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Abstract. In this study a generalization of the Riesz representation theorem on 
non-degenerate bilinear spaces, particularly on spaces of truncated Laurent 
series, was developed. It was shown that any linear functional on a non-
degenerate bilinear space is representable by a unique element of the space if and 
only if its kernel is closed. Moreover an explicit equivalent condition can be 
identified for the closedness property of the kernel when the bilinear space is a 
space of truncated Laurent series. 
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1 Introduction 

Bilinear forms can be viewed as a generalization of inner products, which 
include the class of vector spaces with an arbitrary field. Similarly, bilinear 
spaces can be viewed as a generalization of inner product spaces. This view 
inspires a big question: which notions and results that have been developed on 
inner product spaces can be generalized to bilinear spaces? This paper proposes 
a generalization of the Riesz representation theorem on bilinear spaces. It is 
expected that the proposed result will trigger generalizations of other results 
whose developments employed the theorem. 

The goal of this study was investigation of the Riesz representation theorem on 
bilinear spaces of truncated Laurent series equipped with a bilinear developed 
by Fuhrmann [1]. Spaces of truncated Laurent series play an important role as 
the underlying spaces for the study of linear systems using a behavioral 
approach (see for example Fuhrmann [2]). A good understanding of this class of 
spaces is certainly indispensable for the development of linear systems theory 
using a behavioral approach. Conversely, some development of properties of 
spaces of truncated Laurent series is also triggered by the development of linear 
systems theory using a behavioral approach. 

The organization of this paper is as follows. In Section 2 we develop the Riesz 
representation theorem on any non-degenerate bilinear space. We show that 
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boundedness of the functional for the equivalent condition of the existence of 
the Riesz representation theorem on Hilbert spaces can be translated to 
closedness of the kernel in the world of bilinear spaces. In Section 3 we identify 
the equivalent property of boundedness of the kernel of a linear functional in a 
space of truncated Laurent series. 

Hereafter, the notation ܸ stands for a bilinear space with the bilinear form on ܸ 
is symmetry and non-degenerate, denoted by ሾെ,െሿ. Several notions that have 
been developed in inner product spaces can also be generalized to bilinear 
spaces. Two elements ݔ, ݕ ∈ ܸ are called orthogonal, denoted by ݔ ٣  if ݕ
ሾݔ, ሿݕ ൌ 0. An element x is called orthogonal to a subset ܵ ⊂ ܸ, written as 
ݔ ٣ ܵ, if x is orthogonal to y for all y in S. Two subsets are called orthogonal if 
any element in one set is orthogonal to any element in the other set. 

Let S be a subset of the bilinear space V. It is routine to check that the set 
consisting of all elements that are orthogonal to S forms a subspace, which is 
called the orthogonal complement of the set S and is written as ܵୄ. Thus 
ܵୄ ൌ ሼݒ ∈ ܸ|ሾݒ, ሿݏ ൌ ݏ	݈݈ܽ	ݎ݋݂	0 ∈ ܵሽ. It is easy to check that ܵ ⊆ ሺܵୄሻୄ ൌ
ܵୄୄ. A subspace S is called closed if ܵୄୄ ൌ ܵ. 

2 Bilinear Spaces 

In the world of inner product spaces, the existence of the Riesz representation 
theorem is guaranteed if the linear functional is bounded. The boundedness of a 
linear transformation is equivalent to the transformation of being continuous. 
Meanwhile, continuity for a linear functional can be connected to closedness of 
its kernel. Hence, it is natural to derive an equivalent condition for the existence 
of the Riesz representation theorem on bilinear spaces in terms of closedness of 
the kernel of the linear functionals.  

Before discussing the Riesz representation theorem on bilinear spaces, we 
present and prove some necessary lemmas.  

Lemma 2.1 Let ܷ	 ⊊ 	ܸ be a closed subspace of a non-degenerate bilinear 
space V. Then there exists an ݔ ് 0 in V such that ݔ ∈ ܷୄ. 

Proof. Suppose such x does not exist. Since ܷୄ is a subspace, we obtain 
ܷୄ ൌ ሼ0ሽ. As a result ሺܵୄሻୄ ൌ ܵୄୄ ൌ ሺሼ0ሽሻୄ ൌ ܸ. Hence ܷ ⊊ 		ܷୄୄ, which is 
a contradiction to the fact that U is closed. Thus ܷୄ ് ሼ0ሽ or there exists an 
ݔ ് 0 in V such that ݔ ∈ ܷୄ. 
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Lemma 2.2 Let U be a subset of a non-degenerate bilinear space V. Then ܷୄ is 
a closed subspace. 

Proof. It is obvious that ܷୄ ⊆ ሺܷୄሻୄୄ. Conversely, since ܷ ⊆ ܷୄୄ we obtain 
ሺܷୄሻୄୄ=ሺܷୄୄሻୄ ⊆ ܷୄ. Thus ܷୄ ൌ ሺܷୄሻୄୄ, which implies ܷୄ is closed.  

The following is the Riesz representation theorem on any non-degenerate 
bilinear space.  

Theorem 2.3 Let ߶ be a linear functional on a non-degenerate bilinear space V. 
Then there exists a unique ݖథ ∈ ܸ such that  

 ߶ሺݒሻ ൌ ,ݒൣ ݒ	for all	థ൧ݖ ∈ ܸ (1) 

if and only if ݎ݁ܭሺ߶ሻ is a closed subspace. 

Proof. The uniqueness element that satisfies condition Eq. (1) is guaranteed by 
the bilinear property of being non-degenerate. It is obvious that the theorem 
holds if the linear functional is the zero map; that is ݖథ ൌ 0. Hence, we assume 
that the linear functional ߶ is a nonzero map. That means there exists an ݔ ∈ V 
such that ߶ሺݔሻ ് 0. 

ሺ⟹ሻ Based on the premise that there exists a ݖథ ∈ ܸ such that Eq. (1) holds. 
Since ߶ is a nonzero map we obtain ݖథ ് 0. Let 〈ݖథ〉 be the nonzero subspace 
generated by ݖథ. It is easy to show that ݎ݁ܭሺ߶ሻ ൌ  the orthogonal ୄ〈థݖ〉
complement of the subspace 〈ݖథ〉. By Lemma 2.2. we obtain ݎ݁ܭሺ߶ሻ is closed. 

ሺ⟸ሻ Let ܷ ൌ  ሺ߶ሻ be a closed subspace. Since ߶ is a nonzero map thereݎ݁ܭ
exists an ߙ ൌ ߶ሺݔሻ ് 0. That means ܷ	 ⊊ 	ܸ. By Lemma 2.1 there exists a 
ݕ ∈ ܷୄ	, ݕ ് 0. Define the linear functional on the quotient space /ܷ : 

 ߶ത ∶ 	
ܸ/ܷ					 ⟶ ܨ

ݒ̅ ൌ ݒ ൅ ܷ ⟼ ߶ሺݒሻ.
 

According to the first isomorphism theorem (see for example Roman [3]) we 
obtain ߶ത is an isomorphism with ߶തሺ̅ݔሻ ് 0. Hence ܸ/ܷ ൌ ܸ and 〈ݔ̅〉 ൌ ܷ⊕
ݔ for the above 〈ݔ〉 ∈ ܸ with ߶ሺݔሻ ൌ ݕ ,Since V is non-degenerate .ߙ ∈ ܷୄ and 
ݕ ് 0 then ሾݔ, ሿݕ ് 0. Let us denote ߚ ൌ ሾݔ, థݖ ሿ andݕ ൌ ݕଵିߚߙ ∈ ܸ. We 
obtain that for every ݒ ൌ ݑ ൅ ݔߛ ∈ ܸ with ݑ ∈ ܷ and ߛ ∈ ,ܨ ߶ሺݒሻ ൌ
߶ሺݑ ൅ ሻݔߛ ൌ ሻݔሺ߶ߛ ൌ  .ߙߛ

,ݒൣ  థ൧ݖ ൌ ሾݑ ൅ ,ݔߛ ሿݕ ൌ ,ݑଵሾିߚߙ ሿݕ ൅ ,ݔଵሾିߚߙߛ	 ሿݕ ൌ  .ߙߛ

Thus, Eq. (1) holds for ݖథ ൌ  .ݕଵିߚߙ
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3 Spaces of Truncated Laurent Series 

So far we have discussed the Riesz representation theorem on bilinear spaces. In 
this section we explain the Riesz representation theorem on a certain class of 
bilinear spaces, i.e. spaces of truncated Laurent series with the bilinear forms 
developed by Fuhrmann [1].  

To begin with, we discuss Fuhrmann’s bilinear forms on spaces of truncated 
Laurent series defined in [1]. A space of truncated Laurent series over the field 
F consists of a series with coefficients in ܨ௡, the space of all n-column vectors 
with components in F, denoted by  

:ଵሻ൯ିݖ௡൫ሺܨ ൌ ቐ ෍ ௝݂ݖ௝
ே೑

௝ୀିஶ

ቮ ௝݂ ∈ ,௡ܨ ௙ܰ ∈ Ժ	ቑ. 

The space ܨ௡൫ሺିݖଵሻ൯ is equipped with the standard operation of addition and 
the standard action of any element in the field F on any vector in ܨ௡൫ሺିݖଵሻ൯. It 
is easy to see that the space ܨ௡൫ሺିݖଵሻ൯ can be decomposed as a direct sum of 
 ,ଵሿ൧ିݖ௡ൣሾܨଵିݖ ௡, andܨ ሿ, the subspace of polynomials with coefficients inݖ௡ሾܨ
the subspace of formal series starting with ିݖଵ,  

ሿݖ௡ሾܨ=ଵሻ൯ିݖ௡൫ሺܨ  ⊕  .ଵሿ൧ିݖ௡ൣሾܨଵିݖ

Fuhrmann [1] defined a bilinear form on the space of truncated Laurent series as 
follows: 

ሾ݂, ݃ሿ ൌ ෍ ݃ି௝ିଵ௧		

ஶ

௝ୀିஶ

௝݂ 

for any ݂ ൌ ∑ ௝݂ݖ௝
ே೑
௝ୀିஶ  and ݃ ൌ ∑ ݃௝ݖ௝

ே೒
௝ୀିஶ  in ܨ௡൫ሺିݖଵሻ൯ and ݃௝

௧ denotes the 

transpose of ݃௝. It is routine to show that this bilinear form is symmetric and 
non-degenerate. 

The Riesz representation theorem on spaces of truncated Laurent series is given 
in the following theorem. 

Theorem 3.1 Let ܸ ൌ  ߶ ଵሻ൯ be a space of truncated Laurent series andିݖ௡൫ሺܨ
be a linear functional on V. Then the following statements are equivalent: 

1. There exists a unique ݃ ∈ ܸ such that ߶ሺ݂ሻ ൌ ሾ݂, ݃ሿ for all ݂ ∈ ܸ. 
2. There exists an integer ݇ ∈ Ժ such that ିݖ௞ܨ௡ൣሾିݖଵሿ൧ ⊆  .ሺ߶ሻݎ݁ܭ	



 Riesz Theorem on Bilinear Spaces of Truncated Laurent Series 37 
 

Proof. The uniqueness of ݃ in Statement 1 is guaranteed by the non-degenerate 
property of the bilinear ሾെ,െሿ. 

ሺ1.⟹ 2. ሻ According to the assumptions, let ݃ ൌ ∑ ݖ݆݃
݆ܰ݃

݆ൌെ∞ ∈ ܸ such that 

߶ሺ݄ሻ ൌ ሾ݄, ݃ሿ for all ݄ ∈ ܸ. 

Put ݇ ൌ ௚ܰ ൅ 2 ∈ Ժ. Then we obtain that for every ݂ ൌ ∑ ௝݂ݖ௝
ି௞
௝ୀିஶ ∈

 ,ଵሿ൧ିݖ௡ൣሾܨ௞ିݖ

߶ሺ݂ሻ ൌ ሾ݂, ݃ሿ ൌ ෍ ݃ି௝ିଵ௧
ஶ

௝ୀିஶ

௝݂ ൌ 0. 

ሺ2.⟹ 1. ሻ For ݆ ∈ Ժ, we define a function 

 ߰௝ ∶ ௡ܨ ⟶ F 

as follows: for every ݒ ∈ ,	௡ܨ ߰௝ሺݒሻ ൌ ߶൫ݖݒ௝൯. It is routine to show that ߰௝ is 
a linear functional on the space ܨ௡ with properties ߰௝ ൌ 0 for all ݆ ൌ
െ݇, ሺെ݇ െ 1ሻ, ሺെ݇ െ 2ሻ,⋯	. According to the Riesz representation theorem, for 
any ݆ ൌ 	 ሼെ݇ ൅ 1,െ݇ ൅ 2,⋯ ሽ there exists a unique ݃ି௝ିଵ ∈  ௡ such thatܨ
߰௝ሺݒሻ ൌ ݃ି௝ିଵ௧	ݒ for all ݒ ∈  ௡. Defineܨ

 ݃ ൌ ݃௞ିଶݖ௞ିଶ ൅ ݃௞ିଷݖ௞ିଷ ൅	⋯ ∈  .ଵሻ൯ିݖ௡൫ሺܨ

We will show that for any ݂ ∈ ܸ	, ߶ሺ݂ሻ ൌ ሾ݂, ݃ሿ. Consider ܸ ൌ ଵܸ ⊕ ଶܸ where 

ଵܸ ൌ ,ሿݖ௡ሾܨ௞ାଵିݖ ଶܸ ൌ  .ଵሿ൧ିݖ௡ൣሾܨ௞ିݖ

Let ݂ ൌ ∑ ௝݂ݖ௝
ே೑
௝ୀିஶ ∈ ܸ. We will show ߶ሺ݂ሻ ൌ ሾ݂, ݃ሿ using two cases, namely 

when ௙ܰ ൑ െ݇ and when ௙ܰ ൐ െ݇. The first case: if ௙ܰ ൑ െ݇ then we obtain 
݂ ∈ ଶܸ ⊆ ,ሺ߶ሻ and also ሾ݂ݎ݁ܭ	 ݃ሿ ൌ 0. The second case: suppose ௙ܰ ൐ െ݇.  

Let ݂ ൌ ݑ ൅ ݑ where ݒ ൌ ∑ ௝݂ݖ௝
ே೑
௝ୀି௞ାଵ ∈ ଵܸ and ݒ ൌ ∑ ௝݂ݖ௝

ି௞
௝ୀିஶ ∈ ଶܸ 

Then 

߶ሺ݂ሻ ൌ ߶ሺݑሻ ൌ ෍ ߶൫ ௝݂ݖ௝൯

ே೑

௝ୀି௞ାଵ

ൌ ෍ ߰௝൫ ௝݂൯

ே೑

௝ୀି௞ାଵ

ൌ ෍ ݃ି௝ିଵ௧ ௝݂

ே೑

௝ୀି௞ାଵ

ൌ ሾ݂, ݃ሿ. 

Thus ߶ሺ݂ሻ ൌ ሾ݂, ݃ሿ for all ݂ ∈ ܸ.			                                                                 □ 
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Note that by comparing Theorem 2.3 and Theorem 3.1 we can conclude that all 
closed subspaces of co-dimension one are of the form Point 2 in Theorem 3.1. 
Since the intersection of finite numbers of closed subspaces is also closed, we 
obtain the following corollary. 

Corollary 3.2 Let ܵ be a subspace of ܨ௡൫ሺିݖଵሻ൯	having finite co-dimension, 
i.e. there exists a ܶ ⊆  ଵሻ൯, a finite dimensional subspace such thatିݖ௡൫ሺܨ
ଵሻ൯ିݖ௡൫ሺܨ ൌ ܵ ⊕ ܶ. Then S is closed if and only if there exists an integer 
݇ ∈ Ժ such that ିݖ௞ܨ௡ൣሾିݖଵሿ൧ ⊆ ܵ. 

We conclude this section with the following counterexample of a linear 
functional that does not satisfy the condition in Theorem 3.1. This means that 
the linear functional is not representable by a unique element in the space. Let 
ܸ ൌ ⋯,ଵሻ൯ be a space of truncated Laurent series and ሼ݁ଵିݖ௡൫ሺܨ , ݁௡ሽ be the 
standard basis of ܨ௡. 

Let ଵܸ ൌ ௝ห݅ݖ൛݁௜݊ܽ݌ܵ ൌ 1, ⋯ , ݊, ݆ ∈ Ժ	ൟ	be the subspace of V generated by the 
linear independent set ൛݁௜ݖ௝ห݅ ൌ 1, ⋯ , ݊, ݆ ∈ Ժ	ൟ. Let ଶܸ be a subspace of V 
such that ܸ ൌ ଵܸ ⊕ ଶܸ. Define a linear function on ଵܸ as the following: 

 ߶ ∶ 	 ଵܸ 	⟶ F 

 ݁௜ݖ௝ ⟼ 1. 

Then, we can expand ߶ to ߶ത, a linear function on V, by defining ߶ത as in the 
following: 

 ߶ത ∶ 	ܸ	 ⟶ F 

 ܽ ൅ ܾ ⟼ ߶ሺܽሻ, 

where ܽ ∈ ଵܸ and ܾ ∈ ଶܸ. Suppose that ߶ത is representable by an element in the 

space V. Suppose ݃ ൌ ∑ ݃௝ݖ௝
ே೒
௝ୀିஶ ∈ ܸ is the unique element in V such that 

߶തሺ݂ሻ ൌ ሾ݂, ݃ሿ ൌ ∑ ݃ି௝ିଵ௧		 ௝݂
ஶ
௝ୀିஶ  for all ݂ ∈ ܸ. 

Then we obtain a contradiction as follows: 

 1 ൌ ߶൫݁ଵݖ
ିே೒ିଶ൯ ൌ ߶ത൫݁ଵݖ

ିே೒ିଶ൯ ൌ ሾ݁ଵݖ
ିே೒ିଶ, ݃ሿ ൌ 0. 

Thus Point 1 in Theorem 3.1 does not hold for the above defined linear 
functional ߶ത.  

Point 2 in Theorem 3.1 does not hold either. For any integer j , the element ݁ଵݖ௝ 
is not in kernel ߶ത. As a result we obtain 



 Riesz Theorem on Bilinear Spaces of Truncated Laurent Series 39 
 

ଵሿ൧ିݖ௡ൣሾܨ௞ିݖ  ⊈  ሺ߶ሻݎ݁ܭ	

for all integers k. 

Acknowledgements 

The authors gratefully acknowledge that this work was supported by a 
Decentralized Research Grant. The authors are very grateful to the anonymous 
referees for their valuable suggestions that led to improvement of the 
manuscript. 

References  

[1] Fuhrmann, P.A., Duality in Polynomial Models with some Applications to 
Geometric Control Theory, IEEE Transaction on Automatic Control, 
26(1), pp. 284-295, 1981. 

[2] Fuhrmann, P.A., A Study of Behaviors, Linear Algebra and its Appl., 351-
352, pp. 303-380, 2002. 

[3] Roman, S., Advanced Linear Algebra, Springer-Verlag New York, 2007. 


