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Abstract. In this study, we applied the principle of a competitive predator-prey
system to propose a prey-predator-like model of xenophobia in Africa. The
boundedness of the solution, the existence and stability of equilibrium states of
the xenophobic model are discussed accordingly. As a special case, the
coexistence state was found to be locally and globally stable based on the
parametric conditions of effective group defense and anti-xenophobic policy
implementation. The system was further analyzed by Sotomayor’s theory to
show that each equilibrium point bifurcates transcritically. However, numerical
proof showed period-doubling bifurcation, which makes the xenophobic
situation more chaotic in Africa. Further numerical simulations support the
analytical results with the view that tolerance, group defense and anti-
xenophobic policies are critical parameters for the coexistence of foreigners and
xenophobes.

Keywords: boundedness; global stability; local bifurcation; xenophobes; xenophobic-
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1 Introduction

Africa is a black continent typically known as a hotbed of infectious diseases
and xenophobic attacks. The latter phenomenon today is not only an African
issue but a global problem. However, South Africa in the recent past has been
the epicenter of xenophobic attacks worldwide [1]. Xenophobia is a
psychological state of hostility (or inequality) or fear towards non-natives or
foreigners (immigrants) in a particular country [2][3]. It is a social vice that is
based on the politics of competitive exclusion [4].

Soyombo [5] discusses xenophobic conditions based on economic theory,
where the poor and unemployed are the main drivers of xenophobia. This class
of people is predominant in African countries. Interestingly, the lack of access
to economic opportunities, education, and land in South Africa over the decades
has been responsible for a high poverty index and the emergence of xenophobia
in Africa. The first xenophobic epidemic was experienced near the late 19th
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century. The 2019 xenophobic attack in South Africa started as a result of
economic and political issues, because of which the xenophobes have a feeling
(or fear) that foreigners are taking control of their economic livelihood [6].

Even though Wimmer [7] considers xenophobia as a tool used to reassure
nationals of their safety in time of world crisis, the effects of xenophobia on
individuals have brought about political and economic instability, extreme
poverty and underdevelopment, bridged in bilateral agreements, war against
nations and finally ending up in human deaths. Statistically speaking, the
number of deaths related to xenophobia is estimated to have been 412 between
May 2008 and June 2013 in Africa [1] and the recent xenophobic attacks, which
started late August 2019, claimed at least 12 lives while thousands were
displaced [8]. To change this ugly scenario generated by xenophobia in public
space, bilateral agreements between inter-governments should be re-enforced as
well as the current correctional measures such as the development of
intervention programs to promote accountability and counter the culture of
impurity and provision for election-monitoring mechanisms to ensure that
officials are not elected on an anti-foreigner/anti-outsider platform, as outlined
in [9][10].

Xenophobia has been a world problem that started centuries ago. The 2019
xenophobic attack on Nigerians and some other foreigners in South Africa have
called for the need of mathematicians to examine the way this menace can be
stopped in Africa. It seems the xenophobic epidemic has not received full
attention in the mathematical world. Some social models provide mathematical
modeling insights for future studies [11][12] and some mathematical models
that explore the impacts of fear on the dynamics of prey-predator systems have
been developed [13]-[16]. The present study sought to develop a predator-like
model for the spread and control of xenophobia in Africa based on the predator-
prey system with fear and group defense formulated by Sasmal & Takeuchi
[16]. In this paper, we describe xenophobes as those indigenous people who
participate in xenophobic attacks.

The rest of the paper is organized as follows. In Section 2 we present the
materials and methods. General analysis of the formulated model is done in
Section 3 and Section 4 presents the numerical results. The discussion and
conclusion of the paper are given in Section 5.

2 Mathematical Formulation

The derivation of the xenophobic model is based on the principle of competitive
exclusion of species or strains existing in an ecosystem. According to this
principle [17], when n strains (or species) compete for the same resources in a
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Figure 1 Competitive interactions between foreigners and xenophobes.

population, the strain with the largest reproduction number (super species) out-
competes the other strains and drives them to extinction.

Using the flow-diagram of the interacting population in Figure 1, we obtain the
differential coefficient of the variables as indicated in Eq. (1)

The differential equation considering Figure 1 can be of the form

% = Rate of change of N; without N, +
competitive ef fect of N, on Ny,
% = Rate of change of N, without N, +

competitive ef fect of Ni on N,. (D)

The classical predator-prey system in Eq. (2) for competitive interaction by
Sasmal & Takeuchi [16] was our guide for this formulation,

dx rX Bxy

—=———dix —dyx* —————

dt  1+kay 1 2 a+bax+x?’

dy Bxy

—=c——————-m 2
dt a+bax+x? YV @)

where X is the prey density, and y is the density of predators. The description of
the parameters in Eq. (2) can be found in Table 1 [16].

The following assumptions and the schematic diagram are useful for this study:
1. Indigenous people (xenophobes) and foreigners grow and compete
logistically for the same resources.
2. Foreigners are considered to be prey to Xxenophobic attacks and
xenophobes to be predators.
3. Xenophobes and foreigners may die naturally.
4. Foreigners decrease in the population as a result of xenophobic attacks.
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5. The competitive effect of xenophobes on foreigners is greater than that
of foreigners on xenophobes.

6. Holling type Il incidence with anti-xenophobic behavior is introduced
in the population of xenophobes.

Based on Eq. (1) with the application of Eqg. (2), the mathematical model for
xenophobic attacks can be given by

dN N r N2 ri@13N4N
1_ 1N1 Ny 11212—,11N1—d1N1,
dt 1+k(1—a)N2 Kl K1+b(1—a)N1
dN, 12N> N;  1a5,NpNy
N — N — uN, — d,N. 3
dt 1+b(1—a)N1 Kz K2+mN2 ‘Ll 2 272 ( )

where N1(0) > 0 and N»(0) > 0.

The variables and parameters of Eq. (3) are described in Tables (1) and (2)
respectively.

Table 1 Variables of Eq. (3)

Variables Definition
N, (t) The population of foreigners in a particular country at time t

N,(t) The population of xenophobes in a particular country at time t

Table 2 Parameters of Eq. (3)

Parameters Definition
Ty Economic growth rates of foreigners and xenophobes respectively
K, K, Specific carrying capacities of N; and N, respectively
dy, d, Xenophobic induced death rates for N; and N, respectively
Qo The competitive coefficient (attacking effect) on foreigners
a The reverse competitive coefficient (retaliating effect) on
21 xenophobes

m Anti-xenophobic behavior m € [0, 1]
u Natural death rate

a Rate of group defense against xenophobic attacks
k Level of fear possessed by foreigners

b Tolerance limit of xenophobes

Note that m = 1 implies that anti-xenophobic policy is not effective and m =
0 means that the policy is effective with full implementation. We non-
dimensionalize Eq. (3) using the following equations:



Modelling the Phenomenon of Xenophobia in Africa 265

Ny

N, K K, 7
—_ X, === = 1, — = —=,r=nrnt =
K, X2 K2»312 12 B12 21, 1iLp

X4 =
1 T’

01 :%,0-2 :é Wlthfl :,Ll+d1,f2 :‘U‘l'dz, r,1r € (0,1)

T2
Thus, Eq. (3) becomes

dxy X1 2 B12x1%3
=1 12 g
dt 1+k(1-a)K,x, 1 1+b(1—a)x, 171

dx; pX2 2 B21%2%1
—2=—"22__ _pxi—p Ll _po,x 4
dt 1+b(1-a)K;x, pxXz =P 1+mx, pa2X2 (4)

Any further analysis in this paper will be focused on the nondimensionalized
Eg. (4). In the theorem below, we prove that the solutions of Eq. (4) are non-
negative and uniformly bounded.

Theorem 1 The set
)(:{(xl,xz) ERZ0ST =x+ x, S%}

is an attractive domain for all solutions in the interior orthant, where ¢ is a
positive constant such that
£ = Rute) | (pRat)”
4 4p
Proof. The proof of Theorem 1 is guided by Sasmal & Takeuchi [16] and Lelu
& Jiao [18]. Taking arbitrary x;, x, > 0, we get

(%)J’“:O - (%)foo = 0.

This shows that x; =0 and x, = 0, are invariant manifolds respectively.
Because of the fact that the solution of Eq. (4) is unique, we can deduce that the
set R? is periodically invariant. Let I' = x;(t) +x,(t)and ¢ >0 be a
constant. Then,

ar X1 pX2 2 B12x1%, 2
— = + —xf -2 —gyxy — px5 —
dt ~ 1+k(1—@)Kyx, = 1+b(1—a)Kixq 1 14p@-a)x, 1%1 = pX2
B21%2%1
— — Pp0»X>.
p 1+mx, pozX3

Thus,
dr
E"“Pr <A -0y +@)x; —xf + [p(1 — 03) + @lx, — px3

R 2 R 2 R 2 R 2 (R 2
_ Rito)® (X1 _ 1+<p) n (PR2+9) —p(xz _p 1+<p) S( 1+9)
4 2 4p 2p 4
(pR2+9)?
4p

+
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=f’

whereR; =1—0,and R, =1 —o0,.
Applying the theorem on differential inequality, we get

0 < (3 (0, %:©) <5 (1) + (x,(0), %, (0))e ¥,
Taking the limit whent — oo, we have

0<r(x(0,x%0) <%

This completes the proof.

3 General Analysis of the Model

3.1  Existence of Equilibria

Here, it can be checked that the Eq. (4) has exactly four non-negative equilibria,
namely, X,(0,0),X;(x1,0),X,,(0,x,),and X;,(xq,x,), denoting the trivial
equilibrium, xenophobic-free equilibrium, xenophobic survival equilibrium, and
the coexistence equilibrium respectively. The equilibrium point X,,(0,0) exists
trivially, and we can prove the existence of X;,(x;,0),X,,(0,x,),and
X1, (x4, x5) as follows:

3.2 Existence of Xlo(xl, 0),X02 (0, xz), and XIZ (xl, xz)

Let x,, x, be the non-negative solutions of the equations

_ X1 2 Bipxaxp
0 1+k(1-a)Kyxy X1 1+b(1—-a)x; 01%1, (5)
pX2 2 Ba1%X2%1
pX; — P — — POzX, (6)

" @i fres
when x, = 0 and x; # 0 then Eq. (5) reduces to
1-xy—0,=0.
Thus,
X10 = (21,0) = (R;,0),where Ry =1 —03.

Similarly, when xenophobes drive foreigners away completely from their
country (x; = 0), then Eqg. (6) becomes

1—x2—0'2=0.

Hence,
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Xoz2 = (0,x2) = (0,Ry), where R, = 1 — 05,

Furthermore, for the coexistence equilibrium X, = (x1,x,) when x3,x, >0
and x4, x, are solutions of the following equations

1 Bi2x2
=X —— 22— —0 7
1+k(1-@)Kx, 1 1+4b(1-a)x; YV O
1 X
xz _ B21 i _ 0_2’ (8)

T 1+b(1-a)Kix, 1+mx,

For a specific case when ¢ = 1and m = 0, X;, iS given as
_ (Ri—R2B12 Rz—Ri1PB21
X1z = (1—512521 ’ 1—512521)
which is shown by the phase portrait in Figure 2(a). Whereas for the general
solution when @ # 1 and m # 0, we have X;, = (x3,x,), as displayed
numerically in Figure 2(b).

3.3 Local Stability Analysis

To examine the local stability analysis of the equilibrium points, we compute
the community matrix around each equilibrium state of Eq. (4). The community
matrix of the model at any arbitrary state is:

i1 —liz
/= ( ) ©)
=1y Ly,
with
_ 1 _ g Praxz
ly = 1+k(1-a)K,x, 2xy =0y A+b(1-a)x,)?
_ k(1-a)K, B12
iz =1, ((1+k(1—a)K2x2)2 + 1+b(1—a)x1)’
_ b(1-a)K; B21
Ly = px; ((1+b(1—a)K1x1)2 1+mx2)'
and
., = I 20%, — DO _ _PBarxy
22 T 14 b(1—a)Kq xq pX2 = PO (1+mxy)2 "

The underlined theorem proves the local stability analysis of equilibria.

Theorem 2
(a) The trivial equilibrium point X,, = (0,0) is unstable if R, > 0 and
R, >0
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(b)

(©)

(d)

Proof.

(@)

(b)

(©)
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The xenophobic-free equilibrium point X3, = (x4,0) is locally

asymptotically stable if TP DK, < 1R + 0,

The xenophobic survival equilibrium point Xy, = (0,x,) is locally

asymptotically stable if TR, < f12Ry 4+ 0y

The coexistence equilibrium point Xy, = (x4,x,) is locally
asymptotically stable if @ = 1andm = 0.

The community matrix at X;, = (0, 0) is given as
Koo) Ry 0
00 0 R,

with eigenvalues A, = R;, 1, = pR,, which is a saddle point
(unstable), since R; > 0,R, > 0.

In terms of the equilibrium point X; = (x4, 0), the community matrix
is

—Ry  —4
](XIO) - <0 AZ )!

_ _ B12R1 — - r
where Ay = Ry k(1 — @)K, + 0= o and A; = p (1+b(1—0£)K1R1
B21R1 — 02)-

The eigenvalues of J(X;,) are A, = —R; and A, = A,. One can see
that if A, >0, then X;o(x4,0) is a saddle. If 4,>0&

1 ) .
TTb(-D)K.R, < B21Ry + 0, is a stable node. If A, = 0,i.e. 1, =0, we

cannot draw a conclusion easily.

Jacobian matrix of the model at Xy, = (0,x,) is given by

; As 0
It °2)_(—A4 —pRz>’

1

where A; = 1+b(1-a)K R,

pPB21R2
1+mR,’

— B12R; — oy, and Ay = pRyb(1 — @)Ky +
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with the eigenvalues 1, = A3 and 1, = —pR,. The Jacobian J(Xy,)
has negative eigenvalues if A; < 0. Thus, equilibrium point X,, is

. . 1 .
locally asymptotically stable if Tk R, < B12R; + 0y. Otherwise,

Az > 0, we get a saddle and A; = 0 gives rise to a situation where a
conclusion cannot be drawn easily.

This proof follows from the work of Dubey [19] by linearizing Eq. (4),
taking into account the transformations

Xy =x1+X,x, =x,+Y. (10)

Next, making use of the Liaponuv function, which is positive definite,
X% v?

L(t) =5 + >

and whose derivative is taken with respect to time along the linear

version of model equations

L'(t) = XX'+YY/, (11)

having in mind that X" = x; and Y’ = x3. Evaluating Eq. (11) using Eq.
(4) and its trajectories, we get

1 Bi2%2 1
L) =(x—)0|l————x1 — —
() ( 1 —1) 1 1+k(1—a)K,x, 1 1+b(1—-a)xq 1+k(1-a)Kyx,
Bi2x2 1

X —_— Xyp — X Xo|l——/————F——"7"— X, —

=1 +1+b(1—a)§1 +( 2 —2)p 2 1+p(1-a)Ky x4 2

Ba1x1 1 +x, + B21X1

1+mx, 1+b(1-a)Kixq =2 1+mx,

However, when @« = 1and m = 0, after simplification we have

L'(t) = _xl(xl - £1)2 - sz(xz - &2)2 - (xl - &1)(9(2 -
Ez)(/’)lle + pPr1%2)

Using the transformation given in Eq. (10) yields
() = =(x1 + X)X2 = p(xtz + Y)Y2 = XV (B2 (2 + X) +
PP (x2 + Y))

2 2
Undoubtedly, this shows that L(t) = XT +y7 is a Lyapunov function
since L'(t) < 0. Thus, the proof is completed.

Table 3 summarizes the existence and local stability criteria of
equilibria for Eq. (4).
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Table 3 Existence and Local Stability Criteria for Eq. (4)

Equilibrium Existence Criteria Stability Criteria

XOO = (0,0) EX'St Rl < 0, RZ < 0
1

X10 = (Ry,0) Ry >0 T orm <Pkt o,
1

Xo2 = (0,R;) R, >0 T b(-0)KiR, < Bi2Ry + 0y

Xip = R <R <X
(R1—R2512 Rz—R1ﬁ21) 2Pz L7 oy’ a=1m=20
1-B12B821 " 1-B12B21 B12B21 <1

3.4  Global Analysis

The global behavior of the non-dimensionalized equations can be looked into by
establishing the following theorems:

Theorem 3. EQ. (4) under the conditions « = 1 and m = 0 cannot exhibit
any periodic solution in the interior of the positive quadrant of the x,, x, plane.

Proof. Let D(x;,x;) = ﬁ be a positive Dulacs function. Clearly, D (x4, x3)
142
is positive in the interior of the positive quadrant of the x;, x, plane. Let

X1 2 Bi2x1%2
Xy, Xp) = e — X — i — gy X
91( v 2) 1+k(1-a)K,x, 1 14b(1-a)x, 171
pX2 2 B21%2%1
X1, X = — PX) — P/ — PO»X>.
G2(x1,%3) T+ b(1-)K, %, pxX; —p 1+mx, pozXx;

Then,

0 0
V(g(xl,xz)D(xl,xz)) = a_xl (Dgq) + a_xz (Dg,)

— _ﬂ_l_l_( B12b(1-a) )+( pB21m ) <0,

X1 Xy (1+b(1—a)K1x1)? (1+mx;)?

ifa = 1,m = 0.

From the above relation, we notice that V7 (x;, x,) does not deviate in sign and is
not identical to zero in the interior of the positive first quadrant of the x,, x,
plane. Therefore, it follows by the Bendixon-Dulac criteria [20] that there is no
closed orbit, which implies that the system has no limit cycle in the interior of
X1z and that ends the proof.

Theorem 4. The coexistence equilibrium point X;, for Eq. (4) is globally
asymptotically stable with respect to all solutions in the interior of the positive
orderwhena = landm = 0.
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Proof. Consider the following positive definite function about X,
Li(0) =1 (x1 — X=X ln %) +c (xz — X2 — X2 lnfc—z)
21 A2

as applied in Dubey [19] with ¢; and c, being positive constants to be
determined. The derivative of L,,(t) with respect to time along Eq. (4) gives

’ _ _ X1 X1 2 Biexaxs )
12(t) - (1 xl) 1 (1+k(1—(x)K2x2 *1 1+b(1-a)xq 01%1) +
_X _Ppx2 .2 BaXeXs )
(1 xz) €2 (1+b(1—a)K1x1 pxz —p 1+mx, po2%xz ).
But at equilibrium state
_ 1 o Bixs
01 = 1+k(1-a)K,x, cal 1+b(1-a)x,’
_ 1 . Baxs
02 = 1+b(1-a)K xq X2 1+mx,’
Making use of the solutions and simplifying gives
, 2 2
12() = —c1 (1 = x1)" = a2 — 22)" — ¢ (w1 — x1) (%2 —

k(1-a)K,
&)((1+k(1—a)K2x2)(1+k(1—a)K2§2) +

B12 02321"1&1(952—&2)2 _
(1+b(1-a)x;)(1+b(1-a)x;) (1+mx;)(1+mx,)

_ b(1—-a)K,
&)(xl El)((1+b(1—a)K1x1)(1+b(1—a)K1g1)+
Bo1m )+ C1512b(1—“)£2(x1—£1)2

(1+mx;)(1+mx,) A+b(1-a)x;)(1+b(1-a)x1)’

) + o (xy —

Settinga = 1andm = 0 gives
12() = _Cl(xl - El)z - Cz(xz - &2)2 - (xl - &1)(9(2 -
&)(01,812 + ¢221).

Thus, for any c¢;,¢c, >0, L,(t) <0 if x; < x; and x, < x, that is negative
definite. Therefore, L, (t) is a Lyaponuv function in X;, whose region contains
the domain of attraction RZ and this completes the proof.

3.5  Local Bifurcation Analysis

In this subsection we discuss variable bifurcations of Eqg. (4) and achieve
conditions for transcritical bifurcation and saddle-node bifurcation. The proof of
the following theorems explains it better.

Theorem 5. Eq. (4) has:
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1. Transcritical bifurcation
2. No saddle-node bifurcation
() near the xenophobic-free equilibrium point X; = (x3,0) when
o, =05 =1ando, <1;
(b) near xenophobic survival equilibrium point X,, = (0, x,) when
0, =0, =1 and g, <1, where o,,0, are the bifurcation
parameters in (a) and (b) respectively;
(c) near the positive coexistence equilibrium point X;, = (11,12)
when the system parameters satisfy the restriction ., = f1, =

R . . .
R—l. Here, B, is seen as the bifurcation parameter.
2

Proof
(a) Here, we use Sotomayor’s theorem [21] to prove the existence of a
transcitical bifurcation with the transversality condition. The Jacobian
matrix about equilibrium X;, is given by
0 0
J(X10) = (0 pR2> :](X10)T-

Evidently, J(X;,) has a zero-eigenvalue denoted by A,. Let U and W be
two eigenvectors respectively corresponding to the eigenvalue A; for
the matrices J(X,,) and J(X;,)7. After simple calculation, we have

(1) = (o) = (02) =)
U= = Jw= = |
Uz 0 wr 0
Besides that,

—X 0
FO'1(X10;O-1*)=( 01) =< >;

(x1=%1) 0
X -1 0 1 -1
DFal(XIO;Ul)U = X = )
0 0 (X10i0}) 0 0
2 2 2
2 e AU e o b e
D*F(X19;01)(U,U) = 2 2 2
2 M +2uu 0°f; u2 °f>
1 ax2 172 3x,0x, 2 9x2

(“10;0 )
0 .

One can see that U and W satisfy
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WTFal(Xm;Uf) =0,
WT[DF,,(X10;01)U] = =1 # 0,
WT[D?F(X10;01)(U,U)] = =2 # 0,

which means that when o3 = 1; 0, < 1 transcritical bifurcation occurs
at X1o. This establishes the proof of Theorem 5(a).

In a similar fashion, we use Sotomayor’s theorem [21] to prove the
existence of transcitical bifurcation with the transversality condition
0% = 1. The Jacobian matrix around equilibrium X, of Eq. (4) with the
restriction o3 = 1 is given by

](on) = (%1 8) =](X02)T-

Obviously, J(X,2) has a zero-eigenvalue denoted by A,. Let U and W
be two eigenvectors respectively corresponding to the eigenvalue A, for
the matrices J(X,,) and J(X,,)T. After a bit of algebra, we get

-()-()r-C)-0)

0 0
F5,(Xo2;03) = ( > = < >,
—Px2 (x2=x3) 0

0 0 0y /0
i, )0
0 =Pty /AP

20%h + 2uu %f u> ’f

5 ) 1 ax2 172 3x,0x, 2 9x2
D*F(Xo2;03)(U,U) = 92 92 2

20°f2 +2uu f2 uza f2

1 ax2 172 9x,0x 2 9x2

(Xo2;0%)

0
- <—2p>'
Therefore, U and W satisfy
WTFO‘Z (Xo2;05) =0,
WT[DE,,(Xo2; 03)U] = —p # 0,
WT[D?F(Xo2;0;)(U, U)] = =2p # 0,
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which implies that when o% = 1,0; < 1, transcritical bifurcation occurs
at X,,. This marks the end of the proof of Theorem 5(b).

Also, the Jacobian matrix of Eq. (4) around X;,(x5,x,) with the
restriction By, = % is given by
2

) 0 0 . [0 —PR2321)
](XIZ) - (_pR2‘821 _pRZ)! ](XOZ) - <0 —pRz .

Clearly, J(X;,) has a zero eigenvalue 4,. Assuming that U and W are to
be the two eigenvectors corresponding to the eigenvalue A, for the
matrices J(X;,) and J(X,,)7 respectively, after a little manipulation we
have

=)L) 0)

Again,

X1X2

T iltbh(-a)x. 0
FB12 (X12;B1*2) = ( 1+b(1—a)x1> = ( >’
0 ((xl'x2)=(f1.f2)) 0

0
X
(Xo02;03) —Fa

_ X2 _ X1
DFﬁlz(Xn:ﬁfz)U = ( (1+b(1-a)x1)? 1+b(1—a)x1)

0 0
0 )
92 02 92
u% Bxle + Zuluz ax gic u% axle
* 1
DZF(Xlz;BIZ)(UI U) = 2 62;2 aZfz 2 aZfZ-Z
U1 ax2 + 2w, 0x10%, Uz dx2 (Xuaift)
P12

Il
|
[\S]
~/
—_
|
o _|®
I
=
~—

As in the proof of Theorems 5(a) and 5(b), we can see that U and W
satisfy

WTFﬁlz (X12;ﬁf2) =0,
WT[DFg,,(X12; Bi)U] = =Ry # 0,
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WT[D?F (X12; B1) (U, U)] = —2 (1 —Rl—ﬁ“) # 0.

Ry
This shows that when ,812 = %, transcritical bifurcation holds for the
2

system when @ = 1 and m = 0. This ends the proof of Theorem 5(c).

Note that similar results as those of Theorem 5(c) are obtained at ﬁ;l =
R
R—l.

3.6 Non-Existence of Hopf Bifurcation and Limit Cycle

Here we establish that Hopf bifurcation does not happen near a point
X12(x1,x,) of Eq. (4) defined at @ = 1; m = 0 by proving the theorem below.

R1—R3P12
R1B21—R;
bifurcation near a positive coexistence point X12(£1;£2) and 0 < p < p”,
where p is the bifurcation parameter.

Theorem 6. Assume that p = . Then Eq. (4) does not undergo a Hopf

Proof. The characteristic equation of J(X;,) is 12 — tr](X1,)A + det](X;,) =
0, and the Hopf bifurcation occurs if and only if there exists p = p* such that
@) [tr](X12)]lp=p* = 0;
(b) [det] (X12)]lp=p* > 0;
which is equivalent to the characteristic’s equation 2+ det](X,,) =0
whose roots are purely imaginary.

(© 25 [T Xa)]lp=pr # 0;
based on the motivation derived from [13][14].

Clearly, the condition tr](X;,) = 0 gives [I;; (X12) + L2 (X12)]1(P) la=1,m=0 =
—x; —px; =0, in which p =p*. Again det](X;,) = px1x5(1 — B12B21)-

_ 2
Therefore, [det](X12)]lp=p = —% < 0 since By2f21 < 1. Next, we
—P12P21

verify condition (c¢) by taking the derivative of tr/(X;,) at p. Thus,

R;—R1B21

1-B12P21 # 0.
Hence, condition (c) is satisfied. However, it suggests that the system does not
undergo a Hopf bifurcation at p = p*, since condition (b) is not satisfied. The
existence of a limit cycle for the system is concluded in Theorem 3. This system
may be discussed in a future work that considers the situations where o« =
1,m# 0, anda # 1,m # 0.

:_p[tr](Xu)”p:p* =—x} =
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4 Numerical Simulation Results

Numerical simulations were performed to support the analytic results and
investigate the importance of some parameters of Eq. (4). The parameter values
used in the simulations were as follows: £, = 0.3 [22], f1, = 1.2, K; = 2,
K, =3.6, k =b = 0.5 [16], m = a = 0.25 [16], d, = 0.004, d, = 0.002 and p =
1.5 except when stated otherwise. The choice of parameter values was for

Gweryina, R. I, et al.

simulations purpose only.
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Figure 3 Bifurcation diagram of foreigners, x;(t) for o, €
[0,2], 81, = 0.965 and initial values (0.1, 1). The stable domain,
unstable domain and chaotic domain are denoted by D,, D, and D
respectively.
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[0,1.7], B21 = 0.65,p = 1.5 and initial values (1, 0.9). The stable
domain, unstable domain and chaotic domain are denoted by
D;, D, and D5 respectively.
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5 Discussion

We have shown numerically in Figure 3 and Figure 4 that the positive
coexistence point of the system has period-doubling bifurcation, which is an
indication that xenophobic attacks in Africa may lead to chaotic situations if
immediate interventions are not offered. Nevertheless, we can see in Figure 5(a)
and Figure 5(c) that when there is no group defense by foreigners, the
xenophobes dominate the economy and take control of their resources.
Meanwhile, Figure 5(b) describes the economic dominance of foreigners over
xenophobes in the presence of high group defense against xenophobia. Figure
5(d) shows a state of coexistence between foreigners and xenophobes. This
means both populations share stable economic prospects. In Figure 6, when the
retaliating effect on xenophobes supercedes the attack rate (B, < 1), the
population of foreigners grows economically while the population of
xenophobes decreases. The converse situation is obtained for the case (81, >
B21). But whenever (81, = 1), the highest economic peak for the xenophobe
population is twice that of the foreigner population before achieving stability.
Figure 7 shows that increasing the level of group defense encourage more
foreigners to partake in business activities outside their country of origin and
reduces the number of xenophobes fighting against them. Meanwhile anti-
xenophobic policy also helps to reduce the number of xenophobes and creates
room for more participation by foreigners in the economy, as clearly illustrated
in Figure 8. The implication of this outcome is that a good security architecture
combined with anti-xenophobic policies will protect and defend foreigners from
xenophobic attacks and control subsequent incidences. From Figure 9, we note
that for xenophobes to fight freely indeed depends on the level of fear of
foreigners. That is, more fear in foreigners reduces their population density and
increases that of xenophobes. In Figure 10 we can see that an increase in the
tolerance level of both foreigners and xenophobes causes them to attain a stable
population. On the other hand, increasing f,,and f,; respectively decreases the
non-indigenous population and xenophobes, as shown in Figure 11 and Figure
12. Therefore, it becomes pertinent for the concerned nations to sign bilateral
engagements that will end the consequences of xenophobia in Africa and the
world at large. Like other mathematical models, our model too has some
shortcomings. The parameter values on xenophobic attacks are hard to come by.
Some were adopted for the purpose of illustration from the predator-prey study
by Sasmal & Takeuchi [16]. As such it is unrealistic to promise ideal results
from this paper.

6 Conclusion

The fight against xenophobic attacks just like infectious diseases is a challenge
in Africa and the rest of the world. In this paper, we propose a mathematical
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model of xenophobia in Africa using the principle of competitive exclusion in a
predator-prey system. We non-dimensionalized the model to identify the
fraction of foreigners that are prey to xenophobic attacks and the exact
proportion of xenophobes that advance the phenomenon. The non-
dimensionalized model is mathematically characterized by a solution that is
uniformly bounded. The model has four forms of equilibria with four different
cases, namely the trivial state (X,,), the case when non-natives are banned
completely from a foreign country;(X,,), the case when xenophobes are no
more active (X;,); and the case when both populations coexist in a particular
country (X;,). Apart from the trivial equilibrium, which is unstable, all other
equilibrium states have been proved to be locally and globally stable with
respect to the parametric conditions in Theorems 2, 3 and 4. In addition, this
study revealed under the same conditions that each non-trivial equilibrium of
the model undergoes transcritical bifurcation in Theorem 5. We also confirmed
by numerical simulation that the model has period-doubling bifurcation, which
is an indicator for chaotic situation of xenophobia in Africa. So far, based on
our results, we can conclude that tolerance and anti-xenophobic policies could
be important parameters for controlling the xenophobic crisis in Africa.
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