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Abstract. The computation of matrix eigenvalues is vital for understanding 

various scientific phenomena. The QR method, which is based on the QR 

factorization of a matrix, is a common approach in numerical linear algebra. In 

integrable systems, the one-step process of the QR method is related to the time 

evolution of the Lax equation. In this paper, we clarify the relationship between 

the QR method, which incorporates an origin shift parameter, and the Lax equation 

with skew-symmetry. Furthermore, we show the asymptotic convergence of 

discretization based on matrix factorization of the Lax equation with skew-

symmetry as discrete time approaches infinity. 

Keywords: eigenvalue computation; integrable systems; Lax equation; QR method; 
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1 Introduction 

Matrix operations and eigenvalue computations that are capable of efficiently 

handling large-scale numerical data are indispensable for recent developments in 

advanced information processing [1,2]. These techniques play a crucial role in 

analyzing physical phenomena in fields such as electrical engineering and 

quantum mechanics, as well as in the internal processes of search engines, which 

are integral to our daily lives. 

A fundamental problem is often formulated in terms of the eigenvalues of a 

square matrix 𝐴 ∈ ℝ𝑚×𝑚, where each eigenvalue 𝜆 is a root of the characteristic 

equation of 𝐴. The eigenvalue computations are typically performed through 

iterative methods that manipulate the matrix elements to ensure convergence 

toward the desired eigenvalues. A key technique in eigenvalue computations is 

matrix factorization. A well-known example is the QR factorization [3], where a 

nonsingular matrix 𝐴 ∈ ℝ𝑚×𝑚  is factorized as 𝐴 = 𝑄𝑅 , using an orthogonal 

matrix 𝑄  and an upper triangular matrix 𝑅 . Other methods include the LR 

factorization, which expresses 𝐴 as the product of a lower triangular matrix 𝐿 and 

an upper triangular matrix 𝑅 , and the Cholesky factorization, in which, for 
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symmetric matrices, 𝐴 is factorized as 𝐴 = 𝑅T𝑅, where 𝑅 is an upper triangular 

matrix and 𝑅T is its transpose [4]. 

Eigenvalue computation methods are chosen depending on the problem's 

formulation and intended application. Among the numerically stable algorithms, 

the QR method, based on the QR factorization, is widely employed. The QR 

method [5,6] iteratively applies the factorization of matrices 𝑄(𝑘) and 𝑅(𝑘) as two 

operations: 𝐴(𝑘) = 𝑄(𝑘)𝑅(𝑘)  and 𝐴(𝑘+1) = 𝑅(𝑘)𝑄(𝑘) . The equation 𝐴(𝑘) =
𝑄(𝑘)𝑅(𝑘) represents the QR factorization of the matrix 𝐴(𝑘), while the equation 

𝐴(𝑘+1) = 𝑅(𝑘)𝑄(𝑘) updates the matrix by reversing the order of multiplication. 

This system of equations also leads to a similarity transformation 𝐴(𝑘+1) =

(𝑄(𝑘))
T
𝐴(𝑘)𝑄(𝑘) , which ensures that, for sufficiently large 𝑘, the matrix 𝐴(𝑘) 

converges to an upper triangular form, with its diagonal entries corresponding to 

the eigenvalues of the initial 𝐴(0). 

Various analyses of Lax dynamics continue to be actively pursued in the study of 

integrable systems [7-9]. The connections between numerical methods and 

integrable systems, particularly nonlinear dynamical systems that allow for exact 

solutions, have been established. For example, it was shown in [10-12] that one 

step of the QR method corresponds to a time evolution step of a Lax equation, 

which describes an integrable system. Furthermore, the Lax equation involving 

Hessenberg matrices has revealed the relationship between integrable system 

theory and numerical algorithms, concerning the eigenvalue computations based 

on LR factorization [13]. 

The accuracy and speed of matrix eigenvalue computations in numerical analysis 

depend heavily on the size and structure of the matrix and, thus, the introduction 

of shift parameters is often explored to improve performance. The shifted QR 

method, which incorporates a shift parameter, enables faster eigenvalue 

computations than the standard QR method, provided that the shift amount is 

chosen appropriately [14,15]. However, despite extensive research on the 

relationship between the QR method and integrable systems, little attention has 

been given to the connections between the shifted QR method and Lax equations. 

As the introduction of shift parameters breaks the direct correspondence with the 

governing equations of integrable systems, merely extending results from the 

standard QR method does not suffice to interpret the shifted QR method within 

the framework of integrable systems. 

Therefore, this paper aims to reinterpret the shifted QR method from the 

perspective of discrete dynamical systems, treating the shift parameter as a 

discretization step arising from the integrable system theory. We uncover the 

integrable structure underlying the shifted QR method and propose a novel matrix 
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eigenvalue computation method utilizing skew-symmetric matrices based on this 

framework, distinct from the shifted QR method. We also analyze the asymptotic 

behavior of this proposed method. 

The structure of this paper is as follows. In Section 2, we introduce a shift 

parameter 𝜇(𝑘)  and demonstrate that, in the limit 𝛿(𝑘) ≔ −1/𝜇(𝑘) → 0 , the 

shifted QR method corresponds to the Lax equation involving skew-symmetric 

matrices. In Section 3, we propose a novel discretization method based on matrix 

factorization, focusing on the skew-symmetric structure of the matrices in the Lax 

equation associated with the shifted QR method. We also analyze the asymptotic 

behavior of this new method. Finally, we present our conclusions in Section 4. 

2 Connection between the Shifted QR Method and the Lax 

System with Skew-symmetry 

In this section, we first explain the eigenvalue computation process using the 

shifted QR method. We then demonstrate the derivation of the Lax equation by 

taking the limit of the shift parameter in the shifted QR method. 

The shifted QR method [6] is an eigenvalue computation technique that 

introduces a shift parameter to accelerate the convergence of the standard QR 

method. Given an initial matrix 𝐴(0) = 𝐴 ∈ ℝ𝑚×𝑚 , the shifted QR method 

performs the following two operations: 

1. The QR factorization is performed on a matrix whose diagonal entries in 

𝐴(𝑘) have been shifted by the parameter 𝜇(𝑘) as follows: 

𝐴(𝑘) − 𝜇(𝑘)𝐼 = 𝑄(𝑘)𝑅(𝑘),     𝑘 = 0, 1,… , 

where 𝑄(𝑘) and 𝑅(𝑘)  are orthogonal and upper triangular matrices, 

respectively, 𝜇(0), 𝜇(1),…  are arbitrary constants, and 𝐼  denotes the 

identity matrix. 

2. After obtaining the matrices 𝑄(𝑘) and 𝑅(𝑘)  from the shifted QR 

factorization, the matrix for the next iteration 𝐴(𝑘+1)  is computed by 

multiplying 𝑅(𝑘) and 𝑄(𝑘), and subsequently adding the shift parameter 

𝜇(𝑘) back to the diagonal entries. This process is expressed as: 

            𝐴(𝑘+1) = 𝑅(𝑘)𝑄(𝑘) + 𝜇(𝑘)𝐼,     𝑘 = 0, 1,… . 
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By repeating these steps for 𝐴(0), 𝐴(1), …, the shifted QR method iteratively 

computes the eigenvalues of the initial matrix 𝐴. The transition from 𝐴(𝑘)  to 

𝐴(𝑘+1)in the shifted QR method can be interpreted as a similarity transformation 

𝐴(𝑘+1) = (𝑄(𝑘))
T
𝐴(𝑘)𝑄(𝑘) that preserves the eigenvalues of the matrices. 

Considering a single step of the shifted QR method as a discrete-time evolution 

in a discrete system suggests the existence of an underlying continuous system, 

represented by a differential equation in continuous time 𝑡 . To derive the 

continuous analogue of the shifted QR method, we first introduce two auxiliary 

matrices defined in terms of 𝑄(𝑘), 𝑅(𝑘), and the shift parameter 𝜇(𝑘) as follows: 

 𝑄̃(𝑘) ≔ 𝜇(𝑘)(𝐼 − 𝑄(𝑘)),     𝑅̃(𝑘) ≔ 𝑅(𝑘) + 𝜇(𝑘)𝐼, 

which imply that 𝐴(𝑘)  can be decomposed as 𝐴(𝑘) = 𝑄̃(𝑘) + 𝑅̃(𝑘) − 𝑄̃(𝑘)𝑅̃(𝑘)/

𝜇(𝑘).  From the similarity transformation 𝐴(𝑘+1) = (𝑄(𝑘))
T
𝐴(𝑘)𝑄(𝑘) , by 

introducing a discrete parameter 𝛿(𝑘) ≔ −1/𝜇(𝑘) to replace the shift parameter 

𝜇(𝑘), we consider that the correspondence between the discrete-time index 𝑘 and 

the continuous-time variable 𝑡 is established as 𝐴(𝑘) = 𝐴(𝑡) and 𝐴(𝑘+1) = 𝐴(𝑡 +
𝛿(𝑘)). Then, as 𝛿(𝑘) → 0, the following continuous equation holds: 

𝑑𝐴(𝑡)

𝑑𝑡
= lim
𝛿(𝑘)→0

(𝐴(𝑡)𝑄̃(𝑘) − 𝑄̃(𝑘)𝐴(𝑡 + 𝛿(𝑘))) .                      (1) 

The auxiliary matrix 𝑄̃(𝑘) is computed from the QR factorization of 𝐴(𝑘) − 𝜇(𝑘)𝐼. 
To investigate its behavior as 𝛿(𝑘) → 0, it is sufficient to analyze the computation 

of the 𝑄 -factor in the QR factorization. Although the 𝑄 -factor can also be 

computed using Householder matrices, we employ the Gram-Schmidt 

orthogonalization method. Let the 𝑗-th column vector of  𝐴̂ ≔ 𝐴(𝑘) − 𝜇(𝑘)𝐼 ∈
ℝ𝑚×𝑚  be denoted by 𝒂̂𝑗 . Then, the vectors 𝒃1, 𝒃2, … , 𝒃𝑚  determined by the 

Gram-Schmidt orthogonalization [2] are given as: 

𝒃1 = 𝒂̂1,     𝒃𝑗 = 𝒂̂𝑗 −∑
𝒂̂𝑗 ∙ 𝒃ℓ
‖𝒃ℓ‖

2
𝒃ℓ

𝑗−1

ℓ=1

,     𝑗 = 2, 3,… , 𝑚,                         (2) 

where 𝒂̂𝑗 ∙ 𝒃ℓ is the Euclidean inner product of  𝒂̂𝑗 and 𝒃ℓ, and ‖𝒃ℓ‖ denotes the 

Euclidean norm of 𝒃ℓ. 

Regarding the vectors: 
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𝒄𝑗,ℓ ≔
𝒂̂𝑗 ∙ 𝒃ℓ
‖𝒃ℓ‖

2
𝒃ℓ,     ℓ = 1, 2,… , 𝑗 − 1,     𝑗 = 2, 3,… , 𝑚,                      (3) 

arising in the Gram-Schmidt process (2), we present the following lemma 

concerning the existence of these vectors as the limit 𝛿(𝑘) → 0,  which 

corresponds to 𝜇(𝑘) → −∞. 

Lemma 1. Let 𝒄𝑗,ℓ  be the vectors in Eq. (3) generated by the Gram-Schmidt 

orthogonalization applied to the matrix 𝐴̂ = 𝐴(𝑘) − 𝜇(𝑘)𝐼. Then, 

               lim
𝜇(𝑘)→−∞

∑𝒄𝑗,ℓ

𝑗−1

ℓ=1

= (𝑎1,𝑗 + 𝑎𝑗,1)𝒆1 + (𝑎2,𝑗 + 𝑎𝑗,2)𝒆2 +⋯ 

                                                  +(𝑎𝑗−1,𝑗 + 𝑎𝑗,𝑗−1)𝒆𝑗−1,     𝑗 = 2, 3,… , 𝑚, 

where 𝑎𝑖,𝑗  denotes the (𝑖, 𝑗) -th entry in 𝐴(𝑘),  and 𝒆1, 𝒆2,… , 𝒆𝑗−1  are unit 

vectors, with the 𝑖-th unit vector 𝒆𝑖 having a 1 in the 𝑖-th element and 0 in all 

other elements. 

Proof. The vector obtained from Eq. (2) applied to the 2nd column vector of 𝐴̂ is 

given by 𝒃2 = 𝒂̂2 − 𝒄2,1. Since 𝒃1 = 𝒂̂1, we obtain 𝒄2,1 = (𝒂̂2 ∙ 𝒂̂1)𝒂̂1/‖𝒂̂1‖
2 . 

Using the elements of 𝒂̂1 = (𝑎1,1 − 𝜇
(𝑘), 𝑎2,1, … , 𝑎𝑚,1)

T and 𝒂̂2 = (𝑎1,2, 𝑎2,2 −

𝜇(𝑘), … , 𝑎𝑚,2)
T, the 1st element of 𝒄2,1 becomes: 

                (𝒄2,1)1 =

𝑎1,2 + 𝑎2,1
𝑎2,2 − 𝜇

(𝑘)

𝑎1,1 − 𝜇
(𝑘) +

∑ 𝑎ℓ,1𝑎ℓ,2
𝑚
ℓ=3

𝑎1,1 − 𝜇
(𝑘)

1 +
∑ 𝑎ℓ,1

2𝑚
ℓ=2

(𝑎1,1 − 𝜇
(𝑘))

2

. 

Taking 𝜇(𝑘) → −∞, we obtain lim𝜇(𝑘)→−∞(𝒄2,1)1 = 𝑎1,2 + 𝑎2,1.  The 2nd, 3rd, 

..., 𝑚-th elements of 𝒄2,1 can be expressed as: 

(𝒄2,1)𝑖 =

𝑎1,2
𝑎1,1 − 𝜇

(𝑘) + 𝑎2,1
𝑎2,2 − 𝜇

(𝑘)

(𝑎1,1 − 𝜇
(𝑘))

2 +
∑ 𝑎ℓ,1𝑎ℓ,2
𝑚
ℓ=3

(𝑎1,1 − 𝜇
(𝑘))

2

1 +
∑ 𝑎ℓ,1

2𝑚
ℓ=2

(𝑎1,1 − 𝜇
(𝑘))

2

𝑎𝑖,1.      (4) 
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Observing the right-hand side of Eq. (4), we obtain lim𝜇(𝑘)→−∞(𝒄2,1)𝑖 = 0 for 

𝑖 = 2, 3, … , 𝑚. Thus, the limit of 𝒄2,1  as 𝜇(𝑘) → −∞  is given by 

lim𝜇(𝑘)→−∞𝒄2,1 = (𝑎1,2 + 𝑎2,1)𝒆1. Next, let us assume that, for 𝑗 = 2, 3, … , 𝑠, 

the following holds: 

               lim
𝜇(𝑘)→−∞

∑𝑐𝑗,ℓ

𝑗−1

ℓ=1

= (𝑎1,𝑗 + 𝑎𝑗,1)𝒆1 + (𝑎2,𝑗 + 𝑎𝑗,2)𝒆2 +⋯ 

     +(𝑎𝑗−1,𝑗 + 𝑎𝑗,𝑗−1)𝒆𝑗−1.                                          (5) 

Using 𝒄𝑠+1,ℓ = (𝒂̂𝑠+1 ∙ 𝒃ℓ)𝒃ℓ/‖𝒃ℓ‖
2 and 𝒃1 = 𝒂̂1, we express 𝒄𝑠+1,1 as: 

𝒄𝑠+1,1 =
𝑎1,𝑠+1(𝑎1,1 − 𝜇

(𝑘)) + (𝑎𝑠+1,𝑠+1 − 𝜇
(𝑘))𝑎𝑠+1.1 + ∑ 𝑎ℓ,𝑠+1𝑎ℓ,1

𝑚
ℓ≠1,ℓ≠𝑠+1

(𝑎1,1 − 𝜇
(𝑘))

2
+ ∑ 𝑎ℓ,1

2𝑚
ℓ=2

 

×

(

 

𝑎1,1 − 𝜇
(𝑘)

𝑎2,1
⋮

𝑎𝑚,1 )

 ,                                                                                          (6) 

where the term ∑ 𝑎ℓ,𝑠+1𝑎ℓ,1
𝑚
ℓ≠1,ℓ≠𝑠+1  represents the sum ∑ 𝑎ℓ,𝑠+1𝑎ℓ,1

𝑚
ℓ=1 , 

excluding the cases ℓ = 1 and ℓ = 𝑠 + 1. Taking the limit 𝜇(𝑘) → −∞ on both 

sides of Eq. (6), we obtain lim𝜇(𝑘)→−∞𝒄𝑠+1,1 = (𝑎1,𝑠+1 + 𝑎𝑠+1,1)𝒆1 . We now 

express the 2nd element of 𝒄𝑠+1,2 is then: 

(𝒄𝑠+1,2)2 =
𝑎2,𝑠+1 +

𝑎𝑠+1,𝑠+1 − 𝜇
(𝑘)

(𝒃2)2
(𝒃2)𝑠+1 +

∑ 𝑎ℓ,𝑠+1(𝒃2)ℓ
𝑚
ℓ≠2,ℓ≠𝑠+1

(𝒃2)2

1 +
∑ (𝒃2)ℓ

2𝑚
ℓ≠2

(𝒃2)2
2

,      (7) 

where ∑ (𝒃2)ℓ
2𝑚

ℓ≠2  denotes the sum ∑ (𝒃2)ℓ
2𝑚

ℓ=1  excluding the case ℓ = 2. Thus, 

using the assumption (5) for 𝑗 = 2, and considering the limit of Eq. (7) as 𝜇(𝑘) →
−∞, we obtain lim𝜇(𝑘)→−∞(𝒄𝑠+1,2)2 = 𝑎2,𝑠+1 + 𝑎𝑠+1,2. The remaining elements 

of 𝒄𝑠+1,2, including (𝒄𝑠+1,2)1 and (𝒄𝑠+1,2)3, (𝒄𝑠+1,2)4 , … , (𝒄𝑠+1,2)𝑚 , tend to 0 

as 𝜇(𝑘) → −∞, yielding lim𝜇(𝑘)→−∞𝒄𝑠+1,2 = (𝑎2,𝑠+1 + 𝑎𝑠+1,2)𝒆2. The limits for 

𝒄𝑠+1,3, 𝒄𝑠+1,4, … , 𝒄𝑠+1,𝑠 can be investigated in a similar manner, noting that the 
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parameter 𝜇(𝑘)  appears in the ℓ -th element of 𝒃ℓ . Therefore, for 

𝒄𝑠+1,3, 𝒄𝑠+1,4, … , 𝒄𝑠+1,𝑠, we have lim𝜇(𝑘)→−∞𝒄𝑠+1,ℓ = (𝑎ℓ,𝑠+1 + 𝑎𝑠+1,ℓ)𝒆ℓ.     ∎ 

By applying Lemma 1 to the auxiliary matrix 𝑄̃(𝑘) , we obtain the following 

theorem concerning the existence of its continuous analogue. 

Theorem 1. Let 𝐴(𝑘) = (𝑎𝑖,𝑗)1≤𝑖,𝑗≤𝑚  be a matrix at some step 𝑘  and let 𝑄(𝑘) 

denote the orthogonal matrix obtained from the shifted QR method. Then, the 

limit of the auxiliary matrix 𝑄̃(𝑘) = 𝜇(𝑘)(𝐼 − 𝑄(𝑘))  exists. Furthermore, the 

matrix 𝑄̃(𝑡) ≔ lim𝜇(𝑘)→−∞𝑄̃
(𝑘) is a skew-symmetric matrix constructed from the 

strictly lower triangular part of 𝐴(𝑘). 

Proof. By applying the Gram-Schmidt orthogonalization to the matrix 𝐴̂(𝑘) =

𝐴(𝑘) − 𝜇(𝑘)𝐼, we obtain the orthogonal matrix 𝑄(𝑘). Let the 𝑗-th column vector 

of  𝑄̃(𝑘) = 𝜇(𝑘)(𝐼 − 𝑄(𝑘)) be denoted by 𝒒̃𝑗. Since the Euclidean norm ‖𝒂̂1‖ of 

the 1st column vector of 𝐴̂(𝑘)  can be evaluated as ‖𝒂̂1‖ = (𝑎1,1 −

𝜇(𝑘))√1 + 𝑂((𝜇(𝑘))−2), as 𝜇(𝑘) → −∞, the limit of the 1st element of 𝒒̃1 with 

𝒃1 = 𝒂̂1 is given as lim𝜇(𝑘)→−∞(𝒒̃1)1 = 0. Taking the limit 𝜇(𝑘) → −∞ for the 

2nd element (𝒒̃1)2 = −𝜇
(𝑘)𝑎2,1/‖𝒂̂1‖,  we obtain lim𝜇(𝑘)→−∞(𝒒̃1)2 = 𝑎2,1. 

Similarly, for the remaining elements (𝒒̃1)3, (𝒒̃1)4, … , (𝒒̃1)𝑚 , it follows that 

lim𝜇(𝑘)→−∞(𝒒̃1)𝑖 = 𝑎𝑖,1, 𝑖 = 3, 4, … , 𝑚. Thus, as 𝜇(𝑘) → −∞, the 1st column 

vector of 𝑄̃(𝑘) converges to (0, 𝑎2,1, 𝑎3,1, … , 𝑎𝑚,1)
T
. Using Lemma 1 for 𝒃2 =

𝒂̂2 − 𝒄2,1,  we can evaluate the ‖𝒃2‖  as ‖𝒃2‖ = (𝒃2)2√1 + 𝑂((𝜇
(𝑘))−2),  

𝜇(𝑘) → −∞.  From (𝒒̃2)2 = 𝜇
(𝑘) − 𝜇(𝑘)(𝒃2)2/‖𝒃2‖,  it follows that 

lim𝜇(𝑘)→−∞(𝒒̃2)2 = 0.  Considering the limits of (𝒒̃2)1 = −𝜇
(𝑘)(𝒃2)1/‖𝒃2‖ 

and (𝒒̃2)𝑖 = −𝜇
(𝑘)(𝒃2)𝑖/‖𝒃2‖, for 𝑖 = 3, 4, … , 𝑚, as 𝜇(𝑘) → −∞, we obtain 

lim𝜇(𝑘)→−∞(𝒒̃2)1 = −𝑎2,1 and lim𝜇(𝑘)→−∞(𝒒̃2)𝑖 = 𝑎𝑖,2, respectively. Thus, for 

𝒒̃2,  it holds that lim𝜇(𝑘)→−∞𝒒̃2 = (−𝑎2,1, 0, 𝑎3,2, 𝑎4,2, … , 𝑎𝑚,2)
T
.  The same 

approach can be applied to the 3rd, 4th, ..., 𝑚-th column vectors of 𝑄̃(𝑘), yielding 

the limits lim𝜇(𝑘)→−∞𝒒̃𝑗 = (−𝑎𝑗,1, … , −𝑎𝑗,𝑗−1, 0, 𝑎𝑗+1,𝑗, … , 𝑎𝑚,𝑗)
T

, 𝑗 =

3, 4, … , 𝑚.                                                                                                           ∎ 

 

Theorem 1 states that a continuous analogue of 𝑄̃(𝑘)  exists, denoted 𝑄̃(𝑡) =
lim𝛿(𝑘)→0𝑄̃

(𝑘) , and that 𝑄̃(𝑡) is a skew-symmetric matrix. From Eq. (1), the 

derivative of the matrix 𝐴(𝑡) is given as the Lax equation: 
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𝑑𝐴(𝑡)

𝑑𝑡
= 𝐴(𝑡)𝑄̃(𝑡) − 𝑄̃(𝑡)𝐴(𝑡),     𝑡 ≥ 0.                                                  (8) 

3 Discretization of the Lax Equation with Embedded Skew-

symmetry 

In this section, we first propose a discretization of the Lax equation (8), which is 

a continuous analogue of the shifted QR method introduced in the previous 

section. It is based on a matrix factorization that employs skew-symmetric 

matrices instead of the standard QR factorization. Then, we show that the 

discretized approach leads to an eigenvalue-preserving transformation. 

We introduce an alternative factorization that employs skew-symmetric matrices. 

We present the following lemma concerning the factorization for a given matrix 

𝐴 = (𝑎𝑖,𝑗)1≤𝑖,𝑗≤𝑚 ∈ ℝ
𝑚×𝑚. 

Lemma 2. Let 𝐴 − 𝜇𝐼 be a nonsingular matrix, where 𝜇 is a shift parameter. 

Then, the matrix 𝐴 − 𝜇𝐼 can be uniquely factorized as the matrix product: 

𝐴 − 𝜇𝐼 = (𝐼 + 𝛿𝑁)𝑅̂,                                                                                   (9) 

where 𝑁  is a skew-symmetric matrix, 𝑅̂  is an upper triangular matrix, and 

parameter 𝛿 ≔ −1/𝜇. 

Proof. Since the skew-symmetric matrix 𝑁 = (𝑛𝑖,𝑗)1≤𝑖,𝑗≤𝑚 satisfies the relation 

𝑁 = −𝑁T, the matrix 𝐼 + 𝛿𝑁 can be represented as: 

𝐼 + 𝛿𝑁 =

(

 

1 −𝛿𝑛2,1
𝛿𝑛2,1
⋮

𝛿𝑛𝑚,1

1
⋱
⋯

⋯
⋱
⋱

−𝛿𝑛𝑚,1
⋮

−𝛿𝑛𝑚,𝑚−1
𝛿𝑛𝑚,𝑚−1 1 )

 .                  (10) 

Now, we denote 𝑅̂ = (𝑟̂𝑖,𝑗)1≤𝑖,𝑗≤𝑚, where its entries 𝑟̂𝑖,𝑗 satisfy 𝑟̂𝑖,𝑗 = 0 for 𝑖 > 𝑗. 

By observing the 1st column vector on both sides of the factorization (9), we 

obtain 𝑎1,1 − 𝜇 = 𝑟̂1,1 and 𝑎𝑖,1 = 𝛿𝑛𝑖,1𝑟̂1,1, 𝑖 = 2, 3, … , 𝑚. The equation 𝑎1,1 −

𝜇 = 𝑟̂1,1  uniquely determines 𝑟̂1,1  from given 𝑎1,1  and 𝜇.  The entries 

𝑛2,1, 𝑛3,1, … , 𝑛𝑚,1 that appear in the 1st column of the skew-symmetric matrix 

𝑁  are then uniquely determined, assuming that 𝑎1,1 − 𝜇 ≠ 0,  from 𝑎𝑖,1 =

𝛿𝑛𝑖,1𝑟̂1,1. 
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Here, we define the leading principal minor of order 𝑗 of the matrix 𝐼 + 𝛿𝑁 in Eq. 

(10) as the submatrix that is obtained by removing the rows and columns indexed 

by 𝑗 + 1, 𝑗 + 2, … , 𝑚 from 𝐼 + 𝛿𝑁 as follows: 

               (𝐼 + 𝛿𝑁)[1,𝑗]×[1,𝑗] ≔

(

 

1 −𝛿𝑛2,1
𝛿𝑛2,1
⋮

𝛿𝑛𝑗,1

1
⋱
⋯

⋯
⋱
⋱

−𝛿𝑛𝑗,1
⋮

−𝛿𝑛𝑗,𝑗−1
𝛿𝑛𝑗,𝑗−1 1 )

 .   

In the factorization 𝐴 − 𝜇𝐼 = (𝐼 + 𝛿𝑁)𝑅̂, the system of equations determining 

the elements of the 𝑗-th column of 𝑅̂ is given by: 

(𝐼 + 𝛿𝑁)[1,𝑗]×[1,𝑗]𝒓̂[1,𝑗]×𝑗 = 𝒂[1,𝑗]×𝑗,     𝑗 = 2, 3, … , 𝑚,                      (11) 

where 𝒓̂[1,𝑗]×𝑗 ≔ (𝑟̂1,𝑗, 𝑟̂2,𝑗, … , 𝑟̂𝑗,𝑗)
T  and 𝒂[1,𝑗]×𝑗 ≔ (𝑎1,𝑗, 𝑎2,𝑗, … , 𝑎𝑗,𝑗)

T . Since 

the eigenvalues of the skew-symmetric matrix 𝑁 are either 0 or purely imaginary 

numbers, it is clear that 𝐼 + 𝛿𝑁  is nonsingular, which implies that ((𝐼 +

𝛿𝑁)[1,𝑗]×[1,𝑗])
−1

 exists. Solving the system of Eq. (11) for 𝒓̂[1,𝑗]×𝑗 yields: 

𝒓̂[1,𝑗]×𝑗 = ((𝐼 + 𝛿𝑁)[1,𝑗]×[1,𝑗])
−1
 𝒂[1,𝑗]×𝑗,      𝑗 = 2, 3, … , 𝑚,          (12) 

which uniquely determines the elements of the 𝑗-th column of 𝑅̂. 

To determine the skew-symmetric matrix 𝑁, it is sufficient to calculate the entries 

below the diagonal as these fully specify the matrix. The elements 

𝑛𝑗+1,𝑗, 𝑛𝑗+2,𝑗, … , 𝑛𝑚,𝑗  of the 𝑗 -th column of 𝑁  can be determined using the 

following formula: 

𝑛𝑖,𝑗 =
𝑎𝑖,𝑗 − 𝛿∑ 𝑟̂ℓ,𝑗𝑛𝑖,ℓ

𝑗−1
ℓ=1

𝛿𝑟̂𝑗,𝑗
,     𝑖 = 𝑗 + 1, 𝑗 + 2, … , 𝑚.                     (13) 

Thus, the entries in 𝑁  and 𝑅̂  in the factorization 𝐴 − 𝜇𝐼 = (𝐼 + 𝛿𝑁)𝑅̂  are 

uniquely determined by recursively applying the Eq. (12) for the 𝑗-th column of 

𝑅̂ and Eq. (13) for the 𝑗-th column of 𝑁, for 𝑗 = 1, 2, … , 𝑚.                             ∎ 

Henceforth, we refer to the matrix factorization (9) introduced in Lemma 2 as the 

NR factorization. Based on the NR factorization, we propose the following matrix 

update method, consisting of two operations: 
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1. Given the matrix 𝐴(𝑘)  and the shift parameter 𝜇(𝑘) , perform the NR 

factorization (9) as follows: 

𝐴(𝑘) − 𝜇(𝑘)𝐼 = (𝐼 + 𝛿(𝑘)𝑁(𝑘))𝑅̂(𝑘),     𝑘 = 0, 1, … ,              (14) 

where 𝑁(𝑘) and 𝑅̂(𝑘) are skew-symmetric and upper triangular matrices, 

respectively.   

2. Update the matrix 𝐴(𝑘)  to 𝐴(𝑘+1) by computing the matrix product of 

𝑅̂(𝑘) and 𝐼 + 𝛿(𝑘)𝑁(𝑘), and adding back the shift parameter 𝜇(𝑘) to the 

diagonal entries as follows: 

𝐴(𝑘+1) = 𝑅̂(𝑘)(𝐼 + 𝛿(𝑘)𝑁(𝑘)) + 𝜇(𝑘)𝐼,     𝑘 = 0, 1, … .          (15) 

This method, called the shifted NR method, provides a structured approach for 

matrix updates using NR factorization with skew-symmetric matrices and shift 

parameters. 

The matrix operation that updates 𝐴(𝑘) to 𝐴(𝑘+1), as defined by Eqs. (14) and 

(15), leads to the following similarity transformation: 

𝐴(𝑘+1) = (𝐼 + 𝛿(𝑘)𝑁(𝑘))
−1
𝐴(𝑘)(𝐼 + 𝛿(𝑘)𝑁(𝑘)),     𝑘 = 0, 1,… ,      (16) 

which preserves the eigenvalues of 𝐴(𝑘). As discussed earlier, where the shifted 

QR method is linked to the Lax equation (8), we can establish a similar 

correspondence between the discrete-time index 𝑘 and continuous-time variable 

𝑡. Specifically, we let 𝐴(𝑘) = 𝐴(𝑡) and 𝐴(𝑘+1) = 𝐴(𝑡 + 𝛿(𝑘)). Taking the limit as 

𝛿(𝑘) → 0 in similarity transformation (16), we obtain the derivative of 𝐴(𝑡): 

𝑑𝐴(𝑡)

𝑑𝑡
= lim
𝛿(𝑘)→0

(𝐴(𝑡)𝑁(𝑘) − 𝑁(𝑘)𝐴(𝑡 + 𝛿(𝑘))) .                                  (17) 

We present the following lemma concerning the existence of a continuous 

analogue for the 𝑁(𝑘). 

Lemma 3. Let 𝑁(𝑘)  denote the skew-symmetric matrix obtained through the 

shifted NR method for a given matrix 𝐴(𝑘) = (𝑎𝑖,𝑗)1≤𝑖,𝑗≤𝑚 at step 𝑘. Then, the 

limit 𝑁(𝑡) ≔ lim𝜇(𝑘)→−∞𝑁
(𝑘)  exists, and 𝑁(𝑡)  is a skew-symmetric matrix 

constructed from the strictly lower triangular entries in 𝐴(𝑘). 
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Proof. Considering the NR factorization (9), the elements of 1st column vector 

of the skew-symmetric matrix 𝑁(𝑘) = (𝑛𝑖,𝑗
(𝑘)
)1≤𝑖,𝑗≤𝑚  are expressed as 𝑛𝑖,1

(𝑘)
=

𝑎𝑖,1/(1 + 𝛿
(𝑘)𝑎1,1), 𝑖 = 2, 3, … , 𝑚, which immediately leads to: 

lim
𝛿(𝑘)→0

𝑛𝑖,1
(𝑘)
= 𝑎𝑖,1,     𝑖 = 2, 3, … , 𝑚.                                                         (18) 

Next, for the 2nd column vector of 𝑁(𝑘), using Eqs. (12) and (13), we obtain: 

           𝑛𝑖,2
(𝑘)
=
𝑎𝑖,2 − 𝛿

(𝑘)𝑛𝑖,1
(𝑘)
(𝑎1,2 + 𝑛2,1

(𝑘)
) − (𝛿(𝑘))2𝑛2,1

(𝑘)
(𝑛𝑖,1
(𝑘)
𝑎2,2 − 𝑛2,1

(𝑘)
𝑎𝑖,2)

1 + 𝛿(𝑘)𝑎2,2 − (𝛿
(𝑘))2𝑛2,1

(𝑘)
𝑎1,2

. 

Taking the limit as 𝛿(𝑘) → 0, and using Eq. (18), we have lim
𝛿(𝑘)→0

𝑛𝑖,2
(𝑘)
= 𝑎𝑖,2, 𝑖 =

3, 4, … , 𝑚. Similarly, by calculating the 3rd, 4th, …, (𝑚 − 1)-th columns in 

𝑅̂(𝑘) and 𝑁(𝑘), and taking the limit 𝛿(𝑘) → 0, we see that the elements of the 𝑗-th 

column of 𝑁(𝑘) can be expressed as: 

                𝑛𝑖,𝑗
(𝑘) =

𝑎𝑖,𝑗 + 𝑂(𝛿
(𝑘)) + 𝑂((𝛿(𝑘))2) + ⋯+ 𝑂((𝛿(𝑘))𝑗)

1 + 𝑂(𝛿(𝑘)) + 𝑂((𝛿(𝑘))2) + ⋯+ 𝑂((𝛿(𝑘))𝑗)
,   

 𝑖 = 𝑗 + 1, 𝑗 + 2, … , 𝑚,     𝑗 = 3, 4, … , 𝑚 − 1. 

Thus, by summarizing the results for the 1st through (𝑚 − 1)-th columns in 𝑁(𝑘), 

we conclude that, as 𝛿(𝑘) → 0, the strictly lower triangular entries 𝑛𝑖,𝑗
(𝑘)

 in 𝑁(𝑘) 

converge to those in 𝐴(𝑘)  as lim
𝛿(𝑘)→0

𝑛𝑖,𝑗
(𝑘)
= 𝑎𝑖,𝑗  for 𝑖 = 𝑗 + 1, 𝑗 + 2, … , 𝑚  and 

𝑗 = 1, 2, … , 𝑚 − 1.                                                                                              ∎ 

Lemma 3 guarantees the existence of the matrix 𝑁(𝑡) = lim𝛿(𝑘)→0𝑁
(𝑘), which 

can be regarded as a continuous analogue of 𝑁(𝑘). Furthermore, according to 

Lemma 3, by using Eq. (17) and 𝑄̃(𝑡) = 𝑁(𝑡), we obtain the Lax equation (8). 

Therefore, the proposed shifted NR method (14)-(15) can be viewed as a discrete 

analogue of the Lax equation (8). 

The following lemma provides properties related to the convergence of shifted 

NR factorization method using 𝐴(𝑘) − 𝜇(𝑘)𝐼 = 𝑁̂(𝑘)𝑅̂(𝑘),  where 𝑁̂(𝑘) ≔ (𝐼 +

𝛿(𝑘)𝑁(𝑘)). 
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Lemma 4. Let 𝐴(𝑘) − 𝜇(𝑘)𝐼  be factorizable for any 𝑘  into the matrix product 

given in Eq. (9). Then, by setting 𝐴 = 𝐴(0), the following relation holds: 

∏(𝐴− 𝜇(ℓ−1)𝐼) = 𝑁̂(0)𝑁̂(1)⋯𝑁̂(𝑘−1)𝑅̂(𝑘−1)⋯𝑅̂(1)𝑅̂(0)
𝑘

ℓ=1

,   𝑘 = 1, 2,… . (19) 

Furthermore, the similarity transformation from 𝐴 = 𝐴(0)  to 𝐴(𝑘)  is expressed 

as: 

𝐴(𝑘) = (𝑁̂(0)𝑁̂(1)⋯𝑁̂(𝑘−1))
−1
𝐴(𝑁̂(0)𝑁̂(1)⋯𝑁̂(𝑘−1)),    𝑘 = 1, 2,… .   (20) 

Proof. Noting that 𝐴 − 𝜇(0)𝐼 = 𝑁̂(0)𝑅̂(0), it is clear that Eq. (19) holds for 𝑘 = 1. 
Assuming that Eq. (19) holds for 𝑘 = 1, 2, … , 𝑠 − 1, we obtain: 

    ∏(𝐴 − 𝜇(ℓ−1)𝐼)

𝑠

ℓ=1

 

    = 𝑁̂(0)[𝑅̂(0)𝑁̂(0) + (𝜇(0) − 𝜇(𝑠−1))𝐼]𝑁̂(1)𝑁̂(2)⋯𝑁̂(𝑠−2)𝑅̂(𝑠−2)⋯𝑅̂(1)𝑅̂(0). 

From Eqs. (14) and (15), it follows that 𝑁̂(1)𝑅̂(1) + 𝜇(1)𝐼 = 𝑅̂(0)𝑁̂(0) + 𝜇(0)𝐼, 
which gives: 

∏(𝐴 − 𝜇(ℓ−1)𝐼)

𝑠

ℓ=1

 

= 𝑁̂(0)𝑁̂(1)[𝑅̂(1)𝑁̂(1) + (𝜇(1) − 𝜇(𝑠−1))𝐼]𝑁̂(2)𝑁̂(3)⋯𝑁̂(𝑠−2)𝑅̂(𝑠−2)⋯𝑅̂(1)𝑅̂(0). 

Proceeding in a similar manner and using the relation 𝑁̂(𝑘+1)𝑅̂(𝑘+1) + 𝜇(𝑘+1)𝐼 =
𝑅̂(𝑘)𝑁̂(𝑘) + 𝜇(𝑘)𝐼, we can continue transforming the expression iteratively. 

Therefore, by applying the relation 𝑁̂(𝑠−1)𝑅̂(𝑠−1) + 𝜇(𝑠−1)𝐼 = 𝑅̂(𝑠−2)𝑁̂(𝑠−2) +
𝜇(𝑠−2)𝐼 , we have Eq. (19) with 𝑘 = 𝑠 . Furthermore, from the similarity 

transformation between 𝐴(𝑘)  and 𝐴(𝑘+1)  given by Eq. (16), we obtain 𝐴(𝑘) =

(𝑁̂(𝑘−1))
−1
𝐴(𝑘−1)𝑁̂(𝑘−1), 𝑘 = 1, 2,…, which immediately leads to Eq. (20).   ∎                                                                                                             

Employing the results of Lemma 4, we derive the following theorem concerning 

the convergence of the shifted NR method based on the factorization (9), which 

utilizes skew-symmetric matrices. 
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Theorem 2. Let 𝐴 = 𝐴(0) ∈ ℝ𝑚×𝑚 satisfy conditions i and ii as follows: 

i. For the shift parameters 𝜇(𝑘) and the real eigenvalues 𝜆1, 𝜆2, … , 𝜆𝑚 of 
matrix 𝐴, the following inequality holds: 

|𝜆1 − 𝜇
(𝑘)| > |𝜆2 − 𝜇

(𝑘)| > ⋯ > |𝜆𝑚 − 𝜇
(𝑘)| > 0,     𝑘 = 0, 1,… . 

ii. Suppose the matrix 𝐴  is diagonalizable, such that, using orthogonal 

matrix 𝑉, it holds that 𝑉−1𝐴𝑉 = diag(𝜆1, 𝜆2, … , 𝜆𝑚). Then, 𝑉−1 admits 

an LU factorization, namely, 𝑉−1 = ℒ𝒰, where ℒ and 𝒰 are lower and 

upper triangular matrices, respectively. 

Then, 𝐴  in the shifted NR method (14)-(15) essentially converges to upper 

triangular matrix. 

Proof. Let the matrix 𝐴  be expressed as 𝐴 = 𝑉Λ𝑉−1, where Λ ≔

diag(𝜆1, 𝜆2, … , 𝜆𝑚).  Then, it follows that: ∏ (𝐴 − 𝜇(ℓ−1)𝐼) = 𝑉Λ𝑘𝑉
−1,𝑘

ℓ=1  

where Λ𝑘 ≔ diag(∏ (𝜆1 − 𝜇
(ℓ−1))𝑘

ℓ=1 , ∏ (𝜆2 − 𝜇
(ℓ−1))𝑘

ℓ=1 , … ,∏ (𝜆𝑚 −
𝑘
ℓ=1

𝜇(ℓ−1))). Assume that 𝑉−1 has an LU factorization as 𝑉−1 = ℒ𝒰. Thus, we can 

express the matrix product as follows: 

∏(𝐴 − 𝜇(ℓ−1)𝐼)

𝑘

ℓ=1

= 𝑉(Λ𝑘ℒΛ𝑘
−1)Λ𝑘𝒰.                                                  (21) 

Since ℒ = (𝑙𝑖,𝑗)1≤𝑖,𝑗≤𝑚  is a lower triangular matrix, the matrix Λ𝑘ℒΛ𝑘
−1  is also 

lower triangular, with its (𝑖, 𝑗) -th entry is 𝑙𝑖,𝑗(𝜆̅𝑖/𝜆̅𝑗)  for 𝑖 > 𝑗 , where 𝜆̅𝑖 ≔

∏ (𝜆𝑖 − 𝜇
(ℓ−1))𝑘

ℓ=1 , 𝑖 = 1, 2, … ,𝑚. In the case where 𝑖 > 𝑗, since |𝜆𝑖 − 𝜇
(ℓ)| <

|𝜆𝑗 − 𝜇
(ℓ)|, ℓ = 0, 1, …, for the (𝑖, 𝑗)-entries (Λ𝑘ℒΛ𝑘

−1)
𝑖,𝑗

 in the matrix Λ𝑘ℒΛ𝑘
−1, 

it follows that: 

                |(Λ𝑘ℒΛ𝑘
−1)

𝑖,𝑗
| ≤ |𝑙𝑖,𝑗| |

𝜆𝑖 − 𝜇
∗

𝜆𝑗 − 𝜇
∗
| ,     𝑖 > 𝑗, 

where 

                |
𝜆𝑖 − 𝜇

∗

𝜆𝑗 − 𝜇
∗
| ≔ max{|

𝜆𝑖 − 𝜇
(0)

𝜆𝑗 − 𝜇
(0)
| , |
𝜆𝑖 − 𝜇

(1)

𝜆𝑗 − 𝜇
(1)
| , … , |

𝜆𝑖 − 𝜇
(𝑘−1)

𝜆𝑗 − 𝜇
(𝑘−1)

|} . 
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Taking the limit as 𝑘 → ∞, we find that the matrix Λ𝑘ℒΛ𝑘
−1 converges to the 

identity matrix 𝐼. Using Eqs. (19) and (21), we obtain 𝑉(Λ𝑘ℒΛ𝑘
−1)Λ𝑘𝒰 = 𝒩ℛ, 

where 𝒩 ≔ 𝑁̂(0)𝑁̂(1)⋯𝑁̂(𝑘−1)  and ℛ ≔ 𝑅̂(𝑘−1)𝑅̂(𝑘−2)⋯𝑅̂(0).  From 𝐴 =

𝑉Λ𝑉−1  and 𝑉 = 𝒩ℛ[(Λ𝑘ℒΛ𝑘
−1)Λ𝑘𝒰]

−1
,  the similarity transformation (20) 

becomes: 

                 𝐴(𝑘) = ℛ𝒰−1Λ𝑘
−1(Λ𝑘ℒΛ𝑘

−1)
−1
Λ(Λ𝑘ℒΛ𝑘

−1)Λ𝑘𝒰ℛ
−1. 

Considering Λ𝑘ℒΛ𝑘
−1 → 𝐼  as 𝑘 → ∞,  we have lim𝑘→∞𝐴

(𝑘) = ℛ𝒰−1Λ𝒰ℛ−1. 

Since both ℛ𝒰−1 and 𝒰ℛ−1 are upper triangular, their product is also an upper 

triangular. Therefore, as each step from 𝐴(𝑘) to 𝐴(𝑘+1) in the shifted NR method 

is a similarity transformation from Lemma 4, the matrix 𝐴(𝑘) converges to an 

upper triangular form while preserving its eigenvalues.                                      ∎ 

4 Conclusion 

In this study, we first demonstrated that, by appropriately relating the shift 

parameter 𝜇(𝑘)  to the discrete parameter 𝛿(𝑘),  the shifted QR method 

corresponds to the Lax equation with skew-symmetry as the limit  𝛿(𝑘) → 0. This 

finding not only situates the shifted QR method within the framework of 

integrable systems, but also establishes a correspondence between the discrete 

and continuous systems, mediated by the shift parameter. 

Second, we proposed a discretization method based on NR factorization as an 

alternative to the shifted QR method for the Lax equation involving skew-

symmetric matrices. This approach, termed the shifted NR method, provides an 

eigenvalue computation algorithm, which we proved converges to the matrix 

eigenvalues in the discrete time limit as 𝑘 → ∞.  

Since both the shifted QR and shifted NR methods correspond to the Lax equation 

as the limit 𝛿(𝑘) = −1/𝜇(𝑘) → 0, other discretization methods corresponding to 

the Lax equations may also yield discrete dynamical systems that converge to 

eigenvalues. We anticipate further progress in this area through future research, 

particularly in identifying discretization that are suitable in terms of 

computational accuracy and efficiency. 
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