 
1a), there exists a continuous function 0 :y I →ℜ  such that nΛ ξ 0y→  in ( , )S d  
and 0 0 ,y yΛ =  so 0y  satisfies 

 
0 0 0 0

0 0 0

( ) ( , ( ), ( )),  [ , ],

( ) ( ),  [ , ].

y t F t y t y t t t T

y t t t t t

τ

τ

′ = − ∈


 = Ψ ∈ −

                                  

If we show that { : ( , ) } ,g S d g Sξ∈ < ∞ =  then from Lemma 1b), we can say 
that 0y  is the unique continuous function with the property (3). For any ,g S∈  
since g  and ξ are bounded on ,I  there exists a constant 0 gM< < ∞  such that  

 ( ) ( ) ( ),gt g t M tξ ϕ− ≤  for any .t I∈   

Then, for all ,g S∈  
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 ( , ) ,d gξ < ∞  and { : ( , ) } .g S d g Sξ∈ < ∞ =   

Furthermore, it is clear that  

 0( ) ( ) ( , ( ), ( )) ( ),  for all [ ,  ].t y t F t y t y t t t t Tφ τ φ′− ≤ − − ≤ ∈         

If we integrate each term in this inequality from 0t  to ,t  then we obtain  

 
0 0

0 0( ) ( ) ( , ( ), ( ) ( ) ,  [ ,  ]
t t

t t

y t t F u y u y u du u du t t Tψ τ φ− − − ≤ ∈∫ ∫ .         

Hence, it follows from the definition of Λ  that 

 
0

( ) ( )( ) ( ) ( ),
t

t

y t y t u du K tϕ ϕ− Λ ≤ ≤∫ for each .t I∈                     

Then, ( , ) .d y y KΛ ≤  From Lemma 1c) and the last estimate, we get  

 0
1 2 1 2

1 1( , ) ( , ) ( ),   for all  .
1 ( ) 1 ( )

d y y d y y K t t I
K L L K L L

φ≤ Λ ≤ ∈
− + − +                 

                                                                                                                         

The proof of Theorem 1 is now complete. 

4 Hyers-Ulam Stability 
Theorem 2 Suppose that :F I ×ℜ×ℜ→ℜ  is a continuous function with the 
following Lipschitz condition: 

 1 2( , , ) ( , , ) ,  F t x y F t z w L x z L y w− ≤ − + −                     

where ( , , ),( , , )t x y t z w I∈ ×ℜ×ℜ and 1 20 ( ) 1T L L< + < .     

Let  
 0 0[ ,  ]C t tτΨ∈ −  and 0ε ≥ .                                               
If a continuous function :y I →ℜ  satisfies  

 0

0 0

( ) ( , ( ), ( )) ,  [ ,  ],

( ) ( ) ,  [ ,  ],

y t F t y t y t t t T

y t t t t t

τ ε

ε τ

′ − − < ∈


−Ψ < ∈ −
                              

then there exists a unique continuous function 0 :y I →ℜ  such that  
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 0 0 0 0

0 0 0

( ) ( , ( ), ( )),  [ ,  ],
( ) ( ),  [ ,  ],

y t F t y t y t t t T
y t t t t t

τ
τ

 ′ = − ∈


= Ψ ∈ −
  (7) 

and 

 0
1 2

( ) ( )
1 ( )

Ty t y t
L L
ε

− ≤
− +

, for all .t I∈   (8) 

Proof. We introduce a generalized metric on S  as follows: 

 1( , ) inf{ [0, ] : ( ) ( ) ,   }.d M t t M t Iϕ µ ϕ µ= ∈ ∞ − ≤ ∀ ∈  

Then, 1( ,  )S d  is a generalized complete metric space. For any , Sϕ µ∈  and 

, { [0, ] : ( ) ( ) ,   }M M t t M t Iϕ µ ϕ µ∈ ∈ ∞ − ≤ ∀ ∈ , from Eq. (6), we obtain 

( )( ) ( )( )t tφ µΛ − Λ  

0

{ ( , ( ), ( )) ( , ( ), ( ))}
t

t

F u u u F u u u duϕ ϕ τ µ µ τ≤ − − −∫  

0

( , ( ), ( )) ( , ( ), ( ))
t

t

F u u u F u u u duϕ ϕ τ µ µ τ≤ − − −∫  

0 0

1 2( ) ( ) ( ) ( )
t t

t t

L u u du L u u duϕ µ ϕ τ µ τ≤ − + − − −∫ ∫  

1 2 , 0( ) ,  [ ,  ],L L TM t t Tϕ µ≤ + ∈                                    

and 

 0 0( )( ) ( )( ) ( ) ( ) 0,  [ ,  ],t t t t t t tϕ µ τΛ − Λ = Ψ −Ψ = ∈ −           

which imply that 1 1 2 1( , ) ( ) ( , ).d L L Tdϕ µ ϕ µΛ Λ ≤ +  

Since 1 20 ( )T L L< + 1,<  then Λ  is strictly contractive on .S  

For an arbitrary Sζ ∈ , from the boundedness of ( , ( ), ( ))F t t tζ ζ τ−  and ( ),tζ  
we can show 1( , ) .d ζ ζΛ < ∞  Hence, from Lemma 1a), there exists a continuous 
function 0 :y I →ℜ  such that nΛ ξ 0y→  in 1( , )S d  and 0 0 ,y yΛ =  so 0y  
satisfies 

 0 0 0 0

0 0 0

( ) ( , ( ), ( )),  [ ,  ],
( ) ( ),  [ ,  ],

y t F t y t y t t t T
y t t t t t

τ
τ

 ′ = − ∈


= Ψ ∈ −
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Since g  and ζ are bounded on Ι , then 1( , )d gζ < ∞ ( ).g S∀ ∈  That is,

1{ ( , ) } .d g Sζ < ∞ =                                                               

Thus, due to Lemma 1b) 0y  is the unique continuous function with the property 
(7). 

Furthermore, it is clear that  

 0( ) ( , ( ), ( )) ,  for all [ ,  ].y t F t y t y t t t Tε τ ε′− ≤ − − ≤ ∈                 
Hence,

 

 ( )
0 0 0 0

0( ) , ( ), ( ) ,  for all [ ,  ],
t t t t

t t t t

du y u du F u y u y u du du t t Tε τ ε′− ≤ − − ≤ ∈∫ ∫ ∫ ∫  

and 

 0 0( )( ) ( ) ( ),  for all [ ,  ].y t y t t t t t TεΛ − ≤ − ∈                               

It follows from the definition of Λ  that 

 ( ) ( )( ) ,  for each  . y t y t T t Iε− Λ ≤ ∈                                                                                            

From Lemma 1c) and the last estimate, we get 

 1 0 1
1 2 1 2

1( , ) ( , ) ,   for all  .
1 ( ) 1 ( )

Td y y d y y t I
T L L T L L

ε
≤ Λ ≤ ∈

− + − +
 

This estimate completes the proof of Theorem 2. 

Remark 2 Since the equations considered in Jung [10] and Jung and Brzdȩk 
[12] are all special cases of Eq. (2), the results of this paper are new and 
complementary to the previous known results in Jung [10] and Jung and Brzdȩk 
[12]. 
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