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Abstract. In this paper, we investigate the stability of the zero solution of an
integro-differential equation of the second order with variable delay. By means
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conditions under which the zero solution of the equation considered is stable.
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1 Introduction

Burton [1] investigated the convergence of solutions of nonlinear differential
equations of the second order with constant delay, L :

F+ f(t,x, )% +b()g(x(t — L)) =0.

The author found sufficient conditions which guarantee that the solutions of the
former equation satisfy (x(¢),x(¢)) > 0 as f —> 0.

Later, Pi [2,3] discussed the stability of the zero solution of the differential
equation of the second order with variable delay, 7(7):

$+ £t x, %)% +b()g(x(t — (1)) = 0.

Using the fixed point theory and an exponential weighted metric, the author
established sufficient conditions which guarantee that the zero solution of the
equation considered is stable and asymptotic stable. Pi [4] is concerned with the
integro-differential equation of the second order with variable delay, 7(¢):

X+ f(t,x,x)x+ j a(t,s)g(x(s))ds =0.

t=r(t)
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The author investigated the stability of the zero solution of this equation by
means of the fixed point theory and an exponential weighted metric. In addition,
for some related works on the qualitative behavior solutions of functional
differential and integro-differential equations of the second order, we refer to
the reader to the papers and books of Abdollahpour, et al. [5], Ardjouni and
Djoudi [6], Burton [7,8], Graef and Tung¢ [9], Hale [10], Jin and Luo [11],
Korkmaz and Tung [12], Levin and Nohel [13,14], Pi [15], Tung¢ and Biger
[16], Tung [17], Tung and Tung [18], Zhao, et al. [19], Zhao and Yuan [20] and
the references therein.

Motivated by the works mentioned, we consider the integro-differential
equation of the second order with variable delay, r(¢) > 0 :

t

¥+ ay (1) f(t,x,%)% +b()h(x(t — (1)) + j a(t,s)g(x(s))ds =0, (1)
t—r(t)

where H:R* —> R is a bounded and continuous function, a:[0,00)x
[-7(0),0) >R, g:R>R, TR xRxR->R"and q,, r:R" >R, R =
[0,00), are continuous functions.

We can state Eq. (1) as the following system:
xX=y,
’ 2
§ =0,/ (650 —bOhx—r©) - | ao)geonas. O

t—r(t)
For each 1,20, we define m(t,)=inf{s—r(s):s>¢t,}. Let C(t,)=
C([m(1,),1,],M) with the continuous function norm ||, where |[y|=

sup {|l//(s)| :m(t,) < s <t } We use || as the supremum on [m(z,),).

It is well known that for a given continuous function ¢ and a number ), there
exists a solution of system Eq. (2) on an interval [tO,T), and if the solution

remains bounded, then 7 =c. By (x(¢), y(¢)) we denote the solution
(x(1,10,9), ¥ (1,1, 9)).

Let A(t) =a,(t)f(t,x(t), y(t)). Then, from the system in Eq. (2), it follows that:
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x=y,

=AWy ~BOW(e - r0)~ | a(e.5)a (s ©

t—r(t)
Throughout this paper it is assumed that ¢—r(¢) is strictly increasing and
lim(¢ —r(¢))=c. Let p(¢t) be the inverse of #—r(t). Suppose that
t—©
p(t)
0<b(1)<M, for some constant M, >0 and let G(t,¢)= I a(u,t)du and

t
p(s)

G(t,s)= I a(u,s)du . There exists a constant M,> 0 such that |G(z,t)| <M,.

t

The following theorem is our main result.

2 Main result

Theorem 2.1 We assume that the following assumptions hold:

(i) There exists a constant />0, (/ =max{/,,/,}) such that h(x) and g(x)
satisfy the Lipschitz condition on [-/,/] and [-/,,/,] respectively. The
function /(x) is odd and strictly increasing on [—/,/,] the function g(x) is odd
and strictly increasing on [—/,,/,], and Xx—A(x) is non-decreasing on
[0,,], x — g(x) is non-decreasing on [0,/ ].

(ii) There exist positive constants ¢,,a, €(0,1) and a continuous function
a,(t):[0,00) >[0,0) such that a,(t)f(¢,x,y)=a/ () for ¢>0. For all

t t
120, j. |G(t,v)|dv is increasing with respect to ¢, and j. |a(t,v)|dv is
t=r(t) t—r(t)
bounded for >0 and x,y€R
z =T oo o[ aw
2sup J. Ie : b(s)dwds+25up_[ j e’ b(s)dwds <
0

120 0 t—s

p(1) o 7W+Sa|(v)dv t © 7W+Sa|(v)dv
2 j j e G(s,s)dwds+2j j e G(s,s)dwds

t 0 0t-s
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t —jal(v)dv 0
+2.[e s j |G(s,v)| dvds < a,.
0 t—s
(iii) There exist constants @, >0 and (>0 such that, for each >0, if
J >0, then:

t+J
I a,(s)dsza,J.
t
Then there exists ¢ €(0,1) such that for each initial function y :[m(t,),t,] >R
and X(f)) satisfying |x(z,)|+|jw| <5, there is a unique continuous function
x:[m(t,),0) >R satisfying x(¢)=w(t), te[ml(t,),t,], which is a solution of
Eq. (1) on [¢,,%). Moreover, the zero solution of Eq. (1) is stable.

Before giving the proof of the former theorem, we need the following two
lemmas.

Lemma 2.1 (Pi [14]) Let the function p:[—r(0),00) —[0,00) denote the inverse
of t —r(t). Then:

t
M= [ at,5)g(x(s))ds
t—r(t)
is equivalent to

t

. d
X(1)=-G(1,0)g(x(1)) + Z 'f G(1,5)g(x(s))ds.
t—r(t)
Lemma 2.2 Let w:[m(t,),t,] >R be a given continuous function. If
(x(2), y(t)) is the solution of system Eq. (2) satisfying x(¢) =w (), €[m(t,),t,]
and y(¢)=X(f), then x(¢) is the solution of the integral equation:

—jK(s)ds t —’K(s)ds t 71 K(s)ds _
XO=y()e”  +[er  Badu+[e'  R@)lx(u)—h(x(u))du
Lo _ijds noo
+ j R(s)h(x(s))ds —e * j R(s)h(x(s))ds

t=r(t) tofr(to)
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u 7jK(.v)dv

_I [ f R(s)h(x(s))ds)K (u)e "

(u)

K(s)ds

_j [i N (u, s)h(x(s = ’”(S)))dS]K(u)e_“ du

t 7j.K(s)ds

e H@Lx(w) - gx@)ldu+ [ H(s)g(x(s))ds

t, t—r(t)

—jk(s)dx t
—e [ H(s)g(x(s)ds

ty-r(ty)

u 7le(s)ds

1 | Hee)dsIKwe * du

ty u—r(u)

—| K(s)ds

+j E(t,$)g(x(s—r(s)))ds — j [jiE(u,s)g(x(s —r(s))ds]K(u)e * du

t 7j'K(S)dS u
+Ie “ [ j G(u,v)g(x(v))dv]du
ty u—r(u)

1 .
(- [Kwas  ~JAama

- j e [e © j G(t,,v)g(x(v))dv]du

f to—r(ty)

t -j'K(s)ds u s —j.A(v)dv
~fer I [ GsmgmadvlA(s)e ™ dsldu.

ty ty s—r(s)

Throughout the proof of this lemma, we use the following notations:

—| A(s)ds s
Ctu)y=e" G(u,u), D(t) =IC(u+t—t0,t)du,
D(1)

T D(t), D(p(1) = H(?),

0o —| A(s)ds
Et,)= [ Clu+s—t,,5)du, M(t,uy=e " b(w),

fy+t—s

du +j N(t,5)h(x(s —r(s)))ds

4)
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N(t,s)= I Mu+s—t,,s)du,

=5+,

IM(qut fys 1) = R(0),— 2 RO

lo

Proof. Let:

B(t)=x(t,) exp(—j A(s)ds).

l
It can be written from Eq. (3) and Eq. (5) that:
P —jA(.v)dx

x(t) = B(t) - Ie Y b(wh(x(u—r(u)))du

Ty

t —jA(v)dv s
—j et j a(s,v)g(x(v))dv)ds.

ty s—r(s)

In view of Lemma 2.1 and Eq. (6), it follows that:
t —’ A(s)ds
x(t)=B(t)— Ie “ b(u)h(x(u — r(u)))du

ty

t
t —| A(v)dv s

—fe” [G(s.5)g(x(s)) - - [ Gs,g(e(v)dvids.

ty S s—r(s)

Hence:

‘ —jA(x)dv ‘
()= B(t) - j b()h(x(u — r@)))du — [ C(2,5)g(x(s))ds

l

JA(v)dv

+j (g j G(s5,v)g(x(v))dv)ds.

s—r(s)

<M,, s<t, we get:

. = R(t), R(p(t)) = R(2).

71
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1+ -1

@ o '[ A()dv
j Clu+s—ty,s)du|= I e ° G(s,s)du
t—s+t, I=s+ty
% WHA(v)dv
< I e |G(S,S)| dw
t—s
0 —er(v)dv T A(v)dv
= j e |G(s,5) dw+j |G(s,5)| dw,
t—s
© jﬂA(V)dV © 7‘1% A(v)dv e—azQ
Ie |G(s,s)|dw£je M,dw <M,
0 0 %

0

The former first relation implies that the integral I Clu+s—ty,s)du is
to+t—s

convergent. Set u—?¢, =w, s<f{. Then, in view of the assumptions of the

theorem, we have:

ws ws

0 o 7J. A(s)ds o - -[ a(s)ds
j M(u+s—t0,s)duzje ; dwsje ; b(s)dw

t—s+ty t—s t-s

< | e ™"b(s)dw.

O ey 8

©

Since the function b is bounded, the integral j. M@ +s—t,,s)du exists.

-5+,

Hence, Eq. (8) can be written as:

(1) = B(t) - h(x(t - r(z)))]oM(u +1—t,,0)du

)

*%J N(t,8)h(x(s = r(5)))ds —g(x(t = (1)) D(t)

+ % j E(t,s)g(x(s —r(s)))ds

JA(v)dv

+I (g .[ G(s,v)g(x(v))dv)ds. 9)

s—r(s)
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Then, we have:

t

x(z)=B(r)—R(p(r))h(x(r))+% [ R(p(s)h(x(s))ds

t—r(t)

+ [N 5 (s = r(s))ds = D(p(O)(x(0)

t

%,_ J( l)ﬁ(p(s))g(x(s))ds " %joE(t,s)g(x(s ~ r(s)))ds

t —jA(v)dv d s
+er = [ GlmgGm)dvds.
ty dS s—r(s)

Therefore, from Eq. (9) and Eq. (10), it follows that:

x(t) = B(t) — R(0)x(t) + R(0)[x(¢) — h(x(1))] + % j R(s)h(x(s))ds

t—r(t)

+%jN(Z,s)h(x(S —r(s)))ds — H(t)x(t) + H(@)[x(t) — g(x(1))]

t

+% I H(s)g(x(s))ds + %j;E(t,S)g(x(S —r(s)))ds.

t—r(t)

Forall ¢ €[t,,7}] by the variation of parameters formula, we obtain:

fj.K(s)ds t —’K(s)ds
x(=x(t)e "  + j e’ B(u)du

f

t 1
t —JK(.Y)d.v ¢ —[K(s)ds

e RGODw) - h(x@)]du +[e*  Hw)[x(u) - g(x(u)))d

u

) ty

+j e_! e [%jm R(s)h(x(s))ds]du

)

+j e_!K(S)dS [% ;[ N(u,s)h(x(s —r(s)))ds]du

+|e [% ]. H(s)g(x(s))ds]du

ty u—r(u)

73
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t —j.K(S)ds u
+Ie " [—jE(u,s)g(x(s —r(s)))ds]du

ty

t - K( Ods u —JA( Ydv

+J‘ I (— I G(s,v)g(x(v))dv)ds]du. (11)

S sr(s)

If we use the integration by parts for the last five terms in Eq. (11), then we

have:

x(1)

L t
*IK(S)ds t —| K(s)ds

=p(t)e®  + j e  B(udu

ly

t
t  —|K(s)ds

e RG)x(w) - h(x(w))]du

)

—jK( Dds fy
+ j R(s)h(x(s))ds —e " j R(s)h(x(s))ds
t—r(t) to=r(t)

—j.[ ]‘. Ié(s)h(x(s))ds]K(u)ei” K(S)dsdu +j N(t,s)h(x(s —r(s)))ds

ty u—r(u) ty

_ j[ j N, )h(x(s — r(s)))ds]K(u)eiJK( "

thy &

t —LK(s)ds t
et H@)xw) - g(x@)ldu+ [ H(s)g(x(s))ds

ty t=r(t)

: t
—-[K(s)ds ty t u —| K(s)ds

et | HEREE) [ [ HegG@)dsIKwe * du
to—r(1y) to u=r(u)
IK(S)dS
+IE(t s)g(x(s —r(s)))ds —j[jE(u $)g(x(s —r(s)))ds]K(u)e * du

s *K()d

+j [ | Gvgx)dv)du

u—r(u)
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t —j-K(s)ds —TA(V)dv Iy
—Ie “ [e I G(t,,v)g(x(v))dv)]du

) =1 (1)

‘ i[[((s)ds u s [ a(yav

—je “ [j[ j G(s,v)g(x(v))dv)]A(s)e * dsldu.

ty s—r(s)

Conversely, suppose that a continuous function x(¢)=w(¢),te[ml(t)),?,]
satisfies the integral equation given on [f{,,7]. Then this function is
differentiable on [¢,,7,]. We just need to differentiate the integral equation and
then we obtain the relation Eq. (4). This completes the proof of Lemma 2.2.

Let (C,||[) be the Banach space of bounded continuous functions on [m(z,),)

with the supremum norm. For a given continuous initial function
y :[m(,),t,]—> R, define the set C, — C by:

C, ={p:[m(t,), ) > R|p e C,p(t) =y (1),r e[m(1,).1, 1},

C, =tp:Im(1,).) > R|p € C,p(t) =y (1)1 € [m(t, .1, L p(D)| < Le = m(1,)},
where y :[m(t,),t,]—[—/,]] is given as initial function and [/ is a positive
constant. We also use ||| to denote the supremum norm of the initial function.
Let P, be a mapping defined on C, as follows: for p e C,, if te[m(t)).t,],,
then (Bo)(t) =w(¢). In addition, if # > ¢, then:

p t

,Jk(s)ds t *J.K(S)dé' ‘ —[K(s)ds R
(Be)t)=y(t e  +[e*  Baydu+[e®  R@)p)=h(p)du
t . —jK(x)ds 1y R
+ [ R)h(p(s)ds —e * [ Ry (s)ds

t—r(t) 1o=r(tp)

t
u —| K(s)ds

[l | Rh(p(s)dsIK e du +[ N(t,)h(p(s —r(s))ds

u—r(u) ty

_j [T N(u, $)h(p(s —7(s))ds]K (u)e_l o

fy Iy
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t

t —J.K(s)ds

et H@lpw) - glp@)ldu+ [ H(s)g(p(s)ds
ty t—r(t)
—j. K(s)ds 1 t u *Y K(s)ds
—e [ HEeW(s)ds =[[ [ H)glp(s)dsIK@e ™ du
to—r(ty) ty u—r(u)

t

*J‘K(S)db‘

+[ E(t,5)2(p(s = r(s))ds ~[[[ E(u,5)2(p(s = r(s))ds]K (e *  du

ty fh

t 7jK(s)ds u

+I e I G(u,v)g(p(v))dv)ldu

1 u—r(u)

t —jK(s)ds fTA(v)dv l

~fer e [ Gty gy (m)av)ldu

to=r(ty)

t u
‘ —IK(s)ds u s [ ayav

~fer Il | GlsvglpmanlA(sie ™ dsldu.

ty s—r(s)
Note that F, may not be a contraction mapping. We solve this problem in

Lemma 2.3 by introducing an exponential weighted metric.

Lemma 2.3 Suppose that there exist constants /, >0, [, >0, /=max(/,l,)
such that A(x) and g(x) satisfy the Lipschitz condition on [-/,/] and
[-1,,1,] respectively. Then there exists a metric d on C;/ such that:

(i) The metric space (C;,,d) is complete;

(i) P, is a contraction mapping on (C, ,d) if P,:C, —»C,.

v

Proof .

(i) We change the supremum norm to an exponentially weighted norm |¢

f’
which is defined on C.f/- Let S be the space of all continuous functions

@:[m(t,),0) = R such that:

|(0|f =sup {|(p(t)| e’V te [m(t,),0)} < oo,
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t s
where  f(f)=kL f [R(s)+ R(s) + H(s) + D(s) + f |G(s,v)|dvids, kis  a
ty s=r(s)
constant and k >12, and L, is the common Lipschitz constant for x —/(x) and
h(x), L, is the common Lipschitz constant for x—g(x) and g(x),
L =max(L,,L,). Then (S,

;) is a Banach space, Thus, (S,d) is a complete
metric space, where d denotes the induced metric: d(¢,7) :|go—77| r where

@,n€S. Under this metric, the space le, is a closed subset of S. Therefore,

the metric space (C;, ,d) is complete.

(ii) Suppose that PR :Cy’, - C;/. For ¢,ne C«/I/ , since R(1)>0,
K() 20, N(t,5) >0 and E(¢,5)=0, then:

t  —| K(s)ds

(BoXO)— B @) <[e®  R)|p@u) = h(p@)] - [n(w) = hp))]| du

fy
t

+ [ Res)|(p(s) = hp(s))| ds

t—r(t)

—| K(s)ds u

+[K@e ™ [ [ R(s)|h(p(s) = h(n(s)) dsldu

1y u—r(u)

+[ N(t,9) (s = () = h(n(s = r(s)))] ds

t

—| K(s)ds u

+[K@e ™ [ NG,s) x|h(p(s - () = h((s = ()] ds)du

ty

t 7j.K(s)ds

e Hw(pw) - g(p@)]-nw) - 2] du

+ | H)|go(s) - gns)|ds
t—r(t)

t
—| K(s)ds u

+[K@e ™ [ | H()|go(s) - gnis)|dsldu

1y u—r(u)
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+I E(t,5)|g(p(s — r(s)) — g((s = r(s)))| ds

t —.’[K(s)ds u

+[K@e ™  [[E@w,s) x|g(p(s = r(s) - gn(s = r(s))| ds)du
t —’ K (s)ds u

+[K@e ™ [ [ H)|glp(s) - g0n(s)))] dsldu
ty u—r(u)

t
t —| K(s)ds u

]
+fer [ [ |G@v)|get) - g dvidu

u—r(u)

t —jK(s)ds u —}A(v)dv s
et (fAse x| |Gls.v)||gle(v) - gr(v))|dv)ds]du.

ty s=r(s)
If we use the relation R(r)< K (¢), H(t)< K(t)(R(t)+ H(t)= K()), then we
have:

t
t —|R(s)ds R

((Bo)0)— (Bp)@0)]e ' <e ' {J‘e " R

t

X[ () — h(p@)] = [n(w) = k@) + [ R(s)[r(p(5) = hn(s))|ds

t—r(t)

—| K(s)ds

+[K@we [ | R)|hp(s) - h(n(s)dsdu

u—r(u)

+[ N (&9 |h(p(s = 7(5) = k(s = r(s))|ds

t —JK(.v)ds u
+j K(u)e * [j N(u,s) x|h(p(s = r(s))) = h(n(s — r(s)))|ds]du

t —/H(s)ds
wfer  Hw) x[[p@) - gp@)]-[n() - g(n(w)] du
+ [ H©)|go(s) - gnsnlds

t—r(t)
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t —j‘K(x)ds u
+[K@e [ [ H()|glp(s)- g0n(s)s)du

u—r(u)

+ E(t9)|g(p(s = r(5) - g(n(s = ()] ds

—| K(s)ds u

+[Kwe™ ([ E(u,s) x|g(p(s = r(s))) — g(n(s = r(s)))| ds]du

. o

+j et 1 J |G(u v)|lg(e(v) - g(n(v)))|dvidu
t - K(s‘)dv u —J.A(v)dv

+ j [ 4(s)e

ly

X j |G(s,v)||g (@) = g((v)))| dv)dsldus .
s—r(s)

For u<t,v<t since D(¢), H(t) >0, we have:

fu)— f(t)=—kL j [R(s)+ R(s) + H(s) + D(s) + j |G (s,v)| dv1ds,
-r(s)

fw)—f@)< —ijI%(s)ds, fw)—-f(@)< —ijR(s)ds,
fwy—f(@< —ij H(s)ds, f(u)— f(t) < —ij. D(s)ds,

fw) - f(0)< —ij (R(s) + H(s))ds = —ij K(s)ds,

fw)y—f()< —ij j |G(s,v)| dvds.

u s—r(s)

For s <t, itis clear that:

79

(12)

f(s—7(s)—f(O)< —ijR(u)du, f(s=r(s)—f()< —ijD(u)du.
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By N(t,5) =0, we have:

N(t,s)= [ Mu+s—ty,8)du< [ M(@u+s—t,5)du=R(s) = N(t,5) < R(s).

Since E(t,5)>0, then:

©

E(t,s)= _[ Cu+s—t,,s)du STC(u +5—1,,8)du=D(s)= E(t,s) < D(s).

=5+t t

For s<u,it is also clear that j |G(s,v)|dv£ I |G(s,v)| dv. Hence, for the
s—r(s) u—r(u)
terms included in Eq. (12), we find:

t

t —|R(s)ds

[er " Raollo) — (@] - [n) ~ @)l du

)

t —|R(s)ds R ) i i
< Ie " R(u)L, |(0(u) - 77(u)|e’/(”)ef(”)’f(’)du
)
t —j.f?(s)ds R —ijl%(s)ds 1
<lev R(u)e dul, |(0—77|f SELI |(p—77

ty

f b
[ R)|hp(s) = h(n(s)le” O ds
t—r(t)

A sy s f 1
< [ RO)LJps)=n@s)e Ve ds < Lo -1

=1 (1) a
t —Z K(s)ds u R )
[Kwe ™ [ [ R)|ho(s) = hGn(s)|dsle " du
ty u—r(u)
j' —jK(s)ds 1 —/(Ljﬁ(u)dt« 1 j R(u)ydu | |
< | K(we [—e = -——e " lduL, | —n|,
) kL kL /
1 t */ K(s)ds 1
Sk—LIK(u)e “ dul, |(p_77|f£k_LLl |¢—77|f,

to

[N 5)|h(p(s = r(s) = h(n(s = r(s))le ™ ds
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t
—kL_[R(u)du

SJR(S)E ; dsL, |go 77|

! *ZK(A')ds u |
[K@ye ™ [[N@9)|hiels = r(s) = (s = r(s)]dsle " du

)
t

—| K(s)ds

< —jK(u)e dul, lp-7|, <

t

t —J.H(s)ds »
Ie © HW[pw) - g(p@)] =) ~ g(n@)]e " du

fo

t —(kL+1)jH(s)ds —(kL+1)jH(s)ds

Sje L H(u)duL, |go—77|.=[ ! —Le o 1L, |¢—77|
" I TkL+1 kL !
kL

t

[ Hs)|g(p(s) - gr(s)e™”

t—r(t)

t

—| K(s)ds u »
I K@e* [ | H)|gs) - gp(s)|dske " du
u—r(u)

t

—| K(s)ds u . » .
IK(u)e [ J' H(s)L, |¢(S)_,7(S)| e e/ OO deldy
u—r(u)

— K(s)ds

<—f1<(u)e duL, |p -1, <_

[ E(t.9)|g(p(s = r(s) — gn(s = r(s)e s

)
t
—kL_[D(u)du

SID(s)e ; dsL, |gp 77|

t

—| K(s)ds u »
I K@e™  [[E@.9)|gpls = r(s) - gln(s - r(s))| sl

lo
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—.[K(s)ds u —kL-’[D(u)du
J.K(u)e [I D(s)e - dsldulL, |go — 77|f

ty
t

—| K(s)ds

—j.K(u)e dul, |(0 77|

J *_’[K(s)ds u |
Ie ‘ [ j. |G(u,V)||g((0(v)) - g(U(V)))| e du

ty u—r(u)

1! —J-K(s)ds —ij' j |G (s, w)|dwds

SkL e dle "% )duL, |(p 77|f <

—IK(s)ds u [ 4amyav

t J‘ s
fer (fawe (] |G- @) dvdsle’ du

ty ty s—r(s)
t

t —J.K(s)ds u —MA(v)dv u
Sje " e/ 10 (J. A(s)e * ( I |G(u,v)|a’v)a’uL2 |(p—77|f
to 1 u—r(u)
7j|‘K(s)dS u —kL[ j[ ‘G(s,w)‘dwds
SIe u [ J. |G(u,v)| dvle v dul, |(0 — 77|f
fy

u—r(u)

1 t —j.K(s)ds —ij j ‘G(s,w)‘dwds

e dle "7 )duL, |(0 — 77|f

1 1 IK(S)dS —kLJ. f ‘G(S M)‘duds
<{——-——e" e "V }L2|(p—77|f

1 —J'K(s)ds —ij j |G (s,w)|dwds

——Ie . K@u)e " dul, |(0 77|

In view of the discussion made, by an easy calculation, we get:

I(E(p)(t)—(ﬁn)(t)le‘“”<k Llp-n|, tor L o=,

S—2|¢)—77 L >,
kL f
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For te[m(t)),t,], we have (Bo)(t)=(Bn)(t)=w(t). Hence, d(F o —Fn)<

12 . . .
Id(qo —1n), k>12. Thus, P, is a contraction mapping on (le,,d).

We continue to prove the theorem. Choose vy :[m(%)),t,]— R and x(f,) such
that:

e*a

? )|&(t)|+ S + h(5) j R(s)ds < (1—a, (D),

a,

O+
to=r(ty)
- )S + (5) j H(s)ds <(1-a,)g(l) — 1. (13)

to=r(t)

e

@+

@
Since (i) implies that g(0)=h(0)=0 the g())</, h([)<l. In addition, since g(x) and
h(x) satisfy the Lipschitz condition on [-//], then g(x) and A(x) are continuous
on [-/,/] such that there exists a ¢ with ¢ < I. By the expression for (P,p) (t) we
have:

t

fj'K(x)af.Y t 7j'1<<s)ds t i’[K(S)dsA
(Be))=w(t)e”  +[er  Bdu+[e*  R@)p)—h(p))du

t

—IK(S)dS 1

+ ] Rohpsnds—e® [ Ry (s)ds

t=r(1) to—r(ty)

t
u —| K(s)ds

—j [ j R(s)h(p(s))ds]Kw)e *  du +jN(z,s)h(¢(s—r(s)))ds

ty u—r(u) ty

_j [I N(u,s)h(p(s —r(s)))ds]1K (u)efi K du

fy B

t *j‘K(S)dS t
e Hwlpw) - g(p@)ldu+ [ H(s)g(p(s)ds
t t=r(t)

t

—IK(S)ds 1 (o —YK(s)ds
—e [ HEew(s)ds -[[ [ H©)gp(s)dsIK@e = du

ty=r(ty) ty u=r(u)

—jK(s)ds

+[ E(t,)g(p(s = r(s))ds ~[[[ E(u, $)g(p(s = r(s))ds]Kw)e *  du

by Iy
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t —jK(s‘)ds u
o0

+[e [ Guvg(p()dv)idu

u—r(u)
, ‘
! —IK(S)ds —IA(V)dv 1

—fer e | Glme@m)dv)du

ly to=r(ty)
t 7j.K(5)d5 u s 7:|I.A(v)dv
—fer L [ Gls.mglpendAs)e  dsldu.
ty ty s—r(s)
Thus,
t —ZK(S)d.r —]I'A(S)ds t —’K(s)ds,\
(Bp)(t)|< S+ j er  |iltle  du+ je © R —h(1,))du

+ j R(s)h(1,)ds + j R(s)h(S8)ds

t=r(t) =1 (ty)

t u . —’K(s)ds
+j[ j R(s)h(l)ds1K(w)e *  du

u—r(u)

t tou —YK(s)ds
+[ Nt )l yds +[[[ N(2,)h()dsIK )e * du

fy b 1o

t —j.K(s)ds t
e H@IL -g)du+ [ H(s)g()ds

t t-r(t)

t
ty u —| K(s)ds

+ j H(s)g(d)ds + j[ J. H(s)g(l,)ds]K(u)e du

to—r(t) to u—r(u)

t t u _t K(s)ds
+[ E(t,)g(L)ds +[[[ E(u,9)g(,)dsIK w)e > du

t —jK(S)dS u

e 1] G, )dvidu

ty u—r(u)

t —j.K(s)ds *jA(V)dV l

e le® [ Gty v)g(8)dvidu

f ty=r(ty)
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t —j.[((s)ds u s —j‘LA(v)dv
e Ifl [ Glsmg)avid(s)e”  dsldu.
t ty s—r(s)
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(14)

If we do the necessary calculations, for some terms included in Eq. (14), we get:

u+s—1g

- A(v)dv

jN(t,s)ds=j T M(u+s—t0,s)dud5=j T e * b(s)duds

)

ty to+t—s ty ty+t—s

u+s
t o - I a; (v)dv
s

<sup| [e

20 s

b(s)duds,

(s)ds = | R(p(s))ds = | 2 s :me(s)ds
I3 R(p(s))

1—r(t) t=r(t) t—r(t) 1- I”(S) t
p(t)o - j ay(v)dv
<sup _[e b(s)duds,
>0 r 0
t t
t —|K(s)ds t  —| K(s)ds

)

t -

fe

)

IK(S)dS —| A(s)ds

R, —hldu < [e ™ K@), —h(E))du, (K@) =R(t)+ H(®)

i

7j K(s)ds
=, —h()1-e" )
< (ll - h(l1 ))>

—TA(s)ds

it)le  du<(li)le  du,

¢ —IA(S)dS 1,+0 —jA(s)ds ¢ —IA(S)dS e—aZQ
du:J.e“’ du+J.e’° du < Q0+ ,

o o 10 +0 a,

t —|K(s)ds t  —| K(s)ds

0}

[ H(s)ds = j D(p,(s)ds= |

t—r(t)

H@)L —g)ldu<[e*  K@)h, - g(,)du,

fy

7j. K(s)ds

~( - g)[“Tlet Jdus s - gL

ty

¢ Dpy(s) , "
mdSZ J‘ D(S)dS

t—r(t) t—r(t) t
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ws

) - | a(v)av

< J Te : G(s,s)dwds,
t 0

u+s—tq

- J' A(s)ds
jE(t s)ds _j j C(u+s —1,,s)duds _j j G(s, s)duds
t © —W a](v)dv
jj G(s,s)dwds,
0¢—
t —j‘K(s)ds —IA(V)dv I t —j'A(v)dv
e [e® j G(to,v)g(w(a))dv]dusaje ° du
ty to—r(t) )
ty+0 —TA(S)ds t —]A(s)ds —aQ
=5(] e du+ j e dn)d(Q+S—),
ty ty+0 2
t —j.K(S)dS u
fer 1 [ Gvg,)dvidu
ty u—r(u)
t - K(s)ds u —uA(v)dv
+j [t j G(s,)g(L)dvA(s)e *  ds]du
ty s—r(s)
t —ta(v)dv s
<2g(l, )j [ |G(s,v)| dvdu.
s—r(s)
So, we find:

(B0 <5+(Q+5 )IX(t )|+ = k(@) +2h()

p(t)yoo — a(v)d‘ ) .
xsup [ j e b(s)duds +h(8) | R(s)ds
=0 % % to-r(ty)
t © —“”a(v)dv
w2h()sup [ [e > b(s)duds +(1, - g(1,))
20 0t-s

wes

JIGES 7'[ a(v)dv 1
+2g(1,) j f e G(s,s)dwds + g(J) j H(s)ds

t 0 to—r(ty)
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ws L

t o — | a(v)dv t —la(vydv s

2g)[ [e ™ Gls,s)awds ¥2g(,)e - [ |G(s,v)| dvu
0t-s ty s=r(s)
—a,0

+5(Q+e ).
a,

In view of assumption (ii), we can obtain:

-a,0 ly .
(o) <6+ ©+ it + (h = hl) + bt +h@) [ Rs)ds
2 ty=r(ty)
fo —a,0
ol —gl) + () +g(6) | H(s)ds+5(0+<—)

1= (ty) 2
Hence,
[(Po)(0)| < (= a)h(l) + (I - k(1)) + a,h(])
+Hl-g)+a,g()+(1-ay)g)-1=1

Observe that if te[m(t)),t,], then (Pp)t)=w(). We can obtain
|(Po)(1)| <1, te[m(ty), ). Thus, Pp:C, —-C,. We have proved P, is a

contraction mapping, hence P, has a unique fixed point x(f) and |x(t)| <l

From Eq. (6), we have:

t

—IA(s)d-v t O A(s)ds
|y(t)| < |x(t)| e" + Ie " b(u)|h(x(u — r(u)))| du

fy

t 7j'A(v)dv

+_[e ’ ( _[ |a(s,v)||g(x(v))| dv)ds.

fo s=r(s)

Since for ¢€[0,0), 0<b(t)<M, and j |a(t, v)| dv is bounded, and there
t—r(t)
exists a constant N >0 such that I |a(t,v)| dv< N, then:
t—r(t)

t

t —IA(s)ds ‘ —j.A(v)dv
|y(t)| < |5c(t)| + Mlje “ |h(x(u - r(u)))| du + NLZIe ; ds

fy ty



88 Melek G6zen & Cemil Tung

< (1 + (M, + NLY(Q + —CXP(_"ZQ))J.

a,

Thus, it follows that:

()] +[y(0)| <1 [2 +(M, + NL)(O + e )].

a,

To show the stability of zero solution, let V& > 0 be given; we only need to
replace & by /. This completes the proof of the theorem.

3 Conclusion

A functional integro-differential equation of the second order with variable
delay was considered. The stability of the zero solution of this equation was
discussed by the fixed point theory subject to an exponential weighted metric.
Our result improves and includes some results found in the literature.
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