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solutions to a Rayleighype equation with sta-dependent delay. With this work
we extend and improve some known results in teedlitire

Keywords: non-linear; periodic solution; Rayleigh equation; second order; state-
dependent delay.

1 Introduction

It is well known that the British mathematical pityst Lord Rayleigl [1], the
Nobel Prize laureate fdthysics in 1904, introduced an equation of the

X'(t) + f (X (1) +axt) =0

to model the oscillations ca clarinet reed; for details, see Wang aitn¢
[2].This equation was named after Lord Rayleigh, whalied equations of th
type in relatiorto problems in acoustic

In 1977 and 1985espectively, Gains and Mawl [3] and Deimling [4]
introduced somecontinuation theorems and applied them to discumes
existence of periodic solutions to ordinary diffeial equations. In particular,
specific example was givein [3, p. 99] of howT — periodic solutions cabhe
obtained using thestablished theorems for the differential equatibthe formn

X' (1) + F(X®) +g(t.x(1)) = 0.

In this direction, in recent yea Alzabut and Tung [5], Chen [6], Cheet,al.
[7], Liu [8], Lu and G€[9], Lu, et al. ([10], [11]), Tun¢ and Sirma [12Fhou
and Tang [13],Wang andhen¢ [14],Wang and Yan [15,16], Wang adtiang
[2], etc., continued to discuss the existence of periodictsmia t¢ Rayleigh
equationsand modified Rayleigh equatis with and without delay. Thes
researchers obtained many new resconcerningthe existence of period
solutions tothe mentioned equations. It should be noted thatutghout thse
papers, the mentioneauthors took into consideration the resifrom [3] to
prove their main results.
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In this paper, we consider a Rayleigh-type equatith state-dependent delay
of the form

X () +@(xO)X(O) + ft, X (t-0)) + gt xt -7 x(E)) = p(t) )

and its auxiliary equation

X +Ap(xO)X () + A (t, Xt —0)) +Ag(t.x(t ~7(t.x(t)))) = Ap(t), (2)

whered1(0,1),0 20, f, gOC(0% 0), rOC(O%0%), 0" =[0,), f and
g are 2n— periodic int, f(t,0)=g(,0)=C for tOO, ¢, pOC(0O,0), T

2

and p are 27— periodic int,and_[ p(t)dt =0.
0

We have established two new theorems on the egistehperiodic solutions of
Eq. (1). This paper was inspired by the resultst#ished in the aforementioned
papers and in the literature. Our aim was to gdimerand improve the results
of Zhou and Tang [13] and Wang and Yan [15]. Thapgr is also a
contribution to the subject in the literature ahdchay be useful for researchers
who work on the qualitative behaviors of solutions.

It should also be noted that, in 2012, Alzabut dnoh¢ [5] discussed the
existence of periodic solutions for a type of Rafleequation with state-
dependent delay of the form

X' (1) + (& X (1) + 9 Xt —7(t x(1)))) = p().

The authors of [5] utilized the continuation thearef degree theory to obtain
sufficient conditions for the existence of periodiolutions of the above
equation. The main result in [5] has been provethypassing the boundedness
ofgand the integral condition orp. When we compare Eq. (2) with the
equation discussed in [5], it can been seen that(Bqis different from that
studied in [5] Moreover, the authors of [5] utilized the contiriaattheorem of
degree theory to obtain sufficient conditions fbe texistence of periodic
solutions of the above equation; however, here we bt utilize the
continuation theorem of degree theory. The conattin be established and the
method to be utilized in this study were differémim those used in [5]. The
cases show the difference between our resultsharse from [5].

For the sake of convenience, let

C,, ={x:xOC((,0O),x(t+2n) = x(t), 0t 0 O},
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[ = max x(t)|

t0[0,277]

1

X

= Mmax
0 ID[O 271

2 Statement of Main Results
The following lemma plays a key role in proving thain results.

Lemma. Let x(t) be a continuous differentiable — periodic function(T > 0).

Then for anyt, [J (-0, c0)

max [x¢)<|x¢ )+ ﬂx G)ds (3)

t[t. b +T]

Proof. Lett” O[t.,t. +T] such thatx(t”) = max,y, , .| X(t)|: Then

X(t")| = ds

X(t)+ x’(s)d% < |x(t.)|
and

\x(t*)\ = \x(tD—T)\ =

to-T

tg [
x(t.) - jx’(s)d% <|x )|+ [|x
t-T
Combining the last two estimates, we obtain

Xt < [x(t.)) ds.

ds =|x(t.)|

The proof is complete.

Our first main result is the following theorem:

Theorem 1.We assume that there exist constants a, >0, r,, r,20,d>0 K>0
and M > 0 such that the following conditions hold:

(H1) |p(x)|<a, foral xO0,

(H2) |f ()| <r¥+K foral (t,x) 007,

(H3) xg(t, x(t—7(t,X)))>0 and |g(t, x(t - 7(t,)))| > r,[x + K for all
to, X >d,
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(H4) g(t,x(t-7(t,x))>r,x—M forall t00, x< —d.
If
2nf(a, +1,) +(n+1r,} <1,

then Eq. (1) has at least o2 — periodic solution.

Proof. We reconsider the auxiliary equation, Eq. (2)t &) be any2n-

periodic solution of Eq. (2). Then, integrating baides of Eq. (2) from 0 to
2n, it follows that

Twe)x(©)s+ [{f(sX(5-0)+9(s X(5-7(s X(5)}ds =0

x(2m)

= [y(u)du+ f{ f(s X(s-0) +o(s X(s—1(s X(9)))} ds =0
x(0) 0

= [{f(s X(s-0) +d(s X(s=1(s X(9)))} ds =0. (@)
0
Hence, it follows that there exist¢a1[0277] such that

f(t, Xt -o) +9(t, xt, -7, x() = 0. (5)
We claim that there existsta [ [0,277] such that

‘x(t*)‘ <|x], +d.
Case 1Let 1, =0.Then

[f & X)[<rX+K=]|f(t x| <K.

From the last estimate and (5), we have

|9t X(t, =7t X(t)) < K.

The last estimate together with the assumption

gt x(t -7t %) > r[{+ K, [ >d,

implies that
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|X(t1 - T(tll X(tl)))| <d.

Case 2.Let 1, > 0.If |X(tl -7(t, X(tl)))| >d, then it follows from the estimate
(5) and the assumptions of (H2) and (H3) that
rX(t, = 7(t, X(t,))) + K <|g(t, x(t, -7, X)) < 1,
From the first and last terms of the last estiniiafk@lows that
IX(t, = 7(t,, X(t,))) <

We note thatx(t) is periodic and there existstal[0, 277] such that

X(t, —0) +K.

x'os X

X(t,—0) <

0+d.

+d

1
X 0

x| <
holds.

From Lemma, for alt” [J (—c0, ), we have

m

o <)+ ]

X'(s)|ds

< (m+D|IX

0 + d
=X, < 77+ ], +d.

Hence, for allt, [J (-0, ), we can write
! ! 1T "
Il <X )]+ X" (s)ds
0

Since x(0) = x(271), then it follows from Rolle’s Theorem that thereistx a
CcO(02n) such thatx'(c) = 0. Lett. =cC. Hence, we get

2

|

Xl

< % X"(s)ds. (6)

Let
E ={t:t0[027], x(t — 7(t, x(t))) >d},
E, ={t:tO[027], X(t — T (t, x(t))) < —d}

and
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E, ={t:t0[027], [x(t - 7(t, X(t))) < d}.
From (4) it follows that

[lats. x(s=7(s.x(s))ds< [|f (s.X (s=a)ds+ ([ + (s x(s~7 (E.x(s)))ds.
E 0

E2 E3
Hence, we can get

) 1277 ) ler
Il <5 Thecslds <2
0 0

5 f(sX(s-0o))ds+ ; ﬂz//(x(s))x'(s)\ds

1 2T 2 2
= [la(s x(s-7(s X(9))))ds + % [|p(s)lds < % |t (s X(s-o)ds

' %Zﬂwms»l K(lds +5([+]+[lats xs-rs x(N)ds+ 7,

< [t (s x(s- o)ds+ azx],
+([+ g x(s-7(s,x(9N)ds+ A p|,

E, E
<27(a, +1)|x|, +r,[¥ } + 2K +M +g,) +7p],
<27(a, +1,) + (T+ DX}
+27(K +M +g, +1,d) + 7],
= [X], < 27(a, +1,) +(T+YLYX], + 2K + M +g, +r,d) + 7|,
2K +M +g, +rd) +pl, _
1-27(a, +1,) + (T+ D)1y}

XI

!
< [xl, < .

where

9q = ma)?m[o,z;:],wsd g(t,X)|.
It also follows from the estimate

¥, < G+ x, +d

that
1M, < (T+)M, +d .

This completes the proof of Theorem 1.
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Our second main result is the following theorem:

Theorem 2. We assume that there exist constants a, >0, r,r, =20, d>0,
K >0 and M > 0such that the following conditions hold:

(H1) |w(x)|<a, forall xOO,

(H2) |f(t,x)|<r|q+K forall (t,x)002,

(H3) xg(t,x(t —7(t,x)))>0 and |g(t, x(t = 7(t,X)))| > r,|¥ + K for all
too, ¥ >d,

(H4) g(t,x(t—7(t,x))<r,x+M foral t0O0, x=d.

If
27f(a, +r)+(n+h)r,} <1,
then Eq. (1) has at least a&® — periodic solution.

Proof. Since the proof of Theorem 2 is similar to the fprobTheorem 1 it is
omitted.

Remark 1. When ¢/(x) =0 and 7(t,x(t)) =7 (constant) and; =r, =0, then
the conditions of Theorem 1 and Theorem 2 redudbdse of Wang and Yan
[15], Theorem 2.1 and Theorem 2.2], respectivelper&fore, our results
generalize and improve the corresponding resultssh

Remark 2. When ¢/(x)=0 and 7(t,x(t)) =7(t), then the conditions of

Theorem 1 and Theorem 2 reduce to those of Zhourand [13, Theorem 2.1
and Theorem 2.2], respectively. Therefore, ourltegeneralize and improve
the results in [13].

3 Conclusions

A Rayleigh-type equation with state-dependent delss considered. The
existence of periodic solutions to this equatiors wevestigated. Without using
the continuation theorem of degree theory, we abthisufficient conditions for
the existence of periodic solutions. With this papge have extended and
improved some results in the literature.
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